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PREFACE 


The  fonner  edition  of  iSds  Tolume  met  yiritii  a  sale  whkh 
hr  exceeded  the  expectation  of  its  «qiSk^  as  flie  m>ik  was 
written  only  Ibr  good  teachers  and  good  oehoola  The  orig- 
mal  defflgn  of  writing  an  ad£tionaI  Tolume  has  been  aban- 
doned, andy  in  lite  present  edition,  chapters  haTO  been  added 
on  PermiUafiuma  and  Cbmbinations^  Chntmued  jPraetion$j  (M^ 
cuius  of  PtobaUlitieSf  Logarithms^  Interest  and  Annuities^  In* 
dOermmate  Anoigsis^  J)iofhmUinje  Antdysis,  and  the  QeneraX 
Theory  of  Sfu/atibM^  inchiding  Tnom^jrmostioirk  <f  JBjua^ 
Limtis  €fBMs^  EfjLoL  Book^  Integral  Boots^  Sturm's  Theorem^ 
Eomet^s  MeSwd  ofBeaobnng  Nwnmeal  JBjpiotians  of  all  Do^ 
groes^  and  (hirdm'9  FsffMtafaf^  OiMc  E^MOiom^ 

7%3S  Tolame  is^  perhaps^  the  most  e^ten^e  treatise  on 
Algebra  which  has  ever  been  paUished  in  Americai  and 
tibis  &ct  kads  ns  to  hope  Hiai  it  will  be  eztensiyel j  nsed  in 
the  higher  grade  of  Inatitotions  whei!e  the  inathemafcical 
seiencee  leoeiire  coosiderabliQ  attention.  Althoogh  an  un- 
nsud  number  of  potaotieal  examples  have  been  inserted  in 
this  volnme,  oa  the  piindpld  that  algebraio  skill  can  only 
be  acquired  bjr  extensive  practice,  yet  the  teacher  ahonld 
sdect  only  swb  as  may  be  best  adapted  to  the  particulai 
dass  which  he  has  nnder  his  instruction.     While  some 
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classes  snotild  solve  aH  the  examples,  others  sboxild  tarn 
their  attention  only  to  the  most  difficult,  and  others,  again, 
should  omit  the  most  difficult  ezamples.  The  judicious 
teacher,  who  becomes  familiar  with  the  work,  can  select 
such  subjects  as  may  be  best  suited  to  his  class. 

The  arrangement  of  this  work  is,  in  many  respects,  new 
The  plan  of  treating  eyery  subject  as  the  solution  of  a  gen- 
eral problem,  or  as  the  demonstration  of  a  theorem^  it  is 
hoped,  will  greatiy  fiusilitate  rigid  class  instruction.  Many 
of  the  demonstrations  have  been  rendered  so  dear,  that 
ihey  may  be  readily  comprehended  by  students  of  ordinary 
capacity ;  otiiers,  which  are  of  a  more  abstruse  character, 
will  require  dose  application. 

The  attention  of  teachers  is  called  to  the  ctas^ca&m  (f 
AlgAraic  Sywiok  in  Ohap.  L ;  the  esqpZtinalim  of  mjibtac(i(m^ 
and  Articles  (81X  (82),  (88)r(84),  (94),  (95),  (9«),  (97),  in 
Ohap.n.;  Artides  (112),  (113),  and  (114)  in  Ohap. HI.; 
the  demonstration  of  the  rule  for  finding  the  Qreatest  Common 
Diviaor  of  two  polynomials  in  Chap.  lY. ;  Artides  (160)  and 
(162)  in  Chap.  YI. ;  the  general  Discusnon  of  the  (hurier 
Problem  in  Chap.  X. ;  and  the  Demonsfyratum  of  the  Mviti- 
nomial  Theorem  in  Chap.  XYIIL  The  method  of  solving 
equations  of  the  tiiird  and  ihe  fourth  degree  as  set  forth  in 
Articles  (886),  (887),  (864),  and  (856),  altiiough  imtatioe 
in  its  character  and  iu>t  practioaUy  general,  furnishes  the 
means  of  resolving  many  problems  which  have  heretofore 
been  consid^ied  difficult.  This  method  is  considered  valu- 
able in  an  educational  rather  than  in  a  sdentific  point  of 
view.    The  Chapter  on  ^^QmHnued  Froutiom^  will  be  found 
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to  be  a  faller  discussion  of  ibis  interesting  subject  than  has 
yet  been  given  in  any  other  treatise  published  in  this  coun- 
try. We  might  call  attention  to  other  parts  of  the  work^ 
but  it  is  deemed  unnecessary. 

This  volume  is  now  submitted  to  an  intelligent  public, 
with  the  hope  that  after  a  careful  examination  it  will  meet 
with  the  approbation  of  all  those  who  &vor  the  use  of 
text-books  that  do  not  attempt  to  simplify  by  the  omission 
of  that  which  is  difficult 

J.  P.  S.  AND  W.  D.  H. 

July  4 ,  1859. 

[Kom— A  X>T  to  this  Totame  willbe  imied  withooi  delay.] 


SUGGESTIONS  TO  TEACHERS. 

After  tHe  class  has  completed  the  study  of  The  Ele- 
ICENTABT  AiiGEBSA  (or  any  other  work  neaoiy  eqviyalent), 
the  present  volume  may  be  studied,  as  fcdlows : 

1.  Study  Chapter  I. 

2.  Commence  Chap.  IL,  Chap.  X,  and  Art  (310),  at  the 

same  time,  thus  dividing  the  lesson  into  three  portions. 

3.  After  .studying  from  Art  (810)  to  Article  (325),  inclusive, 

turn  to  Chap.  XTT,,  and,  also,. to  " Pure QuadraticB," 
Chap.  XL,  and  after  completing  ''  Pure  Quadratics," 
turn  to  Art  (825).  During  this  stage  the  lesson  will 
consist  of  four  portions. 

4.  After  completing  Chap.  X.,  turn  to  Chap.  XVILL,  and 

after  completing  Chap.  XL,  turn  to  the*  General 
Theoby  of  Equations. 

5.  Aiter  completing  Chap.  LS.,  turn  to  Permxttations,  and 

so  on. 

RmfABTf. — ^This  method  of  study  will  be  prodactiye  of  more  rapid  progreaa 
than  the  ordinary  oonaecutiYe  method,  for  several  reasons.  By  the  usual  plan, 
a  student  nearly  foigets  Quadratics,  as  learned  in  the  Elkmbntabt  ALGKBRAf 
before  arriving  at  QuadraUea  in  this.  If  he  has,  in  one  part  of  his  lesson,  difS- 
culties  that  he  is  unable  to  overcome  without  aid,  there  are  still  three  other 
parts  of  his  lesson  where  he  may  expend  his  efEbrts,  and  thus  lose  no  time  in 
waiting  for  assistance. 

As  evidence  of  the  practical  workings  of  this  method  (and  one  similar)^  it 
may  be  stated  that  one  of  the  authors  took  a  dass,  mostly  young  women, 
through^  and  the  other,  a  dass  consistiog  of  both  sexes,  nearly  through  the 
former  edition  in  one  term  of  twenty-two  weeks;  the  dass  solving  all  the  ex- 
amples.   The  ages  of  the  pupils  varied  from  fourteen  to  twenty-five  years. 
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ALGEBRA. 


CHAPTBB  I. 

DEFIKITIOirS. 

(!•)  AjmebbJl  18  8  general  method  of  investigatiDg  the  rektkm  of 

qnantdUes. 

(2*)  Quantify  is  that  which  admits  of  increase,  or  of  diminution. 

(3*)  Mffebraie  notation  is  the  method  of  representing  hy  symbob 
a^^braic  quantities,  thmr  relations,  and  the  operatioiiB  to  be  peilormed 
upon  them. 

(4*)  At^^ebrmc  dffmboU  are  characters  used  in  algebraic  ezpreasiana. 

(5*)  Mgebrak  symhois  vn  of  tax  }dadA]  namdy, 
Symbols  of  Quantity, 
•*        •*  Operation, 
«        "  delation, 
"        **  Aggregation, 
^        ^  ContinuaHiOn, 
and    "        "  Deduction. 

SYMBOLS  OP  QUANTrrr. 

(6*)  Hie  eymhoU  of  quantity,  generaUy  used,  are  the  Arabic 
numerals  and  alphabetic  characters. 

(7«)  The  Arabic  numerals,  1,  2,  3,  4,  5,  drc,  are  used  to  represent 
known  quantities. 

(8*)  The  first  letters  <^  the  tdphabet,  a,  b,  e,  &c^  are  generally 
used  to  represent  known  quantities,  or  quantities  that  may  be  aasomed 
to  be  of  any  value  whatever. 

(9,)  The  final  letters  of  the  alphabet,  x,  y,  z,  u,  Ac,  are  generally 
used  to  represent  quantities  which  depend  for  their  values  upon 
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known  quandtieB,  or  upon  quantities  which  may  be  assumed  to  be 
known. 

( 1 0«)  The  symbol  0  is  called  zero^  and  denotes  the  absence  of  quan- 
tity, or  that  which  is  less  than  any  assignable  quantity. 

(1  !•)  The  symbol  oo  is  called  mjimty^  and  denotes  that  which  is 
greater  than  any  assignable  quantity. 

( 1 2.)  The  notations,  a',  a%  a'",  a"",  drc,  and  a , ,  a, ,  a „  a^ , 

a^  are  often  used  to  denote  different  quantities  which  occupy  similar 
positions  in  different  operations,  a'  is  read  a  prime ;  a',  a  second  ; 
a"\  a  third;  a"'\  a  fourth;  dsc,  and  a,,  is  read  a  sub  one;  a„  a  sub 
two  ;  a,,  a  sub  three  ;  a^,  a  sub  /our ti^a  sub  n. 

(1 3.)  The  symbols  ',  ',  "^,  ""yA^c^  are  called  accents.  The  symbols 
,,  „  „  4, .,  are  called  subscripts. 

SYMBOLS  OF  OPERATION. 

(14«)  The  symbols  of  operation^  are  +,  — ,  '^,  x,  •,  -5-, :,  — , ), 

U  •,.•,  *,  Ac,*'  *'  *'  Ac, 4^,  V,  V,  Ac 

(15*)  Tbe  symbol  +  is  called  plus^  and  is  the  sign  of  addition. 
Thus,  a+b  indicates  the  addition  of  a  and  6. 

(16*)  The  symbol  —  is  called  futntf^,  and  is  the  sign  of  subtrao* 
tion.    Thus,  a—b  indicates  the  subtraction  of  h  from  a. 

(1 7«)  .l!he  symbol  ^^  when  placed  between  two  quantities,  denotes 
that  the  less  is  to  be  subtract^  from  the  greater.  Thus,  O'^S,  or 
O'^O,  denotes  that  5  is  to  be  subtracted  from  6  ;  and  a^-^b  denotes  that 
6  is  to  be  subtracted  from  a,  or  a  from  5,  according  as  a  is  greater  or 
less  than  b. 

(18«)  The  symbols  x  and  *  are  signs  of  multiplication.  Thus, 
7x5,  or  7*5,  indicates  that  7  is  to  be  multiplied  by  5,  or  5  by  7 ; 
a  X  5,  or  a*5,  indicates  that  a  is  to  be  multiplied  by  5,  or  h  by  a. 

(19*)  In  representing  the  multiplication  of  literal  quantities,  the 
sign  of  multiplication  is  generally  oinitted.  Thus,  instead  of  a  x  5,  or 
a'b,  we  write  ab;  and' instead  of  2  x  a,  or  2*a,  we  write  2a. 

(20«)  The  symbols  -=-,  :,  — ,  ),  and  | ,  are  signs  of  division. 

Thus,  6-f-3,  6:3,  |,  8)6,  or  6|3_,  indicates  the  dimion  of  6  by  8; 

also,  a-^5,  a :  &,  -,  &)a,  or  a\b  ,  indicates  the  division  of  a  by  5. 
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(21«)  The  symbols  \  \  \  ^  Ac,  are  called  exponents^  and  are 
signs  of  involution.  Thns,  a*^*,  or  a%  denotes  that  unity  is  to  be 
multiplied  by  the  4th  power  of  a,  or  1  x  aaaa  ;  and  ar*^  that  unity 
is  to  be  divided  by  the  4th  potoer  of  a,  or  a^.  The  exponent '  is  not 
usually  written. 

(22.)  The  symbols  i>  i*  ^'  Ac.,  are  called  fraetional  expanenti^ 
and  are  signs  of  evolution.  Thus,  a"*"*^,  or  a^,  denotes  that  unity  is 
to  be  multiplied  by  the  4th  root  of  a  ;  and  0"-*^  that  unity  is  to  be 
divided  by  the  4ih  root  oia* 

(23*)  Ib  fractional  e]qK>nent8  the  numerator  denotes  a  power,  and 

the  denominator  a  root    Thu^,  x^  denotes  the  fifth  root  of  the  third 
power  of  «,  or  the  third  power  of  the  fifth  root  of  «• 

(24«)  The  symbol  V  is  called  the  radical,  and  is  the  sign  of  evolu- 
tion. Thus,  ^/a,  V<^  Va»  &C.9  respectively  indicate  that  the  square 
root,  the  cube  root^  ihe  fourth  root,  Ac^  of  a  are  to  be  cTtracted. 
The  small  figure  in  the  angle  of  the  radical  is  the  index  of  the  root 
When  no  index  is  written,  *  is  understood.  Thus,  Va  is  the  same  as 
Va. 

SYKBOLS  OP  BELATION. 

.    (25*)  The  symhoh  of  relation  are  :,=,::,><,  -4-  ..  ., 
and  -H-    :    :    :    . 

(26«)  The  symbol  :  denotes  ratio.  Thus,  a  :  h  denotes  the  ratio 
of  a  to  &. 

(27*)  The  symbols  =  and  : :  are  signs  of  equality.  Thus,  a=6 
denotes  {hat  a  equals  b ;  and  a : 6=c : c^,  or  a : 6  weld  denotes  that 
the  ratio  of  a  to  6  equals  the  ratio  of  c  to  <f. 

The  symbol  : :  is  not  used  except  to  denote  the  equality  of  ratios. 
Thus,  we  never  write  a : :  6  for  a=ft. 

(28*)  The  symbols  >  and  <  are  signs  of  inequality.  Thus, 
a>6  denotes  that  a  is  greater  than  h ;  and  a<6,  that  a  is  less 
than  5. 

(29*)  The  symbol  -f-  ...  is  the  sign  of  an  aritKmeiieal  series. 
Thus,  -~  a .  6 .  c .  cf  denotes  the  equality  of  the  difference  between  a  and 
5,  h  and  e,  and  e  and  d. 

(30«)  The  symbol  -H-  :  :  :  is  the  sign  of  a  geometrical  series. 
Thus,  -^aibicid  denotes  the  equality  of  the  ratios  of  a  to  5,  6  to  0^ 
and  'eiod. 
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SYXBOLS  OF  AaOltBaATIOK. 
(3  !•)  The  symbols  of  ag^egaiUm  are         ,  I »  (  )>  [  }»  <^  {   }. 

(33*)  The  sjrmbol  is  oalled  a  vinculum^snd  denoteB  that  ihe 

quantities  over  which  it  is  pkoed  are  to  be  considered  as  one  qnantitj. 
ThoBjVa+h-^e  denotes  that  the  square  root  of  the  sum  of  a,  (,  and  e 
is  to  be  extracted* 

(33*)  The  symbol  |  is  oaUed  a  bar,  and  denotes  tfiat  the  qnantitiefl^ 
in  the  column  immediately  preceding  it^  are  to  be  consideied  as  one 

quantity.    Thus,   +b\    denotes  that  Uie  sum  of  a,  5,  and  c  is  to  be 

multiplied  by  x, 

(34.)  Hie  parenthesis  (  ),  brackets  [  ],  and  braces  \  [,  denote 
that  the  quantities  contained  within  them  are  to  be  considered  as  one 
quantity.  Hina,  {b-^-cjx  denotes  that  the  sum  of  b  aad  c  is  to  be 
nniltq>lied  bj  x;  [a+(&+0)«]y  denotes  that  the  ewn  of  a  and 
(5+«)a;  is  to  be  multiplied  by  y;  and  •|2+[a+(&+e)«]y]-«  denotes 
that  the  sum  of  0  and  {a+{b+e)x}^  is  to  be  multiplied  by  «. 

SYMBOLS  OP   CONTINUATION. 

(35*)  The  symbols  of  continuation  are  . . . .  and ,  and  are 

equivalent  to  ibc^  and  so  on,  or  continued  according  to  the  samAlaw, 
Thus,  a,  a\  a\  a\  a\  a*,  a\  a\  Ac,  and  a„  a„  a„  a^,  a„  a,,  a^,  a„ 
&C.,  may  be  written  a,  a*,  a*, . . . .  and  a,,  a,,  a,, . . . . 

SYMBOLS  OF  DEDIKJTION.  * 

(36.)  TbA  symbols  of  deduction  are  .*.  and  *.* 

(37«)  The  symbol  .*.  signifies  ^er^ore^  vthemce,  MfiMfuen/fy, 
Aemee,  from  which  toe  if^er,  &c 

(38*)  The  symbol  *  .*  signifies  since,  or  because. 

(39*)  A  monomial,  or  term,  is  an  algebraic  expression  which  is  not 
connected  to  any  other  by  the  sign  of  addition  or  subtraction ;  as,  Oi 

2a,  ab,  a'bc,  j,  (a+b),  {x+y)x,  (x+a)  (y+6),  Afc 

(40«)  A  binomial  is  an  algebraic  expression  whicb  is  composed  of 
two  terms;  as,  a+6,  2a;— 3y,  {x-\-y)-{-z,  (x-^a)  +  {y  +  b),  <fec. 
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(41*)  A  trinomial  is  an  algelnraie  ezpranioa  which  is  oompoaed 
of  three  tenns;  a8,a4-6+<?,  x—y+ZZy  (aJ+3f)+«+(«+iO»  (*"*f)  • 

(43«)  Apolynomialy  or  mu/^namMi^,  is  an  algebndo  expreastoD 
•which  is  oompoaed  of  several  tenns ;  as  a+ft,  a— 6+c,  »-f  y— f +is 
a+6— c+rf— «,  Ac. 

(43  •)  A  residual  is  an  algebraic  expreanon  which  denotes  the 
difference  of  two  tenns;  as,  a— 6,  (a+ft)— (c+rf),  Ac 

(44«)  A  simple  term  is  one  which  contains  but  one  sign  of  addi«" 
tion  or  subtraction   ezjfmssed  or  nnderetood ;  aa,  ^3^  4aA,  4e. 
But  (a+b)  is  not  a  simple  term,  because  it  is  equivalent  to  (+«+&) 
which  contains  two  plus  signs. 

{45*)  A  compound  term  is  one  which  is  composed  of  two  or 
more  simple  terms  affected  by  a  sign  of  aggregation ;  as,  (a— 5), 
V2x—Sy+4z,  {(aj4-y)«+  {a  +  h)  [e+  (i»— n)]-hg[,  Ac 

(46«)  A  po9Mve  term  is  one  that  is  affected  Jbj  the  sign  of  addi- 
tion; as,  +6a;,  +{a+b)y  +(«— y),  or  6«,  (a +6),  («— y),  Ac 

(47*)  A  negative  term  is  one  that  is  affected  by  the  sign  of  sub- 
traction; as,  — 6«,  — («— y),  — (8«— 4y+7a),  Ao. 

(48*)  Like^  or  similar  termSj  are  those  that  contain  the  same 
ktters  affaoted  by  the  same  exponents;  numerals  denoting  abstract 
numbers ;  and  numerals  denoting,  concrete  numbers  of  the  same  de- 

nomiiiatioin,  Tbxm  6aV  and  60aV,  and  4xy^  and  ^7«y%~ 
6(a*4-6')  and  42(a*+ft*),  67  and  84,  $12  and  — $10  are  respectively 
similar. 

(49*)  Unlike^  or  dissimilar  terms^  are  those  that  are  not  similar. 
Thus,  a  and  a?,  a*a?  and  cw?*,— 6(«4-y)  and— 7(a?4-«),  are  respectively 
dissimilar*  / 

(50*)  homogeneous  terms  are  those  in  which  the  sum  ci  the  ex 
poneots  of  the  literal  £Mstors  in  each  are  equal  Thus,  2fl^y  and  o^', 
4a'5'  and  5ab\  are  respectively  homogeneous. 

(&  !•)  Ihe  coefidrnt  of  a  term  is  that  factor  which  is  considered 
as  denoting  the  number  of  times  the  rest  of  the  term  is  taken.  Thus, 
in  6a,  6  is  the  coefficient  of  a  ;  in  aa;  a  may  be  considered  the  coeffi- 
cient of  9,  or  1  may  be  confiodered  the  coefficient  of  ax  ;  also,  in  Qax^ 
6a  is  the  cibefficient  of  jc,  and  6  the  coefficient  of  ax. 
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(I»2*)  A  numerietd  qua$Mi^  is  one  which  is  expressed  Ij 
numerals ;  as,  6,  43,  Ac 

(53.)  A  literal  quantity  is  one  which  is  expressed  entirely  or  in 
part  bj  letters ;  as,  ax^  da6,  ^ 

(54.)  A  rational  ^^ntity  is  one  which  can  be  expressed  without 

the  aid  of  a  radical  sign  or  fractional  exponent ;  as,  a,  \/fl?==a,  6*= 
b\  ^/36=6,  Ac 

*(56.)  An  irrationtd  quantity  is  one  which  can  not  be  expressed 

without  the  aid  of  a  radical  sign  or  fractional  exponent;  as,  y/a^  6% 

f  2,  4c. 

(56.)  Thejxnffer  of  a  quantity  is  the  product  resulting  by  taJdng 
the  quantity  a  certain  number  of  times  as  a  factor.  Thus,  aaaa  or 
a*  denotes  the  4tii  power  ^f  a. 

(57,)  The  root  of  a  quantity  is  a  quantity  which  taken  a  certain 
number  of  times  as  a  fiictor,  produces  the  given  quantity. 

(5  8.)  The  reciprocal  of  a  quantity  is  unity  diyided  by  that  quantity. 

Thin,  -  is  the  redprocal  of  a,  and-, or  -is  the  reciprocal  of  ^. 


(59.)  An  algehroM  formula  is  the  general  expression  of  a  mathe* 
matical  truth. 

(60,)  Al  proposition  is  something  proposed  to  be  done,  or  to  be 
demonstrated. 

(61«)  A  problem  is  something  proposed  to  be  done. 

(62«)  A  theorem  is  something  proposed  to  be  demonstrated. 

(63.)  A  lemma  is  something  to  be  demonstrated  in  order  to  ren 
der  what  follows  more  eaey. 

(6  4.)  A  corollary  or  conseetary  is  an  obvious  consequence  deduced 
from  some  preceding  truth  or  demonstration. 

(65.)  A  scholium  is  A  remark  appended  to  the  demonstration  of 
a  theorem  or  to  the  solution  of  a  problem. 

(66.)  An  hypothesis  is  a  supposition  made  in  the  enunciation  of 
a  proposition,  or  in  the  course  of  a  demonstration. 


(67.)  A  direct  demomtnUUm  is  ono  in  which  tibe  naiOiUBg  iiii« 

ployed  is  regular  deductioiL 

(68.)  An  indirect  demoMtraOon  is  one  by  which  a  thing  ia 
proved  to  be  true  by  showing  that  the  supposition  that  it  ia  not  tme 
leads  to  an  absurdity.  This  kind  of  demonstration  is  frequently  called 
a  reductio  ad  absurdum. 

(69«)  An  axiom  is  a  self-evident  truth. 

AXIOMS. 

!•  The  whole  is  equal  to  the  sum  of  a]l  its  parta. 

2«  If  equal  quantities  be  added  to  equal  quantities,  the  soma  will 
be  equal. 

3«  If  equal  quantities  be  subtracted  from  equal  quantities,  tibe 
remainders  will  be  equal 

4«  If  equal  quantities  be  multiplied  by  equal  quantities,  the  pro- 
ducts will  be  equal. 

5«  If  equal  quantities  be  divided  by  equal  quantities,  the  quotients 
will  be  equal. 

6t  If  unequal  quantities  be  added  to  equal  quantities,  the  sums  will 
be  unequal. 

7*  If  unequal  quantities  be  subtracted  from  equal  quantities,  the 
remainders  wiH  be  unequal 

8«  If  unequal  quantities  be  multiplied  by  equal  quantities,  the 
products  will  be  unequal 

9«  If  unequal  quantities  be  divided  by  equal  quantities,  the  quo- 
tients will  be  unequal. 
10*  Quantities   which  are  an  equal  number  of  times  the  same 
quantity,  are  equal  to  eadi  other. 

!!•  Equal  powers  of  equal  quantities  are  equal 

12«  Equal  roots  of  equal  quantities  are  equal. 

(70.)  EXSBCISES  IN  KOTATIOK. 

1.  Write  a  added  to  &« 

2*  Write  a  subtracted  from  b. 

8*  Write  the  difference  between  a  and  5.  Ans.  a^h. 
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4«  Write  in  three  w»y8  a  moUiplied  by  &. 

5«  Write  in  two  ways  6  multiplied  by  8. 

!•  Write  in  five  wi^  a  divided  by  ft. 

7*  Write  in  three  ways  the  product  of  a  added  to  ft  by  the  ^ffer* 
enoe  between  ft  and  a  when  a  is  greater  than  fts. 

8«  Write  in  two  ways  the  squaie  root  of  a,  added  to  ft. 

9«  Write  in  two  ways  the  cube  root  of  a,  added  to  the  sqnare  of 
the  sum  of  a,  ft,  and  e. 

10*  Write  in  two  ways  the  square  root  ci  the  sum  of  a  and  ft. 

11,  Write  in  two  ways  the  cube  root  of  the  sum  of  a  and  the 
square  of  the  sum  of  a,  ft,  and  e. 

12,  Write  the  product  of  the  sum  of  a  and  ft  by  the  sum  of  x  and 
y,  divided  by  the  cube  root  of  a^  diminished  by  d, 

(71.)  XXBBCISSS  m  KUnBATIOir. 

1.  Beada+ft. 

2.  Bead  a— ft. 
8«  Beado'^c. 

4.  Read  6  x  7  or  6-7. 
ft  BeadaxftyOr  a*ft. 
6t  Bead  oft. 
7*  Beada-^fi. 

8«  Bead  a:ft.  Am.  a  divided  by  ft,  or  the  ratio  of  a  fo  ft 

9«  Bead  a*.  Ajm.  a  squared,  a  square,  or  aU  squarsb 

10*  BeadVo. 


11.  Bead  fa + ft. 

12.  Bead  ^ a-^  VhTe. 


13.  Beader  «+^ft  +  l/c. 


14.  Bead  3  \/«*+Va*+i^«. 

15.  Bead  (i»-yO  |«+*[«  +  3(ft-.i>)]  +  4y»  J 


CHAPTER  II. 

ABDITION. 

(72.)  Addition  is  finding  the  siniplest  ezpreaaion  for  the  sum  of 
wsversd  algebraic  quantities. 

CASE    I. 
(73.)  'When  quantities  are  entirely  dissimilar* 

Connect  them  together  hy  their  proper  signs. 

PROBLEM. 

Rnd  the  sum  of  a,  —6,  +3c,  and  — 5i. 

SOLUTION. 

Ckmnecting  these  expressions  together,  we  have  a— i+3tf— 5J.    • 

EXAMPLSS. 

!•  Find  ih%  sum  of  ^  and  —76.  Ans.  ta-^n. 

2«  Find  the  sum  of  4a,  —86,  and  +^^*  -^^^  4a— 36+5«« 

8«  Find  the  sumof  od?,  +6m,  — cy,  and  +nto. 

-4jw.  a«+6»»— cy+«w- 

CASE    II. 
(7  4.)  When  the  quantities  are  similar  and  have  the  same  sign. 

RULE 

1.  When  the  quantities  are  numerieai,  add  as  in  arithmetie,  and 
frefix  the  ngn  +^or  --^a*  the  ease  may  he. 

RTTLE 

2.  When  the  qiiantities  are  literaly  add  the  eoeffieientSj  affix  the  literal 
ffortj  and  prefix  -i-^  or  —y  as  the  ease  may  be, 

PROBLEM 

1.  Rnd  the  sum  of  --4,  —7,  —8,  and  —8. 


24  ADDITIOK. 

SOLUTION. 

OperaHon. 

—  4  Adding  these  numerals  together  and  piefiiing  the 

—  7  sign  — ,  we  have  —22. 

—  8 

—  8 


-22 

FBOBKKlf 

2.  Find  the  sum  of  - 

-Sabx,  —labx,  — 

BOLVTIOW. 

6a&r,«iKl 

-Oafe. 

—  8a&r              Adding  the  numerioal  coeflScients,  prefixing  the 

—  labx         ugn  — ,  and  annexing  the  common  literal  factor, 

—  6abx          we  hare  — 25a&B.     ' 

-  9ahx 

-26a&r 

aZAIfPLXB 

I.             2. 

8. 

4. 

5. 

4a     ^       lab 

-    abe 

«(a+6) 

at^a+x" 

a              lab 

—  Safe 

Ha+b) 

Wa+ar' 

6a              6ab 

'-4abe 

8{a+b) 

«^a+«» 

a              2ab 

— 12afe 

l*ia+b) 

Tj^o+ar* 

2a                ab 

—  2a6e 

(a+b) 

9Ka+<r« 

Ba              3ab 

-14aic 

12(a+6) 
i2(a+6) 

10»'a+*« 

25a            83ai 

-86afe 

-4(««-6')* 

7. 

8(«'+y)* 

8. 

-  1{a*-b*)i 

4»'*'+y 

ev**-/ 

-ll(a*-6')* 

M'«*+y 

oVa'-y* 

-  8(a*-6»)* 

14(«^+y)* 

l/*'-y« 

-  SCo'-**)* 

16(a^+y)* 

8(**-yn* 

*  When  no  sign  is  written  +  is  nnderstood. 
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9.  10-  11. 

W+  3p  3a:'y-4y*  2fV^   -  4l^m*-n') 

14a»+15p  ar*y-4y*  6(a'-fi»)*-  8(i»*-n«)* 

12. 

4a'—  6  +  7aAc+4a»y 
6a*—  8  +  8a&e+5:c'y+4mn 
6a*—  4+ea8c+6a?*y+  m»+  ei 
7a*— 12  +  8aJc+4a*y+8»»+4crf 


CASE    III. 
(75«)  When  the  qiiantities  are  similar,  and  aU  have  not  the  MiM 

MgD. 

BULK. 
Fmi  the  sum  of  the  Hmilar  positive  terme^  also  ike  sum  of  the 
simUar  motive  terms^  and  then^  disregarding  the  eigns^  ascertain 
their  difereneSf  and  prefix  +>  or  — ,  according  as  the  sum  of  Hue 
positive  or  negative  terms  is  greater, 

FBOBLBM.  ' 

Find  the  aom  of  te,  — Yo,  — Sa^  +4ay  ~2a. 

SOLUTION. 

Operation. 

+6a  The  sum  of  the  positire  tenns  is  +10a,  and  Ifae 

—7a  sum  of  the  negative  terms  is  — 12€it.     DisreganUni^ 

—8a  the  signs,  we  hare  2a  for  the  differenoe  hetween  12a 

+4a  and  10a,  to  which  prefix  — ,  because  '12a  is  greater 

—2a  than  10a  and  has  a  minus  sign. 

—2a 

We  may  also  add  the  terms  successively.  Thus,  —  2a + 4a  is 
+2a;  which,  added  to  —8a,  is  —a;  which,  added  to  —7a,  is  —8a; 
which,  added  to  +6a,  is  —2a.  i 
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BZAICPLBS 

It  What  18  the  sum  of  — 4«y,  +^«y,  +6^9  and  — 6ay/ 

2t  What  is  the  sum  of  — 6a6,  — ToA,  +8a(,  and  +4a6/ 

Ji».  — 6a5. 

S«  What  IB  the  Bum  of  3a+ajy,  — 4ki— 4:Ey,  +  7a— Say,  and 
6a+^/  '      Afu.  12a— ?jry. 

4«  What  18  the  sum  of  ixy—ah^  —Sxy+iab,  — 4j;y— 5a6,  and 
+5d^  +  4a5?  .^liM.  2:ry+2a&. 

5.  What  is  the  sum  of  a  +  6+c+«?+«— /,  a+6+c+rf— «  f-y; 
a+6+c-rf+«+/,  a+6— c+rf+«+/,  a— 6+c+«+/,  and  — a+6 
+c+«+//  -4iw.  4a+46+4c+2<;+4«+4/. 

6«  What  is  the  sum  of  fa— 6e+36  and  2a— 3e— 75/ 

u4iM.  9a— 8c— 45. 

!•  What  is  the  sum  of  5a+46— 8c— 7rf+8  and  8a— 126  +  7c— 
IW— 4?  Ans.  8a— 85+4C— lW+4/ 

8.  WTiat  is  the  sum  of  —7/+ 3a,  4/"— 2a,  8/— 8a,  and  +  2a/ 

Ans.  0. 

JJ.  What  is  the  sum  of  12A— 8c— T/  4  and  — 8A  +  8c— 2/— 0^ 
+6a?/  Ans.  9A  +  6c— 0/— 6^+6a?. 

10.  What  is  the  sum  of  16a— 5&+15c— 9(f,  3a  +  186— 6c— 7(f -h 
8c,  — 7a— 26— 8rf  +  6c— 9A,and  11a— 86  +  2c  +  8<f+7A/ 

Am.  28a  +  86  +  12c— lli  +  8c— 2A. 

11.  What  is  the  sum  of  8a+6,  2a— &+c,  — 8a+5&  +  2i,  —66— 3c 
+  3J,  and  — 6a  +  7c— 2rf/  Ans.  2a— 6  +  5f +  3rf. 

12.  What  is  the  sum  of  — a  + 86— c— 115cf+ 6c— 5/,  da— 2&— 8c 
— <l+27c,  66— 8c+8c— 7/,  7a— 66+l7c+9rf— 5C+11/,  and  —8a 
— 6c— 2d[+6c— 9/+^/  Ans.  6a— 109rf+87e— 10/+^. 


IS.  What  is  the  sum  of  i^«"+y*— m"  +  n'— 2mn,-yi'+y*-f  Sin' 

— 8n«  +  6mii,-6«^«'+y*-4»i'  +  6»*— 7»in,2(a?*+y')*  +  12m*-2in' 

+mn^  and  8(«"+y*)»— 8w'— Jn'— 6»i/i/        

-4?w.  6V'a?'+y'  +  2»i'— 9m». 

14.  What  is  the  sum  of  6aa;*— V«Ty  +  («—&),  —1aVx-\-^x  fy)i 
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-.8(a-  b),  12af«-3ViTy  +  12(a-&),  -3a>^i-4V«Ty-(a-6), 
and— odpi -h  (a;+y)^— d(a— ft)  f 

-4n*.  6aii— 5V*Hhy+6(a— 6), 

15*  What  18  the  sum  of  2f«y+a»+y«+Va«+fty,  6f«y+»+y« 
— 8(aF+6y)i,  12(«y+«J+yap)8+6(ar+6y)J,  — 3f«y+«J+yf— 2 
'V«?+6y,  and  (*cy+aa+Sfi)i+(ar+6y)i  t 

-4nt.  l7y'Ar+a«+yf+2Va«+6y. 


16.  What  ia  the  sum  of  4(a+6)f«*-y*-2(a-6)|^«»+y",  -8(a 

y«)*,  and  -2(a+&)(«^3r')++4(a-ft)r:c*+y«f  

-4iw.  14(a+5)4V^. 

17.  What  is  the  sum  of  10f^2  +  6V8-7V6  +  2Va,  6f2  +  V8  + 
4V6-8l/a,  and-8V'2-9V8-3V6  +  \/a+4^a^' 

-4fw.  12l^2-8V8-6V6+l^aS 

18.  What  is  the  sum  of  5a*6+8a-*ftV— 7aft,  —  6a*6+2a-*6»c+ 
1  Yoi,  and  9a*6-8cr*6*c—  lOoA /  .4ii#.  8a*6-8tf-V«. 

19.  What  is  the  sum  of  —  3(a«+6y+a)*— f?Tp+a— ^  2 

Vaa;+  6y+(»  +  («'+y")+-3  (a^6),  Var+6y+c»-  f^a?Hy"  +  2 
(a-6),3Va«+fty  +a+(«*+y")*+a-&,6Vax+  6y +caf  +  («'+y")* 
^-2(a-6),  and  ((M?+6y+«)i-V?+y--3(a-6)  f 

-4n«r  9((M?+Jy+«)}--4(a— 6). 

20t  What  is  the  sum  of  eaUl— Ocfif+lOaU?,  — 6ai6?— aUf+6 
^K  2cfif-3a26f~3a|5l,  and  —  2a3&f +ciif—ai&i  t  Ans.  0. 

CASE    IV. 

(7  6,)  When  the  quantities  are  partaally  similar,  and  liare  tha 
name  or  different  signs. 

RULE. 

I%nd  the  expreishnfar  the  9um  of  the  coefficients  of  the  termSj  and 
annex^a  party  cr  all  ef  whaJt  %»  common  to  each  temij  aceordinff  a$  the 
addition  is  to  be  partial  or  complete, 

BsxAiUL — We  may  take  as  many  &ctoiB  of  any  term  for  the  ooelBcient  as  m 
choofla 
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PBOBLBX 

1.  Find  an  ezpresnon  for  the  partial  eiditioii  of  6iiMa^ 
12paXj  and  9«wr« 

80X.1TTX0K. 

CoDsideriog  x  as  tlie  common  &ctor,  the  coefBdenis  are  61710,  Una^ 
12pa,  and  9va,  whose  sum  may  be  represented  by  (6iiui+3iia+ 12/mi 
+<Hmi),  to  which  annexing  «;  we  have  (6fna+8fia+12|»+9va)« 
for  an  expression  for  the  partial  addition  of  6max+dnax+l2p<ix-\- 
9vax. 

Considering  oa;  as  the  common  fiustor,  the  coefficients  are  Cm,  8n^ 
12p,  and  9«,  whose  sgfn  maybe  repraseDted  by  (<hi»+8si+l^p+ 
9v),  to  which  anaexJBg  m^  we  have  (6ifi+9n+l^+9ti)a«  for 
another  expression  for  the  partial  addition  of  6fiMur+8iM»B+12|NKr 

PBOBLBM 

2.  Find  an  expression  for  the  complete  addition  of  Cmadr,  SiMur 
12paXj  and  9vax, 

BOLUTIOH. 

We  observe  that  6max  =  2m'dadf^ 

and  9vaa;  =   8tr3ase. 

From  this  we  see  that  8a»  is  the  entire  common  fiustor  to  which 
prefixing  the  expression  for  the  snm  of  the  coefficients  2mj  tt,  4j9,  and 
8v,  gives  {2m+n+4p+9v)3ax^  or  3(2m+«+4pf3v)a«  for  the  ex- 
pression for  the  complete  additon  of  ^fnax^  dnax,  12jmup,  and  9tMHr, 

BXAMPLBB. 

1*  Find  the  sum  of  aXy  hxy  and«r.  Ana.  (a+5+e)«. 

2*  find  the  sum  of  ax+hy+ez,  bx+ey-^az,  and  ex+ay+bz. 

Am.  (a-f  6+c)(«+y+«). 

St  find  the  sum  of  6a^y+7a;V+9up'ym. 

Am.  [3(24-3m)y+»4c*. 

!•  Find  the  sumof  (a— ft)f«+(»i— n)Vy+|^2,  (a+<?)rJ~(»i— n) 

SfJ+ai^%(6-c>^^i4-3(m-n)  ♦^y-aV2,  and(c^fl)i^i'^5(m-.»)|/y« 
6f2.  Ans.  (a+c)f^«-2(m-^n)f^y-6f'8. 
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$•  Find  the  Bum  of  (m+ii)y*— («—*)*■ +ajry,  (n— p)y*— (2a+ 

6«  Rnd  the  Bum  of  cu^  +  bi^+e  and  <ip*+Ay+lr. 

-4n«.  (a+rf)«»  +  (6  +  A)y+c+lr. 

7.  Find  the  sum  of  «'+«y+y*,  ttv"— «tty+ay\  Md— V+fay+ 
&r».  '   ,Ai«.  (l+a^*)««+(l-a+6>ty+(l+a-6)y\ 


8*  Find  the  sim  of  (a+&>+(c— %— ^^  (a-6)x+(8c+2<Qy 
4*teV^  S&9+di^y->2sf2,  and— Mv— i^y— 4r^2T 

Jm.  (2a— %4'(4c+8<Qy-2a(V8- 

9.  Knd    the    snm  of   6a*6'+8(r-'J^»— Sa^,   — 3ca*y+4/flr« 
5»->_a+10a»,  and  a*6'+a+8aW-2y*<r-'fi— '. 

Jiw,  (6-8c)a«6^+(2/+8)or*5-^»+7a«+8aV. 

!••  Find  die  nun  cf  8-2-'+6\  — 8-2-'+8a"ft— ,  and  — 13-5"+ 
4«'a-' +€»•&-*.  .ilm;.  (4a-fi)2-'^— 12J5"+(c+3)o-6-*. 

11,  Jfad  fte  sum  of  9«r'&-»c*-W,  18»-a-&-+c*— 8-2\  and 

-4iw.  (Q— A)a-*6-'c*  +  2a-&*+ll6+4c*— 8.2\ 

12.  Find  the  Bum  of  (a + ft)  l^«+(2 +m)f^y,  4y*+ (a+e)af*  Sni'y + 
(2rf— «>c*  (m+ii)y*+(6+2e)y5,  and  — 2iif5+12afy. 


SUBTRACTION. 

(77.)  SuBiRAonoH  is  finding  the  simplest  ezpreiiijon  for  the  dif- 
ference between  two  algebraic  quantities. 

CASE  I. 
(78«)  When  the  terms  are  entirely  dissimilar. 

RULE. 

Write  the  quanHty  to  he  mihtracted  after  the  one  from  which  it  ie 
to  be  subtracted  with  the  tign  —  between  them. 
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PBOBLBM 

1*  Svbtraot  ^b  from  a;  aboy  — 6  from  a. 

SOLUTIOK. 

By  the  rule  we  hare  for  the  subtractioii  of  +^  from  a,  a— (-|<&) 
whidi  is  the  same  as  a— 6.  That  a— (+6)  is  tiie  same  as  a— 6,  may 
be  piored  in  the  foDowing  mamier : 

Since  a+(— -^iseqnal  toa;  iffroma+6— ^ 

Operation.  +6  be  taken,  the  remainder  will  be  the  same  as 

a+b'-b  when  +b  is  taken  horn  a.    Bst|  -^b  taken  from 

+ft  a-hb'^b  leaves  «— ft;  therefore^  +&  taken  from 

a— 6  a  leaves  a— 5;  thaiis^a— (+&)=a— 6. 

By  the  mle  we  have  for  the  subtraction  of  —6  from  a,  a— (—5) 

whidi  is  the  same  as  a+b.    That  a— (—6)  is  the  same  as  a+^  may 

be  proved  in  the  following*  manner : 

Sinoe,a+6— ftisequal  toa;  iffroma+&— 2^ 

OperaiUm.  —6  be  taken,  the  remainder  will  be  the  same  as 

a+b'-'b  when  — &  is  taken  from  a.    Bat  —6  taken  from 

—6  a+5— 61eaveea+6;  iherebrei  ^^takenfroma 

a+&  leaves  a+&;  thatis^a— (— 5)=a+& 

PBOBX.BM 

2.  Subtract  i—c  from  a. 

BOLVTIOH. 

Since,  a+b—b+e-^e  is  equal  to  a;  if  from 

OJperafMm.  a+ft— fc+c— c^  6— c  be  taken,  the  remaiader 

a+5— &+C— e  will  be  the  same  as  when  b—e  is  taken  from  a. 

+6  — c  But,  6— c  taken  from  a+6— 6+e — e  leaves 

a      — &+C  a— &+«;  therefore,  h^-e  taken  from  a  leaves 

a^b+e, 

BXAMPLES. 

1.  Subtract  e-^d  from  a+b.  Am.  a+6— «— i 

2*  Subtract  6— c—rf+«  from  a.  Ans.  a— 6+c+df— «. 

S«  Subtract  —{h+e+d)  from  a.  Am.  a+6+o-ftf. 

!•  Subtract  — y— a^froma?.  -4iw.  a?+y+s; 

CASE   II. 
(79»)  When  the  terms  are  similar,  or  partially  similar. 
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RULE. 

Imagine  the  sign  (fthe  ierm'to  be  eubtracUd  to  he  mihus  when  U  ii 
4-,  and  flits  when  it  is  — ,  and  then  proceed  as  in  addition. 

Remabkw — The  leaaon  of  this  rak  has  heen  made  manifest  in  the 
solution  of  problems  1  and  2,  Case  L 

PBOBLXM. 

Subtract  6<m?— 0^  from  fcu+4y». 

SOLUTION. 

Operation.  Imagining  6aa;— 9ys  to  be  — 6ax+9ysand 

7<KS+  4tfz  adding  it  to  lax-^Ayz^  we  have  ax-jrlSyg^  the 

6aa?—  9i/z  remainder. 

ax+l3yB 

BXAMPLXS. 

1.  i.  ^ 

From  4a +86— 2c +W  From    12J^+3y*-l7«»— Sf'S 

Take    a+25+  e+5d  Take  -53y4- V-19a'+2|/2 

Bem.    Sa+h-^de+Sd  Rem.     l»ay-4y*+  2a»-6f^2 

8.  I. 

From  28<w*— 16aV+25a"a?— 18a*  From  2(a+6)  +  8(a— «) 

Take  18aag'-h20aV-24a'a?—  W  Take     (a4-6)-8(a-g) 

Rem.  Kkw*— 86aV+49a'a?—  6a*  Rem.      a  +  h  +6(a— «). 

<•  Fromi^a:"— y*+4(x+y)  — 8f^a+a?  anbtract  8(a?+y)— 2(a»— y*)* 
+  8(a+a?)*  Jns.  8>V^«  +  (a:+y)-ei^M^. 

6«  From  «■— 2a!y + («* + y*)  +  (2«y— y')  subtract  «•  +  2a!y — y* + («* 
+y*)— 2(2a!y-y").  -4n«.  y'-4a!y+3(2a!y-y*.) 

7.  From  2a*+ar+«»—12a"j?+20ar*—4x*+6aV—10ac»  subtract 
««-.3aar + 2a»— 16a'ar+  12aa»— 12aa:*— 4«»  +  2aV. 

.     Jim.  a"+4aa:— a»+4a'jf+8aa:'  +  2ar*+4aV. 


8.  From  4y*-4y«+a?'-2a(a?4-y)  +  6*^a*-a:«-8f^6*-y*  take  4«» 
-4a;y+y«-4a(ar+y)-l(H^6»-y*+4l^i^II?; 


uliw.  8y*-8«*  +  2a(a?+y)  +  2V'a*-«"  +  2f^&*-y", 


9.  From   (a+6)f'«'+y*+(a  +  c)(a4-«)"  take  (a-6)f^a:*-|-y«+c(a 
+a;)'.  -4««.  26V^x*+y"+a(a+ic)% 


82  SUBTRAGTlOBl. 

!••  From  o«'+^+<y  take  di'—Jby+iby'. 

Ani.  (a-rfK+(»+*>«y+(^-*)y"- 

!!•  From  a(«+y)->. tey+c(ar-jr)  take  4(«+y)+(a+&>»y— ?(« 

12.  From  2«— y+(y— 2a?)— {ar-2y)  take  y— 2«—(2y— «)+(«+ 
2y).  Afu.  y— aR. 

IS.  FromV^^^-2(a+jf)*+8  take  -»'irHr+4(a^-y^*-l. 

Jut.  4VM-»f^?Zy +4. 

II*  From    2x{9+y)*—Za»y+2abe    take     — lfii9y+ll«fe— a; 
t/«+y.  ^^iM  liiupy— 9a6e+d«(ir+y)^. 

15.  From  a(»—y)^+i«y+e(a+«)*  take  («— y)*— &«y+(a+c)(a 
+«)•.  Jnt.  (a-.l)(af—y)*+2&ry— a(a+a?)\ 

16.  ROTi(a+J)(«+y)-(e+d)(«-y)+»  take  (a-6)(«+y)  +  (c 
^d)(a;— y)— «.  ^iM.  26(«+y)— 2<:(«— y)+m+it. 

17.  From  ««*+iiwy+iMP+6  take  «»*—jwy+jr«—c. 

Jm.  (a— «)a*+(m+l>)ay+(«— g)«+6+c, 

18.  From  (a— J)«y— (jp+y)V'a?+y— **•  take  {^p—Zq)  (af+y)i 
— lWy-(S+*)*^  Jjw.  (2a— 6)«y— (8p— 2g)f^af+y+3«*, 

19.  FromOa*dE*— 18+20a5'd9— 46**(»*  take  36"ea;'+9a*«'— 6  + 
M,  Rom  «a*— »aV— 8c""rf»+W    take    — 16aV+3a*— 8a»- 


MULTIPLICATION. 

(80.)  MuLnpuoATioH  18  finding  an  ezpreasion  for  the  product  of 
two  or  more  algebraic  qiomtities. 

PBOPOSITIOH 

(8 1  •)   1.  When  a  positive  quarUity  is  mtdtiplted  by  a  posiHve 
quantity f  ^  product  is  positive. 


MULTIPUCATIOK.  88 

DXMON8TBATI0V* 

Operation.  Let  us  mult^ly   +2  hj  +3. 

+  (+2)j           +2  1  This  meanstiiat  the +2  k  to  be 

+  (+2)  V    or    +2V  or  +2  taken  positively,  or  additively,- « 

+  (  +  2))          +2;        +a  times.    Hence,  the  result  is  +6, 

4- (+6)     =     +6    =:    +6  as  is  shown  by  the  operation. 

The  principle  contained  in  this  proposition  is  generally  DTjrroMtid  by 
the  following 

BTJLB. 

Plus  {+)muit^[)liedbyjplus  (+)  gives  plui  (+). 

PBOPOSXTXOV 

(82.)   2.  When  a  negative  quaniUy  4$  mtdHpUed  hg  a  potOhs 
quantity^  the  product  ie  negative. 


H-^)         -21 

+  (-2)V  or  — aV  or  -S 

+  (-2)^         ^2)  +1 


PXJCOVBTBATIOK* 

€permikm.  Let  ns   multiply  —2  by   +8. 

This  means  that  the  —2  is  to  be 

-2        taken  positively,  or  additively,  8 

+9        times.     Hence,  the  result  is  —6, 

-f  (—6)     =    —6    =    —  6        ■*  ^  shovm  by  the  operation. 

'Hie  prineiple  contained  in  this  proposition  is  generally  ezjHiessed  by 
the  following* 

BULB. 
Mmue  (— )  fnulUplied  by  plus  (+)  gives  minm  (— ), 

PBOPOBITIOH 

(83.)  8.  When  a  positive  quantity  is  multiplied  by  a  negative 
quantity,  the  product  is  negative. 

n  E  M  O  N  S  T  B  A  T I  0  N  . 

operation.  Let  us  multiply   +2  by  —8. 

—  (+2)  1         — 2  ^  This  means  that  the  +2  is  to  be 

—  (  +  2)>   or  — 2>  or  +2         taken  negatively,  or  subtractively, 
—(+2)  )         — 2  )  —8        8  times.    Hence,  the  result  is  —6, 

—  (+6)     =r     —6    =  —6         as  is  shown  by  the  operation. 

8 


^  MULTIPUOATION. 

The  ezpranon  —(+2)  k  the aame  aa  —2,  became 

Operation.        -^(+2)  meaoa  tliat  +2  ia  to  be  aabtncted.     But 

+  2—2  there  ia  nothing  from  which  to  anbtract  it    Let  08^ 

-f  2  then,  aabtract  it  from  nothing,  or  aero.    For  aero,  we 

^^  write  +2— 2,  and  taking  +2  from  it  we  have  —2,  aa 

ia  ahown  by  the  operation.    Therefore,  —(+2)=— 2. 

The  principle  contained  in  thia  propoeition  ia  generally  ezpreaaed 
by  the  following 

BULB. 
Plus  (+ )  muliiptied  hy  nUnu$  (— )  ptvat  mtntM  (— )• 

PBOPOaiTIOV 

(84»)  4.  When  a  neffoHwe  quanHty  ie  mult^pUed  hy  a  nt^Am 
quainHty^  tha  product  ii  poeitm. 

DEM0H8YBATI0N. 

Operation.  Let  na  multiply  —2  by  —8. 

_(_2)  ^         4-2  1  Thia  means  that  the  —2  ia  to  be 

—(—2)  >  or  +2  C  or  —2  taken  negatiTely,  or  aubtracti^y, 

—(—2)  )         4-2  )  — d  8  timea.    Hence,  the  reaolt  ia  4-Of 

_/    5)        = +6"  -r4-6  ■■  ^  shown  by  the  operation* 

Ttie  ezpresflion  —(^2)  is  the  same  aa  4-2,  becanae 

Operation.        —(—2)  means  that  —2  is  to  be  sabtracted.     Bat 

4-2—2  there  is  nothing  from  which  to  subtract  it    Let  ua, 

—2  then,  aubtract  it  from  nothing,  or  zero.    For  lero,  we 

+  2  write  4-2—2,  and  taking  —2  from  it  we  ha?B  +2,  aa 

is  shown  by  the  operation.    Therefore,  —(—2)=  4- 2. 

The  principle  contained  in  this  proportion  is  generally  expressed  by 
the  following 

BULB. 

MinuB  (— )  multiplied  hy  minus  (— )  gives  plus  (4-). 

(85.)  The  principles  contained  in  these  four  propositions  may  be 
expressed  by  the  Mowing 

BULB. 

Ths  multiplieation  of  jjex  signs  gives  Plus  {-^)j  and  the  multipH^ 
cation  ofxnsaxKx  signSj  ionus  (— ). 


/ 

HULTIPLICATIOK.  86 

PB0P08ITI0K 

(86«)  li.  The  product  of  two  literal  tertna  may  be  eotpreeeed  hy 
writing  them  in  order,  with  or  without  a  eign  ef  multipUeaAm 
between  the  consecutive  terms,  preceded  by  +  or  —^  aoeardiny  as  this 
siffM  are  like  or  unlike, 

DBMOKBTBATIOK. 

The  truth  of  this  proposition  depends  upon  ( 1 9»)  Thnsi  a  multiplied 
by  —6  may  be  expressed  by  —a  x  6,  — a-ft,  or  —ab ;  (a+&)  multi- 
plied by  (c— c^  may  be  expressed  by  (a+ft)  x  (c— ci),  (o+ft)'(«— rf)t 
car  (a+6)(c—d);  and  (a +3)  multiplied  by  (4—6)  may  be  ex* 
pressed  by  (a+3)  x  (4-6),  (a+8)-(4-6),  op  {a+8)  (4-6). 

V  PBOPOSITIOH 

(87«)  6.  If  two  terms,  when  the  exponent  and  siyn  efeach  are  noi 
considered^  have  a  common  part,  their  product  may  be  expressed  by  the 
common  part  affected  by  the  sum  of  their  eaqsonents,  and  preceded  by 
+t  or  — ,  according  as  the  signs  cf  the  terms  are  like  or  unlike, 

DXMONBTBATIOK. 

The  two  terms  +a*  and  —a',  when  the  exponents  and  signs  are 
not  considered,  hare  a  common  part  a  ;  therefore,  we  are  to  prove 
that  the  product  of  +«*  and  —a*  is  —a*.  Since,  +a*=  +aa  and  —a* 
^i-^aaa,  we  know  by  the  last  proposition  the  product  of  +aa  and 
—-aaa  is  —aaaaa.    But,  ^aaaaa=:'—a\    Therefiwe,  +a'x— a*= 

RKMABK.-^By  this  proposition,  we  have  +2*x2*=+2*+*=+2* 
=4  ;  —a-*  X  .—«-*=  +a-^'=  +a"* ;  «"*  x  —  a'=:— a-*^=T^a' 
or  —a. 

(88.)  In  multipUea^mt  eoefficients  are  multiplied,  and  exponents 
are  added. 

CASH'  I. 
(89«)  When  both  multiplicand  and  multiplier  are  monosiials, 

B  U  L  ij . 
Multiply  according  to  the  priihciphs  of  the  preceding  propositm^ 


88  MULTIFUGATIOK. 

XZAMPLX8. 

1.  Muhiplj  4a^Voi  hj  Zab^tT.  Aiu.  12a^hVd^ 

2.  Multiply  12f^^b7  ^^-  ^^-  48M^ay. 

5.  Multiply  5\x'y*M*  by  ^*m\  Am.  SSa^'yV. 
!•  Multiply  13a'6Vy  by  — 6a*»y'.  -Ai*.  — 66a*6Vy\ 

6.  Multiply  — 20afM  by  6a*JV.  Am.  —  100o*+'*6*+V* 
6«  Multiply  a*  by  a*.  jAm^  a*+», 

7.  Multiply  a*  by  cT".  AnM.'<e'~^. 
8«  Multiply  a^  by  a".  Am.  a^'^. 
%  Multiply  a^ by o"*.  Ans.  «-<•*•>. 

It.  Multiply  20"^,  7a"*,  and  —8a*  together.  Ans.  — 42a~*. 

11.  Multiply  8-7"*,  7"^,  and  4-7'  together.  Am.  12't~*. 

12.  Multiply  -1a-'6V-*by8a«6-»c.    -  Am.  -21«*-»c-^. 
IS.  Multiply  -o^,  -8a««^/,  and  5«H-Tft|.  together. 

Am9.  ISa^'^^rtya. 
II.  Multiply  -ISa-V"*  by  -4a-*6-«c«.  Jj^  62a"*6-*c~*. 

15.  Multiply  a"*6',  a»6'7,  and  a*+*6  together.        Ans.  a^b^-*^. 
IC  Multiply  {a+ffrh't,  {^'^y)'^nm,  and  (a+y)  together. 

Ant.  i»AV(a+y)»*-». 

17.  Multiply  at  hy  ai.  j^m.  a. 

18.  Multiply  ai  by  — a~*.  ,4a,.  ^\J^^ 

19.  Multiply  ai  by  aj.  ,4a,.  al. 
M   Multiply  -.jrf  by  or*.                                      j„,.  _^4*. 

CASE    II. 

(90.)  When  the  multiplicand  is  a  polynomial,  and  the  multipliei 
a  monomiaL 

BULE. 

iitdtiply  each  term  of  the  muUipUeand  hy  the  multiplier,  cmnecU 
ing  them  by  their  proper  eigne. 

PBOBLIM. 

Multiply  Oa+ 46'c— 8<r  by  ia\ 


icui/nFLiCA<nos.  ST 

^  80I.UTI0V. 

Operatim.  Multiplying  6a,  +46V,  and  —  SiT  by 

6a  +  46V   -dtT  40*,  respectiTQly,  giyes  24a*,  +  l«a*6^e,  and 

4a'  —  12a'(l*  wliich  oonneoted  by  their  proper 


24a*  +  16a'6'c-12aV       ogDB  is  24aHl6aVc-12aV, 

BXAMFLXB. 

1.  Multiply a*-8a6-66' by  4a«6.    Jns.  4a*6-.12aV-2(>aV. 

I.  Multiply  2aV-5aV+9a*6V  by  8a"6c». 

Jiw.  6a*6V-16a*ftc»+2»aVc\ 

t«  MaIliply2a*-3c+5  by&c.  Jn$.  2a^bC'^Zb(^+l^be. 

L  Multiplyo**— 6i*+c«— rfby  — «'. 

5.  Multiply  5mn+8m'— 2n'  by  12alm. 

Am.  60a5mn'+d6a&iii'ii-84a&fi% 

6«  Multiply  9aX7^6hy+1xy  by  —  7a&ry. 

Jiw.  — 21a*&r*y  +  85aft'ay-49a&r*y». 

1.  Multiply  — 16a'6+8a6«-126*  by  —Soft. 

Am.  76aV-16a"6*+60a6*. 

8.  Multiply  a*af +6-y— <fy--rf-«-  by  «-y". 

9.  Multiply  8ar*-6ar»y"*4-«"*  by  2«-V- 

Jjw.  6a?~*y*-10ar-*3r^  +  2a?~*3r«~* 

!••  Multiply  2a-*-?a;-iy*-llcr  by  axy'^eh 

Am.  2aJay'^cf— 7aafiy»i— llary"*c; 

CJ^E    III. 
(9 1  •)  When  botii  the  multiplicand  and  multiplier  are  polynomials. 

BULE. 

Multiply  each  term  qf  the  multiplicand  by  each  term  of  the  mut 
HpUer^  and  add  the  products, 

PBOBLIM. 

Multiply  a' +a6+ft'  by  a + &• 


38 


OperaiioiL 
g+ft 


MUI/riPUCATlOK. 
SOLUTIOV. 


Multiplying  a* + 06 +y  hja  g^res  a'+a*6 
+06';  also,  mnltiplTiiigit  by  b  gives  a*6+a6* 
+6'  which  results  added  produoe  a'+2a*6 


SXAMPLSS. 


.<^.  a*  +  2a6+&.* 

Ana.  a»-2ai+6\ 

-Aw.  a«-y. 

-4iM.  a*+b\ 

Am.  a'-y. 

Jns.  a^^b\ 
Am.  a»-2a6*-o*6+26*. 
Jim.  «»-.6«*— ar+14. 


1.  Multiply  a+&bya+& 

2.  Multiply  a— 6  by  a— 6. 
8.  Multiply  a +6  by  a^b. 

4.  Multiply  a*—ab+b*  by  a +6. 

5.  Multiply  a«+a6+y  by  a— 6. 
C  Multiply 'o»-a«6+a5*-6«  by  a+6. 

7.  Multiply  a*+a»6+a6»+6*  by  a— 6. 

8.  Multiplya*— 26*bya— 6.  . 

9.  Multiply  «•— 8a:— 7by«— 2. 

10.  Multiply  o«+a*+a' by  a'—l. 

11.  Multiply  4a«-16arH-8a!» by  6a'— 2aV. 

Ans.  20a»— 88a*a;+4'raV— 6aV. 

IJ.  Multiply  o*-2a'6+4aV-8a6'  +  166*byo  +  26. 

-4iM.  a*  +  S2b\ 

13.  Multiply  I  af^  +  Sor— Ja'by  2a;'— or— la\ 

Ans.  Sar^+Joa:'- VfV«*+<a"a?+3a\ 

14.  Multiply  ISa-'y-Ya-'y  +  Ga-^ybySa-^fc'-Sa-^ft*. 

Ans.  120a'*b'-f0la^b*  +  69a"*6*-18a-'6^ 

15.  Multiply  a-  +  6'— 2c*  by  2a-— 86. 

^7W.  2a»-  +2a-5'— 4a-c»— 8a-6— 36^'+66c». 

.  16.  Multiply  ar-^+Sa-aJ-^-lOa'-a;"^  by  aV+6a-+*«*-H'-.2a«-4» 

-4n».  a»iK»^''  +  8a"+*iK»^*  +  8a**+'ar>— 66a«-+»a!»+20a*-+*«*^*. 

17*  Multiply  8a; +6,  8a; +2,  8a;— 2,  and  8a;— 6  together. 

Ans.  81a;«— 860«*  +  144. 


MULTIPLICATION  BY  DETACHED  COEFFICIENTS.  89 

IS.  Multiplj  3a— 26, 4a— 86,  4a +36,  and  3a +  26  together. 

Am.  144a*-146a'6*  +  366*. 

19*  Multiply  «--a,  jt— 6,  and  x^c  together. 

Ans.  «•— {a+6+c)«*  +  (a6+ac+6c)ir— a6c 

SO*  Multiplj  8a*6"*  +  J a"^6*  by  4a* 6"*c*-8a*6"*(r*. 
Am.  4(3aH6-*+7a-''T6T^K-8(3a^6-^+»a*^"6-^*)<r' 


^■>  »»i  ^ 


MULTIPLICATION   BY   DETACHED 
COEFFICIENTS. 

JPBOBLSM. 

(92.)  To  multiply  by  detached  ooefficieiits. 

BULK. 

Arrange  the  multiplicand  and  midtiplier  according  to  the  atcending 
or  descending  powers  cf  a  particular  letter^  and  then  remove  the  letters 
and  meMplf  the  eoeffiejetUs  thtts  detached  and  restore  the  letters  ac- 
cording to  ^  law  rfeappotients  in  each  particular  case. 

DSKOKSTRATION. 

Let  us  multiply  «*+«*y+«y*+y*  by  a?— y.     The  terms  in  these 

polynominals  as  they  stand  are  arranged  according  to  the  descending 

powers  of  x  and  the  ascending  powers  of  y. 

Operation.  Removing  the  letters,  we  have  the  coefficients 

1  +  1+1  +  1  1+1  +  1  +  1  to  be  multiplied  by  1—1.    The 

1—1 product,  as  shown  in  the  operation,  is  1  +  0  +  0 

1  +  1  +  1  +  1  +0—1.    We  know  that  the  exponent  of «  in 

-^1—1—1—1  the  first  term  of  the  product  of  the  given  poly- 

1+0  +  0+0—1  nominal  must  be  \    Annexing  the  letters  to 

the  coefficients  1  +  0  +  0  +  0—1  according  to 

die  descending  powers  of  x  and  the  asoending  powers  of  y,  we  have, 

l«*+0«'y+0«*y"+0«y'— ly*,  or  simply  «*— y*. 

Again,  let  us  multiply  2a*— 3a6*+56'  by  2a'— 66*.     Arranging 


40  DIVISION. 

the  terms  according  to  the  deaoe&d- 

OperaUan.  ing  powers  of  a  or  the  ascending 

2+0—  3+  5  powers  of  6,  we  have,  2a'+0a*6— 3 

2+0-  5 o»*+56'  and  2a*+0a5— 66^.     The 

4  +  0—  6  +  10  product  of  2  +  0—3+5  hj  2+0—6 

^10^.  0  +  15-25  is4  +  0— 16  +  10  +  15— 25,  towhich 

4+0—16  +  10  +  15—25  annexing  the  letters  we  have,  4«*+ 

0a*5-16aV+ 10  afV^  15ab^^26b\ 
or  4a»-16aV  +  10o«6*  +  15a6*-256\ 

SXAMFX.B0* 

1.  Moltipl7  3a«+4aa?— 5«»h7  2a«— 6(Kt+4«». 

Jmb.  6«*-10a*ar-22aV+46a«'-20**. 

2.  Multiply  «•— 3«»+3«-l  hy  «•— 2«+l. 

Aiu.  «*-5a^  +  10«"-10««+5«-l. 

8.  Multiply  y'-ya+ia*  by  y+ya-K- 

Jns.  y*-aV+ia>-TVa*. 

4.  Multiplya^— «»+«•— «+l  by  cap'-fcr'+ar. 

Am.  ca:'— (6+c)««+(o+5+«)«»— (a+5+e)«*+(a+&+e)«"— (a 

5.  Multiply    a''-d'b+a*V^aV'{^a'y-^V+a'V-€A'+V    bjr 

6.  Multiply  a?*+4«*y+e«*y»+4ay+/ by  «»+3«»y+8ay+y». 
ilfw.  «'+7a?*y+21«*y"+35a?y+85«»y*+21«»y*+7i^+y\ 


^  i»  »»»^i 


DIVISION. 

(93«)  DiYisiOK  is  finding  a  &otor  of  a  given  quantity  which  mul* 
tiplied  into  a  given  factor  will  produce  the  given  quantity,  or  is  find- 
ing how  many  times  one  quantity  is  contained  in  another. 

PBOPOSITIOK 

(94*)  1.  WTien  a  pon^ve  quanUHf  it  divided  hy  a  positive  qytan^ 
Hty^  the  quotient  is  positive. 


DIVISION.  ^41 

DKMONSTBAVIOH. 

Let  US  divide  +  6  by  +2.  Here  we  seek  a  factor  which  multiplied 
into  +2  will  produce  +6.  The  sign  of  the  factor  sought  must  be 
4-,  or  like  the  sign  of  the  2,  in  order  that  this  factor  multiplied  into 
+  2  shall  produce  a. positive  quantity.  Thus  +6-^  +  2  can  not  be 
equal  to  —3,  because  +2x— 8=— 6;  but^  +6  4- +2  =+8,  because 
-f  2x  H-8=:+6. 

Again;  the  division  of  +6  by  4-2 

^^^^^  can  be  represented  thus,  — -•    Factor- 

Xii^Xi ^"^^  •      ^1.  -^1.        4-2X+8 

+  2     +;b  ing  the  numerator, we  have,----^ ; 

•7*3 

and  canceling  the  +2  in  both  tennS| 
.  we  obtain,  +8. 
The  principle  contained  in  this  proposition  is  generally  expressed 
by  the  following 

BULK. 
Plus  (4-)  divided  by  plw  (4-)  gives  plus  (4-). 

PBOPOBITIOK 

(95*)  2.  When  a  negative  qwmtity  is  divided  by  a  positive  quan* 
Utjf^  the  quotient  is  negative^ 

DKMONBTBATIOH. 

Let  us  .divide  —6  by  4-2.  Here  we  seek  a  factor  which  multiplied 
into  4-  2  will  produce  —6.  The  sign  of  the  factor  sought  must  be  — , 
or  unlike  the  sign  of  the  2,  in  o^er  that  this  factor  multiplied  into 
+  2  shall  produce  a  negative  quantity.  Thus,  ^6-8-  +  2  can  not  be 
equal  to  +8, because  4-2x  4-8=4-6;  but^  —6-4- 4- 2 =-^8, because 
4.2X— 8  =  — 6. 

Agaifl ;  the  division  of  —6  by  +2  can 

On^raUrm.  ^  represented  thus,  — -.   Factoring  the 

— 6     4-^x-8        ^  ^  +2X-8        , 

---_=-_- =—8.        numerator,  we  have — :andcan- 

+2     4-;5  *  4-2  ' 

celing  the  4-2  in  both  terms,  we  ob< 

tain,  —3. 

The  principle  contained  in  this  proposition  is  generally  expressed 

by  the  following 
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BU  LB. 
JUinui  (-)  divided  hypliu  (+)  ^«et  (^). 

PB0P08XTI0H 

(96*)  8.  TFAm  a  positive  quantity  is  divided  hy  a  negative  quanUiy^ 
the  quotient  is  negative. 

*  BSM0V8TEATI0H. 

Let  OB  divide  +6  bj  ^2.  Here  we  seek  a  fisbctor  which  multiplied 
into  —2  will  produce  +  6.  The  agn  of  the  factor  sought  must  be—, 
or  like  the  8%ii  of  the  2,  in  order  that  this  fiictor  multiplied  into 
^2  shall  produce  a  positive  quantity.  Thus,  +0-; — 2  can  not  be 
equal  to  +d,because— 2x  +8=— 6;  but,  +6-5 — 2=— 8, because 
— 2x— 8=  +  6. 

Operation.  Again ;  the  division  of  +6  bj  —  2  can 

— 2  =  3^ =  —8.  be  represented  thus,  •— .     Factoring  the 

numerator,  we  have,  -— \  and  can- 
celing the  —2  in  both  terms,  we  ob- 
tain —8. 
The  principle  contained  in  this  propontion  is  generally  expressed 
by  the  following 

BULB. 
Plus  (+)  divide  by  minus  (— )  gives  minus  (— ). 

PB0P08ITI0K 

(97 •)  4.  When  a  negative  quantity  is  divided  by  a  negative 
quantity^  the  quotient  is  positive, 

DKMONSTBATION. 

Let  us  divide  —6  by  —2.  Here  we  seek  a  factor  which  multiplied 
into  —2  will  produce  —6.  The  sign  of  the  fiiotor  sought  must  be  +, 
or  unlike  the  Bign  of  the  2,  in  order  that  this  factor  multiplied  into 
—2  shall  produce  a  negative  quantity. .  Thus,  —6-5 — 2  can  not  be 
equal  —8,  because  — 2x— »^=H-6;  but,  —6-5-— 2= +  3,  because 
— 2x-|-8  =— 6. 
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Operation,  Again;  the  diraion  of  —6-3 — 2  can 

— -  =r  — 5 =  +3.  be  represented  thus,  — -.     Factoring  tbe 

celing  the   —2  la    both    termsi  we  ob- 
tain 4-3. 
The  piiaoiple  contained  in  this  pvopoaition  is  generally  expraaed 
by  the  following 

BULB. 
Jlrnvf  (— )  divided  by  minui  (— )  giveejXue  (+). 

(98*)  The  principles  contained  in  these  four  propositions  aie  ex- 
pfeeaed  by  the  following 

BULE. 

The  divitkn  (f. like  eigne  givee  plue  {'\-\  and  of  unlike  eigne  (-^), 

-We  may  consider  that  a  positive  quotient  denotes  the 
number  of  times  that  the  divisor  must  be  eubiracted 
from  the  dividend  to  obtain  zero  for  a  remunder. 
Thus,  we  see  that  +2  must  be  eubiracted  three  times 
from  '+6  and  —2  three  times  firom  -—6,  to  obtain 
lero.  Hence  the  quotientB  obtained  by  dividing  +6 
by  +2,  and  —6  by  —2  ought  both  to  have  the  same 
sign;  and,  therefore,  the  quotient  in  each  case 
must  be  +3. 


Operation. 

+6 

-6 

+2 

~2 

+4 

-4 

-f2 

-2 

+2 

-2 

+2 

—2 

0 

0 

We  mayal 

Operation. 

-6 

+6 

+  2 

-2 

-4 

+  4 

+2 

-2 

~2 

+2 

+2 

-« 

0 

0 

We  may  also  ocmsider  that  a  negative  quotient  denotes  the  num- 
ber of  times  the  divisor  must  be  added  to  the  divi- 
dend to  obtain  zero  for  the  amount.  Thus,  we  see 
that  +2mu»theadded  three  times  to  —6,  and  —2, 
three  times  to  +6,  to  obtain  zero.  Hence,  the 
quotients  obtained  by  dividing  —6  by  +2,  and  +6 
by  —2,  ought  both  to  have  the  same  agn;  and 
therefore,  the  quotient  in  each  case  must  be  —  8. 


44  iu?i8ioir.  ^ 

PEOPOSITIOH 

(99«)  5.  The  fuotimi  obitdmd  by  dividinff  ofu  term  by  aamtker^ 
may  be  expressed  by  those  factors  of  the  dividend  which  are  not  eomf 
mon  to  the  divisor. 

DSM0H8TBATI0K. 

Let  08  divide  ^akcd  bj  26e.  Ike  diTidend  6a5oi=2fie  x  3aif,  from 
which  we  see  that  8,  a,  and  df  are  the  fisbcton  of  the  dindend  wbidi 
are  not  common  to  the  divieor.  Therefore,  SoJ  is  the  quotient  Also 
the  quotient  of  aaaaa  divided  by  aaa  isao,  becaose  aaa  of  the  divi- 
dend is  the  same  as  the  divisor,  thus  leaving  aa  which  is  not  ocnuaon* 

PEOPOSITIOV 

(100«)  6.  If  two  terms,  when  the  exponmt  and  the  sign  of  each 
are  not  considered,  have  a  eommon  part,  the  quotient  arising  from 
dividing  one  by  the  other  may  be  expressed  by  the  common  part  affected 
by  an  exponent  equat  to  the  easponent  of  the  dividend  minus  the  expo- 
nent of  the  divisor,  and  preceded  by  +  or  — ,  aeoording  as  the  sigps 
of  the  dividend  and  divisor  are  like  or  unlike. 

DSMOHBTBATIOH. 

The  two  terms,  ^a*  and  +a*,  when  the  exponents  and  signs  are 
not  considered,  have  a  oommon  part  a.  We  are  now  to  prof«  that 
the  quotient  arising  from  dividing  —a*  by  +<«•  is  —a*.  Since 
—a^^— aaaaa,  and  +  a' =000,  we  know  by  the  last  pn^rasition  that 
the  quotient  arising  from  dividing  — aaaaa  by  -^-aaa  is  —-041^  But 
^aa=r*a' ;  therefore  the  proposition  is  proved. 

By  this  proposition,  we  have  -^=a*^=:o' ;  — rra"*"* ;  -^^a*^"^* 
a* 

PROPOSITIOK 

(101«)  7.  Any  factor  may  be  transferred  from  the  dSmemifWilsr  to 
the  numerator  of  a  fraction,  or  from  the  numerator  to  the  denominator ^ 
hy  chanf/ing  the  sign  of  the  exponent. 
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DBMONSTRATIOK. 

We  luye  just   seen   -j-=ia*-*.      But  a*"*=— j— ;   there&rey 

— r=— T— ;  or,  in  other  words,  a*  lias  been  transfened  from  the 

denominator  of  -;-  to  the  numerator  bj  changing  the  sign  of  the 
exponent 

Again ;  dividing  both  numerator  and  denominator  of  -^  hj  a\  and 

we  have  -= s=-i:3.     But  a*^=^cf€r*\  therefora,  -r=-irzii 

or,  in  odier  Ti^ords,  a'  has  been  transferred  from  the  nnmerator  to  the 
denominator  bj  changing  the  sign  of  the  exponent 

Bf  th]8  proposition,  we  have  ~  — =aft    ;  ^=^pj  J  *~iF  ^ 

CO*  'a  'a*  '  1       a    or* 

From  this,  we  see  that  the  reciprocal  of  a  is  -,  or  cr" ;  of  a*  is 

—J,  or  cr^;    of  or*  is  — j,  or  a*.      Henoe^  we  maj  obtain  the 

redprocal  ef  any  quantity  by  merely  changing  the  sign  of  its  ex- 
ponent. 

PROPOSITIOK 

(108*)   8.  Any  quantity  whiek  hoi  zero  for  an  etponeni  is  eqwU 
to  unity. 

DKMONBTBATION. 

If  we  pfQfve  that  a*=l,  we  shaH  ^«ve  the  proposition ;  since  a 
may  represent  any'quantity  whatever. 

Wei3iowthat?=55l=i.   But,byProp.7,(101.),^=a'-'=a*. 

a} 
SinoCi  then,  a*  and  1  are  each  eqnd  to  -^i  they  are  equal  to  each 

other,  that  is,  a*=l. 

GSNEBAL    RULE. 

(103*)  In  division,  eoeffieisnis  arfi  divided,  and  esgponmts  f»(- 
iraekd. 


46  DIVI8I0K. 

0A8X    I. 
(104*)  When  both  diTideiid  and  dimnr  are  monomiahk 

BULB. 
JHv%d$  aceording  to  the  pHneijdei  <^  tks  preceding  prcporituma. 

BZAXPX.S8. 

!•  Divide  ahe  by  ae.  Am.  I 

2*  Divide  %ahc  by  —2a.  An9.  —  3&c 

St  Divide  — lOays  by  5y.  Am,  — 2a». 

4f  Divide  18cub*  by  Seur.  Am.  (ke. 

ft  Divide  —  28«*y*  by  — 4ay.  Am.  Ixt^. 

Of  Divide  of*  bya\  Am.  a**-*. 

!•  Kvide  a"  by  ir*.  AM.ar^. 

8.  Kvide  a—  by  a\  Am.  <r<'^\ 

9«  Divide  cr*  by  ir^.  -4jm.  a""^, 

10.  Divide  co"  by  <to-*.  Am.  ^. 

11.  Divide  -^3a-fi»  by  -4arW.  Ana.  — -- — 

IJ.  Divide  6  (a+&)-»  by  4  {a+h)-\  Am.  ^(J.^y^ 

18.  Divide  (a+«)'(a+y)-'  by  (a +«)-*(« +y)"'- 

-4>w.  (a+a:)*(a+y)*. 

14.  Divide  UOa*b'c(P  by  SOaVrf*.  Am.  6d*b*ed. 

15.  Divide  16a«-«*'y*»  by  StfVy^  ^n*.  boTsif'y^. 

16.  Divide  — 48a*6-  by  6a^5'.  ^4iM.  — 8a"^5-*. 

17.  Divide  Ca^tT*  by  ZcT^^.  Am.  ^- 

18.  Divide  12a"^rf*c~*  by  3a*<r*«*.  .4ii#.  ^. 

19.  Divide  (a+a:)"^  by  5(a+ a?)*.  Am. 


6(a+«)«- 
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20t  Divide  •(a+6)*(«H-y)-*  by  (a  +  6)-*(«+y/'. 


Jns    <^±^ 


CASS    II. 


(105«)  Whea  the  dividend  is  a  polTnomial,  and  the  divisor  a 
monomial. 

BULS. 

Divide  each  term  of  the  dividend  by  the  divieor^  and  eonnpct  the 
Quotients  by  their  proper  eigne. 

PBOBLSM. 

Divide  6a«6*-8a«6V+4a*6*c  by  2aV. 

80X.VTI0V. 

Dividing  6a'6*,  -8a'6V,  and 

OperaUon.  +4a^('c    respectively,    by    2a*5\ 

^aV)  6a*y-~8a'6'(r-f  4a^6V        give88aft*,-4W»,aiid +2aV,  wWch, 

8a6'  — 4M*     +  2a*c  connected  by  their  proper  signs,  is 

8o6'-4W*H-2aV. 

SXAMFLSS. 

1.  Divide  12a'a;+4ac*— 16a  by  4a.  Ane.  3ax+a^— 4. 

2.  Divide  12ay-16ay +20ay-28ay  by  -4ay. 

Ant.  -^By^+Aay^^Sa^y+la*. 

S»  Divide  16a*6c— 20a<y+6«r  by  ^babe. 

An,.  -Za+*f-^ 
0      no 

4.  Divide  «•+"— af^+aJ^-arH  by  af.       ^iw.  ar-aj»+a?"— a^. 

5.  Divide  o-+'a;— a*+*a?— a-+*a;— a*+*a:  by  a". 

4a<>  ax^a*x^a*x^a*x. 

6.  Divide  oaf +aaf+'4-«a^'+aif+'  by  «•. 

^iw.  o+aa?+o«*+cp:*,    ' 

7.  Divide  6(a?+y)'-S(«+y)*+4aX«+y)by  2(aj+y). 

Ane.  3(«+y)*-4(ar+y)+2a* 

8.  Divide  6(a+6)*-10(a+6y+15(a+ft)  by  -6(a+6). 

^iw.  -(a+6)*  +  2(a+ft)-8. 


48  DvnsLOV. 

9.  Diviao  or— 1  +fcr^'-.csir^+Ap»  by  aT^. 

10.  Difide|aV-la«*+8a6**b7|aV. 

CASS    III. 
(106«)  When  both  dividend  and  divisor  are  polTnomiala. 

BULK. 

1.  Arrange  both  dividend  and  diviwr  aeoording  io  the  oMcending 
or  deeeending paw^  of  iktmuM  Uttifr  tt^hoUu 

2.  LiMe  the  firet  term  of  the  dividend  hy  the  first  term  of  the 
divisor  ;  ike  result  wiU  be  the  first  term  of  the  quotient^  by  which 
multiply  all  the  ienns  in  the  divisor^  and  subtract  the  product  froea 
ike  dividend, 

J.  Thsniotheremttiiidermmiexasmanyqf  the  remaining  terms  ^ 
the  dmdendms  are  neesssary^  and  find  the  next  term  rf  the  quotient 
ae  b^orSf  and  so  on. 

PBOBLSX 

1,  Divide  6«V+a*-4a*«+«*-4««*  by  ar«+a«-2«R, 

SOLUTION* 

Arranging  the  terms  aoeording  to  the  deaoending  powers  d  a^wrn 
have 

••— 2a«+«*)o*-4a*«+6aV— 4a«»+a^(a«— 2ar-h«' 
fl*— 2a'g4-  aV 
— 2a*a:+6aV— 4<m:* 
-->2<i*a;-f4aV— 2cug' 

a*«*— 2a«»+j^ 

aV— 2qg'+a?* 

0 

AHOTHEK    80LVTI0K. 

AjraogJbg  fHe  terms  aooording  to  the  descending  powers  pf  s^irtt 
Jisve 


DI71BICK, 


PBOBLSM 

«.  Divide  2a--6«-*-+«a-»**-2*- by  a*-*». 

BOLUTIOV. 

24r»*'-2&*» 
2a»6**-2y' 
0 

PBOBLKM 

1.  Dinde«»-(a+&+cK+(o6+«+fte)a?-«8cb7«-c 

SOLUTION. 

g»  -eg* 

-(a+t)ag'+        (ac4-ftg>g 

a&«      —      o&e 
ahx      —      a5c 


BXAMPLB8. 

1.  Diyide  a«+2aft+6«  by  a+6.  ^**-  «+^ 

J.  DiYide  a«-2a*+6*  by  a-6.  -*««.  «-* 

S.  Divide  a?*+4r*y+6«»y»+4ay+y*  bya^+2«y+y*. 


iM  0IVIil0K« 

<.  Kyido  «*-y*  by  «-y.  ^iw.  «»+«>+a^/+*y»+y\ 

e.  Divide  ap»+y»  by  «+y.  -Aw.  »*-«V-f-«y-«y"+y*. 

7.  Divide  «*-9«*+27«— 27  by  «— •.  ^n«.  «•— to+9. 

8.  Divide  12x*- 192  by  ar-6.  Ans.  4«» + 8«* + 16* + 32. 

9.  Divide  6«*-6y»  by  2«'- V-  -^«*-  »** + ^^f + »/• 

10.  Divide  «*+6i>+5«y*+y'  by  «'  +  4ajy+y».         ^Int,  «+y. 

11.  Divide  a«-8a*6«+8aV~»^  by  «»-8a*»+3«&«-6'. 

.Alt.  A'+te'^+M'+ft'. 

Vt.  Divide  a*— 6*  by  a'+a'ft+oft*+*".    .  Ant.  a-6. 

18.  Divide  !«•+«•  + J«+}  by  i«+l.  An».  «•+?. 

11.  Divide  «*+y*  by  «+y. 

JJUL  ^-*>y+ay-y«+^. 

15.  Divide  aT^+aTy+ay^+y^  by  sT-^-f".  Am.  «+y. 

1«.  Divide  *^+«V+y  by  «*»+ary+y-. 

17.  Divide  rf-^6»-4a-+^«^-27«*'H»-»&*'+42<r^*-«&'»   by  a"ft* 

18.  Divide  a«— «•  by  a— «. 

«— a? 

19.  Divide   a;*— (a+6+rf)«*+((Hl+W+c)«— «l  by  «■- (a+6) 

20.  Divide  -o»6*  +  16a"6*--48a«5»-20a"6'  by  10a'6*-a*6. 

Jim.  oV^6a»6*~2aV. 

Jl,  Divide  4€*-96V+6i"c-5*  by  iic*-3ftc+&*. 

It.  Divide  f«'-4aJ*+Y«*-y«'-V«+'2'?  by  1«»-«+3. 

-4na.  fr"— 5aj»+ia:  +  9. 

ft.  IKvide  — 1+«V  by  — 1+an.  Am.  1+an+aV. 


nvuoff.  M 

25.  ttvide  |-6«»+3W  by  J+2»+8»*.  Ans.  l-d«+W». 

^^.••-*  +^H^c**^*  by «-*-^'  +6c--». 
2a  Divide  4(8aW6-t+7a"T^6Ay— 3(8aV6-V-+7aVft-iV)^t 


^  »■  »  II  »i 


DIYWIOW  BY  DETACHBD 
COEFFICIENTS. 

PROBLEM. 
(107  •)  To  divide  by  means  of  detached  coefflcientB. 

RULE. 

Arramgt  the  terms  of  the  divisor  ctnd  dimtend  aeeording  to  the 
ascending  or  descending  powers  if  a  Utter  common  to  both ;  then^ 
atmtHng  the  letters^  write  the  coefficients  with  their  respective  signs^ 
supplying  the  coefficients  of  f^  cSt^sent  terms  wilSi  umes*  Proceeding 
as  usual  in  division^  the  result  will  be  the  coefficients  in  the  quoOeni^ 
to  which  annexing  the  letters  according  to  the  law  in  each  particular 
'ease,  will  give  ffltf  cemptste  yuoHent 

^R4>BZ.XV. 

Divide  6a*— 96  by  3a— 6. 

SOLtTTlOir. 

Arranging  the  «oeflScie&U  aa  dureoted  and  dividing,  we  obtain 


12+  0 

12- 

-S4 

24+  0 

24- 

-48 

48- 

-9C 

48- 

-OC 

m  BTJSmxnO  DIYIHIOK. 

OpemiUm.     |8-6  fcr  «ke  ooeflkints  m  the  quo- 

6+0+0+0-9612+4+8-1-16  tient,  +2,  +4,  +8,  and  +16. 

6—12  An  UMpectkn  of  the  proUem 

shows  that  the  fint  term  of  the 
di?ttor  should  eontain  «*• 
llierefiHre,  oommenciiig  with  a* 
and  bsertiiig  the  desoenfiiig 
poiren  of  a,  we  hare  for  the 
complete  quotient^  2a'+4a*+ 
8a +16. 

SXAMPLBS. 

t.  IMvide«*-8a«*-8aV+18a*«-8a*bya«+2ax-2a\ 

Jm.  a"-5a«+4««. 

2.  DifMe  8y'+8jy-4«'y-4«*  by  «+y.       Am.  -4a!»+8y*. 

8«  Kvide  lOo*— 2»a*«+84aV— 18a«*— 8a?*  by  2a»— 8aaf+4«*. 

•4iw.  6«"— 6a«— 2«". 

4.  I«Tide«*+4a*— %^-25a»+85a»+21a-«8by«'+fi«+4, 

jm.  a*-a«-»a«+14a-7. 

«.  Myide  af^  +«y--«-y-3r*-*  by  aT+sT.  uiiw.  «-3f. 


^  H  »   II  » 


BTNTHETIC   DIVISION. 

PBOBLEK. 
(108«)  To  divide  by  syathetio  diviiioB. 

BULB  * 

I.  JHvide  thedivi9or  and  dividend  hy  Me  eoejffUeni  nf  «A«  png 
hjn  in  the  divisor,  which  wUl  make  the  leading  eoejficient  of  tha 
iivieor  umty,  and  the  first  term  of  the  quotient  will  be  identical  with 
fhat  of  the  dividend. 

I,  Chanffe  all  the  siffns  of  the  terms  in  the  divisor,  except  thcfirst^ 
and  multiply  aU  the  terms  soehrnnyed  by  the  term  in  the  quotient,  and 

*  Ttiis  role  is  dne  to  Mr.  VT.  G.  Homer  of  Bath,  Bnglnnd. 


STHTsmc  riYiBioir.  6S 

plate  ike  produtte  eweeeestvely  nmder  the  ecfrcspmditif  ierme  ef  ike 
diviiffkd^  fH  a  diagonal  eetwrna^  hegmtemg  eit  IJW  ifpw  Imm. 

t.  Add  the  reeulte  in  the  eeeond  eoiumr^  which  wiU  give  the  eeconi 
lerm  if  the  quotient;  and  multiply  ik3  di^'njei  terme  in  dU  dhrieor 
^  Me  reeultf  placing  Skeproducte  in  a  diag^ud  eeriee  ae  befi>re. 

4.  Add  the  reeulte  in  the  third  eelume^  which  will  giee  the  next 
term  in  the  quotient^  and  mmUiptg  the  changed  terme  in  the  diviear 
hg  thie  term  in  the  qut^Oent^  placing  theprcducte  me  htfcre. 

5«  7%ie  proceee  ccntinued  uniil  the  reeulte  become  0,  or  uniU  the 
quoOeni  ie  dekrmined  oefatr  ae  neeeeearg^  wiU  give  the  eame  eeriee  cf 
terme  ae  the  ueuai  mode  cf  dividcn  when  carried  to  an  equivalmU 


BxiasK.-<In  qmthetio  diiriirioii,  M  in  diTiikm  I7  d^tadied  oo«fflok»t%  it  to 
eurtomuy  to  omit  tiw  totlm. 

PBOBLSM. 

Divide  a^-fi«»+15**-24«'+2t«'-.l84r+5  tj  4^-2j^+4«'— 

SOLVTIOir. 

Smoo,  in  tbk  {HPoblem  the  coeAdentof  the  fint  term  of  the  dnriaor 
18  matj^  Part  Ist  of  the  nde  is  unneceflflaiy. 

(Part  2d  of  the  Bole.)  Qmitdng  the  letters^  arrange  the  dividend 
hoiuontally,  and  the  diviaor  yertiGaUy,  ehanging  the  aigna  of  all  its 
terma  except  the  first 

Then  mnltiply  the  changed 
terms  in  the  diyisor  by  1,  and 
place  the  product,  +2,  —4,  +2, 
and  ^1  diagonally  under  —6, 
+  15,  —24,  and  +27  respect- 
ively. 

(Part  dd  of  the  Rnle.)  Adding  the  results  in  the  second  column, 
giy^  —8  for  the  second  term  ci  the  quotient,  which  multiplying  into 
the  changed  terms  of  the  divisor,  gives— 6,  +12,  —6,  and  +8,  which 
must  be  placed  diagonally  gnder  +16,  —24,  +27,  and  —18  respect- 
ively. 

(PM  4.)  Adding  the'terms  in  the  third  column  gives  +5  for  the 
third  term  of  the  quotient,  which  multiplying  into  the  changed  terms 
of  the  divisor,  gives  + 10,  —20,  +10,  and  -5,  which  must  be  placed 


OperaHon. 

1 

1-5  +  16^24+27-18+6 

+2 

+  2-  6+10 

—4 

—  4  +  12-20 

+2 

4.  2-  6  +  10 

-1 

—  1+  8-6 

1-8+  5+  0+  0+  0+0 

M  mmmo  mvbuoh. 

ekgamBj  vttdMr  -«84^  4-27»  *^13^  and  +5  napeoiiYd^.    H«r»  die 
prooeas  temuMli^  mm  A*  am  ^  eaoli  of  the  remaining  oolumns 

Bealoriiig  the  letteM  aooofding  to  the  law  <^  the  case,  we  ol>tnn  for 
the  qootieiit  Bought  jt*— 8ar+5.  « 

BZAVFLBa. 

h  Diyide  tt»-5a*«+I0aV-.l(kiV+5€j^-«* by «*-««t+J5^. 

J.  Diride  a'-^SaV +8aV— a^  by  fl^-Sfl^ar+atfSB*— «». 

t«  Divide  ap'— y*  bj  «— y. 

4.  Divide  0s'-4e«*+dte* + ISOr  by  ff'^^^^d. 

«•  Difide  a6«*-4f  ^2«'-8«»  by  &r»-4«". 

•«  Divide  a»-5a*«+lQaV— 10ay+6iMr*-«»  by  a»-.8a««+8aar" 


CHAPTBB  III, 

irnaisJtft  and  rApTpj;xirQ, 

.;f[]|l.OI(8]C    I, 


«$riMi«  If  <M  Jif^  j»faft  <>fMt  ^  i^^ 
plus  the  dquare  rf  the  second. 

IsL  A4<i  rvffnmi^  Him  mm  ^  two  yitn^atiw.     Sqivucu^  it|  or 

JIBOBLBM. 

Squaie  20*4-36'. 

BOIiVTZOB. 

:  %  Ofi  thi^QW^  we  kBTQ  (te'>'H^2(KK^')  4^  (^Tt  wbidilt  after 


|»  8^p^  «+y.  Ans.  aj" + Xay +y'. 

%f,  Bqw»  ««•  4-4^.  Jns.  9«* + 24«*y« + JjOy*. 

4,  S^uwe  aj'+y".  4«*  «*+2«y +y*. 

S«  Squaw  8a*  4-  4a6\  ^n«.  9a'  +  24a'6*  +  16a*5\ 

6.  Square  |«»+c?»*.                    *  Jiw.  Jc*+c'<f»*+<rn*. 

•Jr.  Square  ar*+ar».  Ans.tr'^^trnr^^b'r^. 

i,Sqime«l4-H,  Jiw.  aJ  +  2atH+^ 


66  r^xOKoa  and  rAoioBmo. 

t,  Sqnart  2«r4+«<r4»-4.  Am.  1+^4-^ 

«•  SqUM  ^+^.  ^fcw.  ^^»+^+K«^- 

THXOBXK   II. 

lAtf  fgiMTi  q^  DU  /rai;  MMMt  l«t«  DU  jwwImcI  ^  Of  >lnl  Zy  IJU 


BXMOKSTBATlOir. 

L0t  a— A  leprateDt  the  diflbraiM  of  two  quMititMiL    Squaring  it) 
or  miiltipiyiipc  it  by  itmU,  wo  luivo  a'-So^+A*,  or  (a-«)*=«*-2«6 

PBOBLSM. 

Square  5a'-8&\ 

aoiiUTiov. 

lljr  the  theorem,  we  hare  (5a')*-S(5a'^8»')+(«%  which,  aftei 
the  operatkoa  indicated  aie  perfenned,  becomM  26a*^90»%*+M\ 

SXAMPLSS. 

h  Sqoaiex— y.  Jn$.  jr'^Say+y*. 

>•  Squaie  fr'-Say*.  .ifu.  fj^-2<|f*-h4«y. 

!•  Square  iai'-in\  Ans.  ^m^-^^mW + ^m*. 

!•  Square  5ay^-6a'yi.  Am.  25aV^-6aaV+36«Vt. 

•    o            ^  ,    ^,     .»                           ^        «•     ^2»  .  4416* 
5f  Square  a*-*— 21a"-V,  Am.  -n H r"« 

••  Squaio  2a*b^^1tr'b-\  Am.  4aV-28a6+49i-**-* 

7.  Square  5aV-.4aM.  udiM.  25aV-4(ki'^V+l6«^»* 


naOVKMB  AHD  FAOnMOM.  67 

8.  Squaw  Bg^ir*-4m-'lr'. 

If,  Squw  a*-+'-4ar-y".  -Aw.  9**^-84«y-+^!^. 

11.  Square  2*-«*->y^^-6«--'y~^\ 

,A«.  1^-20 +-^Sjj-. 

IS.  SnM«J»***'y"^-4«  "  "  V**"* 


Jilt. 


^    THEOBXM    III. 

(1 1  !•)  Thtprwdmet  af  th$  nm  mid  Hferenee  (^  two  qwmUiim 
U  9qual  to  tk$  difermoB  of  their  9qwr€9. 

DSM0N8TBATI0N. 

Let  a+&  and  a— &  leprattnt  reipeotiTdj  the  sam  and  differsDeu  of 
two  ifmOimu  UMa^jmg  a+*  by  a-^  we  haTt  a'—l*,  or 
(a+6)(a-*)=a»-4\ 

PBOBLSM. 

Find  tbe  product  of  2a'+a6'  by  2a'-8&'. 

tiOLVTIOir. 

By  the  theoieiny  we  have  (2a*)*— (35*)*,  which,  after  the  operaSkiia 
bdicatod  are  perfpnaed,  beoooMa  ia^-^W. 

IXAMP£I8. 

1.  find  the  piodoct  of  m+»  and  m— «.  Am.  m*^n\ 

2.  Find  the  product  of  ^*+ i^  and  K— i^-         ^^^-  T^'-i^'- 

S.  Find  the  product  of  laV + 6«<7  and  7a'6'-6c(;. 

Jjw.  49a*6*-36cV. 

4.  Find  the  product  of  ar*+6-*  and  cr^—b-^       Ans.  -^ — ^ 


i.  Fbd  the  pzodaet  of  3ab-*+i€r'i  wtA  M^^^tr^h. 

UMnOm 


%  SSnd  the  piodaot  ctmi+ni  and  mi— iii.  Am9.  m^ik 

1.  Vbd  the  product  of  2la4+8iy^  and  2i«^-8iy^. 

Am.  t»-«*8f 

&  Find  the  product  of  da'6'+fiai6l  and  8«V-2aUf. 

Am.  »aV-4a** 

t.  fbd  the  prodaot  «f  |a»>-» + |flr«6«  and  fa'd-^-fr^ft'. 


!••  FM  the  product  of  aT+y*  and  «•— y.  Jjw.  a^— /•. 

!!•  Find  the  product  rfa«rH+^a***6  and  2a"^'— }a— '5. 


26     " 
Vt.  Knd  the  product  of  |a^6**?+|a*?*«n?*  aad  fiT^***? 

THBOitBX    IV. 
(lis.)  ff%ii;^lr0iMe^  lNiOir««M<MBtMiiii&»Mft^Jk 
enee  rf  the  same  roots  <^  thequantiUes. 

DEK0K8TBATI0N. 

"J. 

Let  «•  — y  •  be  a  general  ezpresBion  fbr  the  difieronee  of  two  <[iian- 

titiea,  and  («»)'— (y*)'''  ^'  4^*^y»"  he  a  general  expression  for  the 
4^crence  of  the  same  roots  of  the  two  qimtities. 

We  are  to  prove  that  «»«^y r  is  difkiblo  by  »m^fw^ 

*      J.        2      JL 
Dividing  x»  — y  •  by  o^— y^^  wo  obtain  for  the 

•        Ml  I 

Ut  remainder    fh^^ff^^^j^*^ 
2d       **  »•    '•yw— y«- 

M       3«>     3<  I 

8d        f*  «•     '^yrt— y«. 


rth        **  «•    "STyrt— yT. 


THS0BEM8  AND  FAOIOBING.  M 

Since,  r» — »,  and  « — «,  this  reminder  ==«»    i»yT— y7=:a^y7— 

J,.  Ill 

y«.    Because  by  Prop.  8,  (lOSi)  *•=!,  we  have  «*yT— y7=y7 

•i. 

— y  •  =0. 

Heoo^  a:>**y«  is  diviaible  bjr  »•— y^,  becauBe,  after  obtaimng  r 
terms  in  the  quotient,  the  remainder  equals  sero.    He  form  of  the 

qn^^yent,  us  iv^  tee  by  divisioiif  is  si^i^^-^xn"  ^yn-^xn    my^ 

Sence,  <-^2; — r--=af«     •*  +  «•      myf«-f«»~  my  f« «r«ya~"i« 

«  i.    JLi        J.    i. 

-fap^y*""  ~ +y«"~    (A.) 

TJi^Q  «r~;;^a,  iiiid-c?:ii^4ndr7sikwehave ^r=ar^+4r^+ 

»  #  Of— y 

»— y* «*y— +«y— •+y"^.    (B.) 

P&OBLSV 
!•  IMTide  «•— y*  by  «— y. 


SOLVTIOV. 

Making;  in  formula  (B.),  n=r6,  we  have ^;s=«'+«'y+«*^+ 

«y»+y*, 

PBOBLSM 

J,  Divide  a*-6*  by  (a*)  *-  (&*)  *,  or  a^^bA 

SOLVTIOV. 

Making,  in  formula  (A.),  — ^J,  -^},  and  r=6,  we  get  — =^ 

i  a^  —6 ^       a  JL 

ai»d  — =-^,   Also,  putting  x=a  and  y=6,  we  have  rjril&lil~    " 


00  TBMOBMMB  AND  FACIORIKO. 

SZAMPLSS. 

1.  Knde  «»-a'  by  «— a.  Am.  «»+««+a*. 

2.  Divide  ••-6»  by  a-».  ^m.  «*+a»»+aV+o6»+**. 
t.  Divide  ••-6«  by  a-6. 

|«  Divide  a'— 6*  by  a— 6. 

«•  Divide  a«-6'  by  a-». 

i.  Divide  a^-y*  by  »*-y*  ^la.  «*+«y*+«*y+y*. 

7.  Divide  «»-y«  by  «*-y*. 

Am.  »*+»*y*+a^y*+»V+y*« 

8.  Divide»»— y»by«*-y*. 

-4jw.  «V+»Vy*+af*y*+«*y*+a*y^+yV 

f  •  Divide  «»-y  by  a*-yi.  Am.  afi+ayi+rfyi+yt. 

!•«  Divide  m*-y*  by  nA-^yK 

Am.  m^+m**^y^+»'Ty*+mV+«»'^y*+»**y*+r*- 
II.  Divide  ^•-y-*  by  ar*-y-t. 

Am.  «*+af*y"^+«*y"*+y"* 
1S«  Divide  a"*-«^  by  a~A-«'^. 

THEOBEM    y. 

(113*)  The  difference  of  two  quantities  is  divteible  hf  iks  ium  (4 
Hht  Mine  togU  of  ike  quafUities,  when  the  index  qfthe  root  ie  even. 

DSKONSTBATIOK. 

m  i_ 

Let «»— y«  be  a  general  expreasion  for  tbe  difference  of  two  quaii* 

titiea,  and  x^nK  +  \y •;  r,  or  d>»+y««  be  a  general  ezpreanon  for  the 
nm  of  the  same  roots  oi  the  two  quantities.    We  are  to  prove  that 

*      2  *      i. 

xn—y  is  divisible  by  xrm+jfn^  when  r  19  an  even  number 


THaOBXMS  AHD  rAOTOBIHtt.  61' 


IXvidbg  xn^y^  by  «^+y-9  we  oUain  Ibr  the 
1st  remainder    —a;*  ~  m  y  *•  — y7 
2d  «*  ««-;Sy-S--y7  • 

ad         *  — «»    iwjf  ••  — y7 

—   ISi  4L       * 

4th         "  af»""mjff»  — jfT 


rth  remainder,       «o*myf»— yt  when  r  is  an  efen  i 
This  remainder  =0  as  was  shown  in  the  Ikm.  of  Tkfonm  41k 

Eenoe,  xn^jf:  is  dirisiUe  by  c^+ys  when  r  is  an  eren  number,  be« 
caose  after  obtaining  r  terms  in  the  quotient^  the  remainder  eqnab 
lero. 

MM  m    %m 

The  form  of  the  quotient,  as  we  see  by  division,  is^  xn^m^xn"  m 
Sf^+»»'"  ••y  ••  ^af»    my  M  + jrmyt"  ••  — y*""**. 

Tr—e,  when  r  is  an  even  number,  -n; — ^=«o   m— «7*  •«y^+ 

a^S+y"^ 

«•  ""  «■  y  ••  — «7"  my*«  + «my«""  M  ^Sfmff9     m 

'    J?  -1    Jli         -     — 

+af»iy«"'  f.  — yt^f*.     (A.) 

When  — =«;  -=«;  and  r=:ii^  r  being  an  even  number,  we  have 
^^=ar-»-^ar-*y+af-«y--ar^y'+ -^-jT'+^jT* 

-y-.  (B.) 

PnOBLSM 

1.  Divide  a*-6*  by  a+6. 


aoLV'ioir. 
Makbg,  in  Kxmula  (B.),  ti=6,  we  have 


PmOBLSM 

2.  Wvide  a»-.6»by«*+6*. 

80VVTI0V. 

Making,  in  fonnula  j[A.),  -xi^^^asB^  and  i»=6|  we  get  -^=g 

and  — =-. 
rs     6 

Also,  putting  x^zOf  and  y=6,  we  have 

S^AMPLCa. 

L  Divide  a*-**  by  a+6.  usIm  ii«-a**+a6V*** 

2.  Di?]dea«-5'b7a+&. 

S.  Divide  a-^h  by  al+6i.  ^Iimt.  ai-aUl^aiH-hi. 

4.  Divide  a»-6»  by  a* +6*.  Jju.  a^-aM+aW-ft^. 

5.  Divide  m»—»»  by  m*  +n*.  Jn*.  «i^—m*n* + aiM  —  i^. 
<w  Divide  y-/  b/  «+yi  *  ^.  V-;^^^ +«y*-/^ . 
7i  Divide  «•— y*by«*+y. 

-4n«.  «>— a?'y+jfy*-«»y'+«*y*— y** 

8.  Divide  «^— y»  by  »^+y*. 

Ans.  «^-a?^y*+«V^yV_a:V+«^y*--«^y^+«V-y*^. 

f.  Divide  «*— y*  by  ar+y  *  •  . 

/  ^M  «^-a:*yA 4.a?*y*-yT^. 
'    10.  Divide  sr^—y-*  by  ar'  +y-*. 

-4iw.  ar*— ar*y"'+ar*y"*— J'-*. 

11.  Divide  a?*--^-' by  af+y"*.        -4ii«.  «•— a!*y~*+ajy-»-y  -^ 

12.  Divide  xi^y^  by  a?  ^V+y^^. 


THSOSBlfS  AKD  FAOXOBISO. 

THSOBBK   TI. 

.  ^114«)  Th$  mm  qf  two  gpugntitieB^  U  div'MU  hff  the  Mim  of 
the  Bome  odd  rooU  of  the  quantities. 


DEKOiraSBATION. 

Let  x^-i-yT  be  a  general  ezprawioa  frr  tbe  Mva of  twQ  qoantitieB, 

and  \x^)'^  +  (y  V  ^  ^'  «'^+ir'^  t>^  a  gfsneral  ezpreanon  for  the  ram 
of  th^saoie  roots  of  the  two  qiuintities. 

..  Wa  a7e  to  prove  that  ««+y«"  is  diwiMe  by  o^m+y^ywhenrfaan 
*  d  number. 

Diyiding  Xn  +y  •  by  jt^+y*)  we  obtain  f<v  the 

1st  remainder     -t-«»   mffft+y*. 

2d        "  «•"  "iy  ~  +yT 

3d        «  — ^•■'myr*  ^-y"^ 

/     W        "  «!»     my«  +y7 


rth  remainder     — «•»    my  f« +y7i7henr  is  an  odd  nomben 

This  remamder  is  obviously  equal  to  zero.    Hence,  jKi»4-y«  la 

JivifliUe.by  fl^^+y*,  when  r  is  an  odd  number,  because  after  obtcln 
ng  r  t^ims  in  the  q^slieati  the  remainder  is  aero. 

The  form  (rf  the  quotient,  as  we  see  by  division,  is  d:  •»  rn-^xm    my^ 

+»^'"  ffy«+ ,..,.•...,. +dJmyf'  f» —a?niy«      «  +y«"r.. 

Hence,  when  r  is  an  odd  number     ^    ■  ^ssjp*   «— ^,-^y,,-l- 

«^+y^ 
jr«    «y «  —  ..,......  4.army«""  n —«»»yf     rt  ^-y^    «,    (A.) 

"When  — =tf,  -=tf,  and  r=:u^^r  being  an  odd  number,  — 


'«  +y 


PBOBLXX 


^v  Divide  «'+i»  by  a+*. 


M  THlOAKHg  AND  FAQSOWM. 

0OLVTIOV. 

Ifaking,  in  fonrndft  (B.),  if=:5,  we  luif«  ^^^il^s:a«^a**+«y<-. 

PBOBI.SM 


S.Di?id*a'+*«b7  a*+»* 


SOLUTION* 

ibidxig,  in  fomiiik  (A-X  — =«,  -=«,  and  r=8,  we  get  —^% 

and  — =-. 
rs     8 

Abo,  puting  «=«,  and  y=&,  we  ba?e 

SZAMPLSS. 

1.  Divide  a'+b*  by  a+6.  ^jm.  a*-o6+y. 

2.  Divide  a"+6"  by  a'+ft'.        An$.  a»-«V+aV-aV+»% 

t.  Divide  a'+6' by  a+6. 

^JM.  a«-a»6+aV-aV+a*6*-a6»+»\ 

I.  Dividea+6bya^+6^. 

f.  Divide  a*+6*  by  a*+ft*. 

An,.  aV-a^V+aVftV-a^ftV+ftV 

f.  Divide  a*+6»by«*+6. 

7.  Divide  a»+6*  by  a+6*.     ^jw.  a*-a'6*+a*6*-a6V-4.6V 

8.  Divide  a+6'  by  a^+6*. 

••  Divide  a-'+ft-*  by  a-*  +  J-*. 


11.  Divide  «*+Hby  a^+i"^. 

THEOBXX    VII. 

(1 1 5.)  Tht  nm  of  tks  $quare$  of  two  qwmHHei^  phu  fiMOt 
Ab product  rftke  quanUtin^ii  equml  io  tk$  9gm9n  ^  tk$  mtm  tf  tki 

DBMOKSTBATIOir. 

Let  a  and  h  repreeent  aoj  two  quantitiei,  then  a*-hA'+2a5,  or  a* 
+lL  +&'  wpnueuiB  the  ram  of  th^  gquares  jhiM  twice  their  pro- 
uct 

We  are  to  proye  that  a*+6'+2a&»  or  a' +2a6 +&'=:(«+*)*.  By 
TLeo.em  1,  we  have  (a+&)'=a*+2ai+Vt  •*•  a'+2a6+&'»  or 
:i'4J«  +  2a6=(a+6)\ 

PS0BI.S1I 

I.  Fi]idthe&otoraor«'+4«+i. 

aoLUTioir. 

Since  «*+4;r+4,  or  «'+4+i9=«'+8*+8*2«^  it  representa  the 
r.im  of  the  aqnarai  of  x  and  2,  plua  twice  their  product  Henoei  by 
the  Tbeorem,  we  have  «*  +  2'+2'2d^  or  «'+i«+4=(dr+2)*=(«+S) 

SZAMPLSa. 

1.  F!iidthefiM)toiBofjr'+/+2aBy.  Am.  («+y)(«4-y). 

2.  Find  the  fiwfton  ora*+2ay+y".  Am.  (•+y)(a+¥y 

I.  Hud  the  factors  of  «*+10j;+26.  Ans.  (»+&){x+e). 

i.  Find  the  fiMSton<tfa^+24«+144.  Am.  (d?+12)(»+12) 

5.  Kndthefiwftonorm'+ll4ai+8249. 

Ans.  (m+6l)[m+5l). 

•.  Find  the  fcctowa?+2rfy*+sf.  -Aw.  («i+y*)(**+y*). 
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7.  Find  the  facton  of  4ji^ + 4« + 1.  Ans.  (2«+  l)(2d;  f  1). 

8.  Fu^tU&ctonof  ICftj'+sex+l.  ^n«.(13«+l)(13«+l). 

f.  Find  the  &cto»  of  25ar»+60jr*yi+86yf. 

Am.  («ar^+ey*)(i«r*4.^). 

!•.  ]^dtiheiMtonofH-a+Sai^.       ^^fot.  (^+ai){xi+ai). 
11.  Findthe&ctonofdrl+a'«'+2adB. 

IS.  FhdthaliMtonafO«fc+4te^y'~^-f4^'^« 

THEOBBIC    YIII. 

(1 16«)  The  9um  of  the  eqwres  of  two  ^pta/Uitiet^  nUnt^  tunes 
Ae  product  of  the  quantities^  is  equal  to  the  sqfUire  (fths  diffe.'trx^  of 
the  quantities. 

BBXOKSTRATIOir. 

Let  a  and  b  represent  any  two  qoantitieB,  then  a^+V^Zat^  or 
a*—2ab+b*  lepiesents  the  qpn  <if  tiMr  squares,  minos  twice  their 
product  We  are  to  prove  that  a*+,6'— ?a5,or  a*— 2a6+6'^(a— J)V 

By  Theorem  n.  we  have  (a— 6)"i=a»— 2a5+6»;  .•.  a»— 2a64-ft% 
ora«+6«-.2a6=(a^*)*. 

FBOBI.BM. 

Rhd  the  fhctors  of  ^x+4yi—12xifi. 

SOLUTION. 

Since  9x+4yi— 12ariyi=B:(3|f^y+(2|fi)*— 2-(3ari)(2yi),  it  repre- 
sents  the  smn  of  the  squares  of  two  quantitiei^  minus  twice  their  pro- 
duct Hence,  by  the  Theorem,  we  have  9a5+4yi— 12ariyi,  or  Oi— 
12iriyi4-4y*3s(aflP»--2yi)«=(3»*--8ri)(tok-»fi). 

EZAMPLSS. 

1.  Find  the  ihcion  of  ir'~2«§r+y*.  Ans.  («^y)(«-^sc)- 

2.  Find  the  factors  of  fli*^4m»+4il'.     J$ts.  {m-^^X^-^^Vih 
J.  Find  the  fectors  of  a!«  +  |-_.  Ans.  (a?- J)(ar-J). 


L  Fii4d  tfi^  &ctora  of  a»— 2aM  +z\    Jn$.  (a*—**)(a*-.«*), 

6»  Bind  the  ftoton  of  9j^'  +  9y-  18a;'yi« 

-4jw.  (8a:*— 8yi)(8«*— Syi). 

7.  Find  the  S^stof^  of  ^*-Sx^+4.    Ans.  (}a:*-2)(|«*-2). 

8.'  Rnd  the  ftctore  of  16ar»— 16arly-*+4y-\ 

9.  Find  the  factors  of  8a*+3y-t— 6«rly-*. 

W.  Find  the  &ctors  of  «*•+/•— 8«V- 

1 1 ,  Rftd  tho  Jitcton  of  Ar^^-^ie^^-yJ +16y". 

^iM.  (2«^-4y¥)(2«*"-4y»). 
12;  ISnd  tbe  &fitoi&qf  «»y""  •  — S+aT^ryT. 

t  >  1      I        Ji.      _L        !!!L     * 

-4n#.  (dPsi»y^  Si  -^'~«»ya7)(a?s«y~'a«  —a    a»y««.) 

THEOBEK    IX. 

(1J7.)  Thej^ifereneeof  iketqttareioftmfmmMmite^fua^ 
tJuspr^Atet  rf  the  mm  m^  difference  of  the  quantitiee. 

DEK0N8TBATI0N. 

Let  a  and  6  represent  any  two  quantities,  then  o'— 6'  represents  the 
djffiiieitoe  «f  their  3q«are8. 

We  are  to  prove  ihat  a'— 6'={a+&)(a— J). 

By  Theorem  HI,  we  hare  (»-l-^)(a— 1)=?(»*— ft')»    •••  a*— Vss 

PBOBLSM. 

Find  the  finctors  of  a—h. 

80LUTI0K. 

Suy^  a— i=(ai)'-:(H)*,  it  represents  the  difference  of, the  squam 
ZK  ilie  quantities  ai  and  H. 

Hence,  by  the  Theorem,  we  have  a— 6=(ai+ft^)(a^--W). 


OB  TBttUUBMS  AND  TAQSOJOSih 

SZAMPI.B8. 

1.  Fiodthe&otonofi"— jf*.  ^»- («+y)(«— y} 

2.  Fhid  tlie  freton  of  «'-*y'.  .^Iiul  (j^+y'X^^/)- 
8.  Find  tbe  fiMston  of  ««T-y.  Am.  («l+y*X<r*-yl). 
4.  Find  tlie  boton  of  ««-y*  Am.  (*l+yl)(*l-.y»). 
«.  Rod  the  &etofB  of  jr*-y-«.  J«t.  £+i)(*-*-.y-»). 

••  Kad  Om  ftoton  of  ««'-4j^.  Jm.  (3«+2y*)(3«-.2y*). 

?•  Find  tbe  frcton  of  2«— 2y. 

^«^  [(2')*+(ay)i](2irf-tiyt). 
8.  Find  the  fiuston  of  8«^— 4y^. 

Jm  (8M+5*yT^(8y-5*yA), 

»•  Fliidthe&clofsof4«^-y"^.    ^^- (2'*  +  -t)(2**-A). 

M.  FW  the  &cton  of  l(Ur*-25y,     ^m.  (^+6y*)  (^-5yi), 
11.  Find  tbe  fiKston  of  iar^9r^. 

Am.  (2»5+3y"*)(2j?5-3y"»j. 


VL  Find  the  ftoton  of  «"T^-4«^y— *' 


(^-+¥)(V¥) 


Am. 

*«^    yr  '  *a:«     yi 

THSOBSX    X. 
(1180  The  exproaaon  «•— y7r=(«s^y;;)  («'r^H-«^^y^4- 

*•    my  »•  4- ^jp^y.    ^  4- «Niy«    M  +jf7^;,  Fhicfa« 

^hen  — ,  -,  and  r  respectivelj  equak  «,  beoomeB  af — y"=(#— y) 
(jr-»+ar-«y+ar-«y*+ +«'y^+ay^*+y-'. 

DBX0K8TRATI0K. 
The  troth  of  this  Theorem  depends  on  the  troth  of  Theorem  IV^  ana 
the  &ct  that  the  divisor  multiplied  bj  the  quotient  equals  the 
dividend. 
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PBOBLXX 

1.  Find  the  faetors  of  «*-/. 

aoluviov* 
In  this  ti=5y  and  makiBg  r=:6y  we  hara^  by  the  Thaonmi  i^— y* 

Oiher  fiictoTB  may  be  obtained  bj  aawgning  other  poaiti?e  mtqp«l 
valnea  to  r. 

PBOBLXX 

2.  Find  the  fiMston  of  dri— yl. 

aoLUTioir. 
In  this  example,  — =-,  and  -=r9  and  we  are  at  Eberijr  to  anka 

rmij  poaitiye  integer.    Let  r  then  equal  5;  wfaenoe,  — =— ,  and 

— =— •     Henoe,  by  the  Theorem,  we  have  «*— y*=  («"  — y"*) 

(jc^+apAyA+jfT^yTV+ap^yl+yA).     QtheT  boton  may  be  ob- 
udned  by  anigaing  difieient  positive  integral  Talues  to  r. 

BZAMPLBB. 

!•  FindthefMtorsofa'— «*. 

Jm.  (a— «)(a«+ap+«^,  or  (a*— a*)  (a*+a*)» 

<•  Fmd  the  ftctcm  of  a'— a*. 

Jm.  (a— a)(a+a),or  (a*— a*)  (a*+aa*+c*a+a*). 

t*  Fbd  the  factors  of  a*— a;*. 

Jnt.  (a— a)(a»+a*a+cV+cV+«i^+a^, or («•— a*)(c*+a^ 

!•  Fbd  the  &ctors  of  a^—x\ 

Am.  (c— a)(a*+a»a+aV+cV+aV+oa»+a».) 

5«  Find  the  factors  of  a*— a*. 
Jnt.  («»-«•)(«* +cV+a*),  or  (c*-a*)  (a*+a'a*+a*a*+a*) 

••  Find  the  fiustors  of  a"— a>*. 

Asm.  (a-aX«^+«*«+aV+aV+aV+aV+cV+aV+ 
aa'+«*). 


7.  Find  Oie  boton  of  a'*-V\ 

Am.  (a«-«*)(a«+«V+aV+aV+«^,  or  (a»-«»)(a»+»') 

8t  FindthefiMstoTBofm— Ik        ^ 

AhM.  (mi— iii)(fiit+ mini  4- lit),  or  (mi— ni)(mi+ni). 

9.  Findtliefiustoraofa^— y\ 

Jnt.  (*'-y)(«'+«*y+i^y'+y'),or(**-/)(tf*+y^ 

!••  Find  the  £Mton  of  ^--yk. 

^ln#.(«-*-yi)(r^+ar*yi+ar»yl+y),or(ar*-y»)(^+yi). 

IK  Findthe&ctonofjT— y*. 
It.  FindtlMftKtonor«i^y^. 

THKOBEH  XI. 

(1 19.)  Ite  ezpresffion  ±r— yT=  \«S+y«/  \«»   m— »•     fn  yn-y^ 

9«     twy**  — — XT»y*     »« -f-«»»y«     « — yt    ?»l 

m  t 
when  r  18  an  even  nnmbery  wUch,  when  — ^  -,  and  r  respectiTelj 

eqnOs  tC|  becomes  a^— y=(«+y)(ii^*— aT-^y+a^y'— — 

«*y-»+ay-*-y--*. 

DSKOVdTBATIOK. 

The  truth  of  this  Theorem  depends  on  the  truth  of  Theorem  Y^ 
and  the  fact  that  the  divisor  multiplied  bj  the  quotient  equals  the 
dividend. 

PAOB&BIC 

1.  Find  the  fiictors  of  «*— y*. 

430tVfflX>3r. 

In  this  example  t(=£6,  and  maJdng  r=^%  ^fe  hmt^  by  4he  Theirem, 
V-y«=(«+y)(«»-«*y +»y-»y +«y*-y^  Maldngr±=2,  we  have 
^-y«=(^+y»)(a;«-y»). 
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Otiher  factors  may  be  obtained  by  aflsamliig  r  •qval  lo  other  #« 
woL  ibeta. 

PBOB2.B1C 

S.  Bindtbe  fiictorsof*^  — y».  ^ 

BOLUTIOK. 
fit       S  f       9f 

In  this  example,  — =-,  and  -=o}  and  we  are  at  liberty  to  make 

r    any  positive   even  number.      Let  r  then  equal  t ;    irheHtei 

ml  ^1 

'. — sr-  and  — =-•    Hence,  by  the  Theorem^  we  have, 

Other  CMstors  may  be  obtained  by  aatamhg  r  to  be  equal  to  other 
evwi  munbers. 

BZAMPLKS. 

h  Find  the  fiuston  ef  a^-^h*. 

Jns.  (a+5)(a«-a'6+a6'-5*),or(a«+5')(4'-6*),*c 

'    2L  Fbd  the  factors  of  a—b. 

Am.  (ai+H)(al-ai&}+aiH-6l),te. 
S.  find  the  &ctors  of  a*— 5*. 

^»w.  (a+5)(a-6),  or  (a*  +  ft+)  (at-a*6^+a6*-a*6 

4.  Fbd  the  fiEu^ton  of  a*— 6*. 

Am.  (a*+6)  (a*~a*ft+a6'-a*6«+a*6*-6'),  Ac 

5.  Find  the  fectors  of  cr*— 5*. 

C  Find  dwiwtan  df  a-*— &-". 

7.  Find  the  fiustoTs  of  a^-5*. 

^«.  (o*  +  6')(a*— aH'+aH*-6'),  &«. 

8.  Find  the  bcbss  of  16a'— ft". 

Am.  (2o'+ft*)(8a*— 4a'6*  +  2o«6*-5").*o. 
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f.  fiiidtlie&etonor«'*— c^. 

An».  («r+«*»)(a»--.«*"«*'+flr«*»— «*»),4.. 
M.  Find  the  fiwton  of  aT-^. 

11.  fibd  the  &clon  of  at— ^-i. 


__4«»  4* 

U«  Finddiefaelonof  a    •  — 6  •  • 


THSOBSX    ZII. 

•»  #_       (  m  i.\/!*"*        •  «••     • 

(130«)    He    exprenioQ   «^+yi  =  \j>:+y«;  V*"""**— *■    •■y^ 
"-IS  ML  VI  LJIi      !?  i«Jl      L^L\ 

4.JP«      ff«yM_ ^^r»y«     m— jTiiyt      M+Jf*      ••/, 

whea  r  is  «a  odd  mamhery  and,  when  — ^  ~,and  r  respectively 
equals  «,  it  beocxnes 

DSX0N8TBATI0K. 

The  troth  of  this  Tlieoiem  depends  on  llieoiem  VL,  and  the  AmA 
that  the  diyisor  multiplied  bj  the  quotient  equals  the  dividend. 

PBOBLIM 

1.  Find  the  fiustors  of  a*-f-5\ 

SOLUTION. 

In  this  example  ti=5,  and  making  r=5,  we  have  hy  the  Theorem, 
a'+6»=(a+6)(a*-«»6+a«6«-a6"+**).     Makmg  r=3,   we   hav« 

Other  fiictors  may  be  obtained  hj  assuming  r  equal  to  other  odd 
numbers. 

PBOBLBX 

8.  ibd  the  ftctois  of  xl+yt. 
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BOLUTIOK. 

In  this  example  — =--9  &^d  -=^9  <^d  we  are  at  liberty  to  make  r 

191       3 

any  positive  odd  number.    Let  r  then  equal  5,  whence  — =K7p  ^^ 

t       2 
ri'"~16.    Hence,  by  the  Theorem,  we  have  «*+y*=  («''+y''') 

Other  factors  may  be  obtained  by  assuming  r  to  be  equal  to  other 
positive  odd  numbers. 

KXAMPLKB. 

!•  Find  the  fiictors  of  a*+x\        A$i8.  (a+«)(a*— a«+^)i  &o> 
2t  Find  the  factors  of  a*+s^. 

Atu.  (a«+«*)(a^-aM+aM-aM+«^),  fto. 
8.  find  the  factors  of  a'  +  b\ 

Ans.  (a^+b^)  (ay-ahi+b^),  Ao. 
!•  Fmd  Ihe  factors  of  d'+x\ 

5.  Find  the  fiictors  of  ar^+ar\ 

6.  Find  the  fiictors  of  a-*-F«". 

32      1 
7«  Rnd  the  factors  of  -r;  H — 7. 

.       (2   ,  1\/16       8^4  2  1\    . 

8«  Rnd  the  fiwtors  of  a^+x^, 

Ans.  (a*+«TV)  (a*-a*«TV +«**),  Ac. 

••  Find  the  factors  of  a^-'+a?"". 

Ans.  (a*4-«'")(a*"'— a^^a^'+a'-a:*"— aV"+a:^),  Ao 

••      i. 
19«  Bind  the  &ctors  of  a»  +a;« . 

a3»+^3'/\®'" — as«JC3« +fl:3»/,  Ac. 
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11.  Find  Oie  factors  of  a^+x^. 


M''*?i)i'H^-^-i^jiy^ 


of     a^    a^ 
It.  Find  the  faoton  of  a^+32dr*. 

THSOBEX    XIII. 

(131.)  The  trinomial  «*■ +aar +6  =  (*-+<?)  (af+rf),  when 
e+i?;=4iandaf=&;  and  «*"+a«*— 6=(«"-hc)(«*— rf),  when  c— d 
=«  and  «rf=6/  and  «^—a«*—6=(«* +«)(«*— rf)  when  d— «=a 
and  cd=:h;  and  «*■— <Kr+6=(«*— c)(af— /^  when  e+<^=a  and 
ed=zh. 

DSM0K8TRATI0K. 

By  multiplying  $r+e  by  af+rf,  we  haw  «^+(«+df)ar+«^ 
which  18  equal  to  «'*4-(ur+6,  when  e+d^^a  and  ctf=6. 
la  the  same  way  the  other  forms  may  be  proved  t^  be  tme. 

PBOBLBM. 

Fbd  the  fetors  of  «'— «— 80. 

BOLVTIOH. 

In  this  example  m=l.  Let  ns  now  seek  two  &ctors  of  80,  one 
plm  and  the  other  mmtM,  which  have  a  difference  of  1,  the  minus 
fisdor  bemg  numerically  the  greater.  It  is  apparent  that  these  fiictors 
are  —6  and  +5;  hence,  according  to  the  third  form,  we  have 
«•— «— 80=(«+6){«— 6). 

BZAMPLBB. 

U  Fbd  thefactors  of  a!»+6«+6.  Ans.  («+2)(«+8). 

2.  Rnd  the  factoft  of  a^+Bx+16.  4n8.  («+8)(a?+5). 

St  Rnd  the  fiictors  of  a5*+8«+l  Am.  (a?+l)(«+'5r). 

!•  Rnd  the  fiictors  of  a;* + 4a:— 82.  Ans.  (x + 8)(«— 4). 

^   ff»  Rnd  the  fiictors  of  a:*— 9a? +20.  Ans.  (a?— 4)(a:— 5). 

6.  Rnd  the  fiictors  of  «•— 6af— 66.  Am.  (a:+6)(«— il). 

7.  Rndthefiictorsof  «•—«•— 6.  Am.  («*4^)(a?*— 8). 
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8.  Find  the  fectore  of  «»+«+f.  Jm.  U+|)(«+i.) 

9.  Find  the  fectors  of  «»--«-— Y2.  Am.  «"+8)(ar— 9.) 
!••  I^d  the  hctoTB  of  a^-}^— |f  •  Jnt.  («+iK'— V)« 
!!•  Find  the  fiictors  of  s^+(a+b)x+ah.  Jna.  («+a)(s+<). 

12*  Find  the  &ctors  of  x*  +Zxi^  -f-2. 

An8.  («iT+l)(arl7+2). 

FBOBLEX    ▲. 
( 1 22.)  To  resolve  a  monomial  into  fecton. 
BULE. 

Assume  any  monomial  as  one  of  thsfo/otors^  and  divide  the  ghm 
numomial  by  it  to  obtain  the  other  factor. 

PBOBLBM. 

Besolve  a'  into  two  factors. 

BOLVTZOH. 

Assome  that  a*  is  one  of  the  £M(on,  then  -^^or*  is  the  othc.  • 

BZAMPLBB. 


]•  Kesolve  a*  into  ftctors.        Am.  a 

;••«•,  or  a*'tf-',  or  6--^-,  &c. 

2.  Resolve  arV  into  fiictors. 

^n*.  ^-aV,  Ac 

8t  Besolve  6a  into  fiictors. 

Am.  3ar2a*^Jfo. 

4.  Kesolve  96'  into  factors. 

Jm.  3b'$b\  Ac 

5.  Resolve  12ab  into  fiictors. 

Am.  Sax'4hx'\  ho. 

(•  Resolve  20a*sr*  into  flMstors. 

Am.  4aV-5a-*ar«,  Ac 

7»  Resolve  (a+b)*  into  factors. 

Am.  («+6)(«+6)«,*o. 

8»  Resolve  (a+6+c)*intofiMstor8. 

Jns. 

c-'-o-gllll.*^' 

9.  Resolve  Bay  intofiMtors. 

^.  8«y-X,  Ac. 
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!••  Bcsolve  21ai  into  Actors.  Ans.  So'-r-y  Ao. 

PROBLSX   B. 

(138«)  To  reflolve  a  polynomial  into  ftotoa  one  of  irhidi  shall 
bo  a  mpnomial. 

BULB. 

Amsutm  any  monomial  as  cm  of  ths  /acton  and  divide  the  given 
polynomial  by  it  to  obtain  the  other /actor* 

PBOBLBX 

1.  Besolye  a*+a^  into  factcmi  one  of  which  shall  be  a  monomiaL 

aOLVTZOK. 

Assume  a  to  be  one  of  the  factors,  then =a  -{ —  is  the  other* 

'  a  a 

PBOBLSX 

2.  Fmd  the  fiictors  of  3Ar*+6&i^+9ea;*. 

SOLUTION. 

issume  8a^  to  be  one  of  the  ftctors,  then  (8a«'-f6&i^+0e^)^-3«* 
=a+25«-f3^.    Hence,  8aa^+6fta?*+0car»=8a5*(a+26«+8«r»). 

SoHOUUif. — ^In  order  to  obtain  the  simplest  fiictors  of  a  polynomial, 
aesome  as  one  of  the  fiictors,  the  greatest  monomial  that  will  divide 
the  given  polynomial  and  give  a  quotient  containing  neither  a  frac- 
tion, nor  a  negative  exponent  x 

BZAMPLBS. 

!•  JPInd  the  fiKstors  of  2a + 26.  Ans.  2{a + 5). 

2«  Find  the  fiKtors  of  ax+bx+cx.  Am.  (0+6+0)0;. 

t«  Fmd  the  Ctustors  of  60^  + 12^—18.  Am,  6(a^+2o;— 3). 

'4«  Find  the  filters  of  xy+y,  Ans.  {x+l)y. 

-69  Find  the  fiictors  of  acx+abx.  Ans.  {c+b)ax. 

6*  Find  the  fiictors  of  8d:'y+do^.  Am.  ^xy{x+y). 

f.  Bind  the  fiwstors  of  5a*+10a'64-6a6». 

Ans.  6a(a»+2a5+6*). 

j«  Find  the  fiwtors.of  oar— 6o?*+". 

Ans.  (cMJ— 6a^«*-\or(a— 6a?)«*, 
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9.  Find  the  &eton  of  Uxy—2W^.  Am.  'Sr(2«-ac)jB*y*. 

10.  Find  the  fiictora  of  Bls^—llai^ +  9ix. 

Ana.  l7(3a8*-«+2)«. 

11.  Find  the  factors  of  Ba'-^'ft'cM*— ea^-^Vrf^*. 

.     Ana.  6(a*+'6^c*-<r->«^»V, 

12.  Mnd  the  fectors  of  2a"^ft*-*c— 4a'6'"-Vrf+2a'+'6^c+ea'^» 
6— V,  Ans.  2(a-+*— 2ai-cdf+a'6+3c^)a'^*i*^c 

FBOBLKM 

(124.)  1.  Find  the  Actors  of  2a*a;-4aV+2aV. 

SOLUTIOK. 

By  problem  B,  we  have  2a'«— 4aV+2aV=2a'ir(a*— 2aV+**); 
but  by  Theorem  VITL  (a^— 2aV+ar*)=:(a»— «•)•;  and  by  Theorem 
X^  a»-«»=(a-.«)(a«+ar+a5*);  whence,  (a«-«»)«=:(a— ir)V+ 
ax+x^y.  Therefore,  2a»«— 4aV  +  2aV=2a*a:(a— a?)'(a«+aap+^')' 
=2a*«(a— «)(a— «)(a'+aaj+«*)(a'+a«+«'). 

PBOBLKM 

2,  Write  the  product  of  a+y-^x  by  a-^y+x. 

SOLUTION. 

ISnce  a+y+a!=(a+a;)+y,  and  a— y+«=(a+a?)— y,  we  haire 
only  to'  find,  oonndeiiBg  (a+x)  bb  a  single  quantify,  ths  piodiici  of 
the  sum  and  difference  of  two  quantities.  Then  by  Theorem  IIL,  we 
have  (a+y+«)(a— y+«)=(«+«)'— y*- 

PBOBLBM 

3.  Fmd  the  fectors  of  [(a +6)* -«■]'- cT. 

SOLUTION. 

Considering  what  is  within  the  brackets,  as  one  quantity,  the  given 
expression  represents  the  difference  of  two  quantities,  which  may  be 
factored  by  Theorem  IX.,  X.,  or  XL  Let  us  use  Theorem  IX., 
which  gives  [(a+6)'-c*+cq[(a4-6)'--c*-<|.  Also,  by  the  same 
Theorem,  we  have  (a+6)*-<j'*:(a+6+c)(a+6-c);  hence,  [(a  +  i)' 
-.cT-cr=[(a+6+c)(a+ft-c)+(q[(a4-64-c)(a  +  6-c)-4 

MISOBLLANEOUS     KXAMPLE8. 

1.  Square  a+6+c.  -4n*.  (a+6)M  2(a  +  6)c+f« 
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8.  Multiply  a-f»+c  by  6-a+e.  Ant.  (6+cy— a". 
le  Factor  (a+6)'-(c-i)'. 

^i«t.  (a+6-c+<0[(«+*)"+(«+*)(*-^+(*-^l- 
5.  FaotGrm'+2mii+fi'— a^+2a6— ft*. 

.^Ijm.  (m+fi+a— 6)(m-f-ii— a+ft). 

••  Factor  («+y)«— r*. 

-^«*-  <*+y+r»)j(«+y-r')[(«+y)'+r*j. 

7,  Factor  a*+(ft+e)*. 

!•  Factor  ae+A'+M+^ 

Am.  a(c+il)+6(([:+tf)=(a+^)(c+<0- 

9.  Factor  am +2&v+2afl;+ftm.  Ant.  (a4-ft)(m4-2«). 

I^r.  Factor  5a'+10a'6+5a6'.  jifit.  5a(a+6X<>+&). 

!!•  Factor  Si'+Osy+Sy'.  Jnt.  8(^+y)(«+y). 

12.  Factor  a*— oft*.  .int.  a(a +&)(«—&)• 

U*  Factor**— aj'y— ay*+y*.  -Aw.  («+y)(«— y)(*— y)- 

II.  Factor  a'— 2a*ft + 2aft*-y.  .int.  (a— 6)(a*— oft + 6*.) 
M.  Factor  «*+a*»*+y.              ^jm.  (a*+a6+6*)(a*-aft4-J^«).  . 

16.  Factor  a*— 8a*«-f8a«*—«*.  Am.  (a— a?)  (a— *)(«—«). 

17.  Factor  Y«*— 12«+5.  .int.  (a?-l)(7a:-5), 

18.  Factor  «*-.«*-2«.  ^im.  «(ar+l)(«-2). 

19.  Factor  2«»+8«»+«;  Am.  a?(ir+l)(2«+l). 

20.  Factor  a*— 6*— c*— 26c.  Am.  (a+6+c)(a-6-c). 

(125.)  U8BFUL     F0BMULA8. 

1.  (a+6)'=a*+2a6+6*. 

2.  (a-6)*=:a*-2a6+5*.  ^ 

8.  (a4-6)(a-6)=a*-6*. 

4.  (a*+a&-h6*)(a-6)=a*-.6*. 
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5,  (a»-o*+6')(a+6)=a'+6*. 

6.  (a»— o'*+o6'-6')(a+6)=a*-6*. 

7,  a*  +  2ab+V={a+h){a+b). 

8.  a*—2ab+Vz={a-h){a-b). 
■  9.  o»-*'=(a+6)(a-6). 

1«.  a*-b*={a-b){€f-hab+V). 

11.  a«-6«-(a+6)(«'-«»6+a*«-i'). 

12.  a*-6*=(i-6)(a*+a*6+aW+oV+ai*+**). 

13.  a»-6»=(a+J)(a*-a«6+«'6'-a'*'+a**-6»). 

14.  a»-J'=(<^-ft*)(a*+o*6*+6«).  ^ 

15.  a*-b*={a'+b')(a*-V). 

IC  oV6*=(a+6)(«-i)(a'+aA+6«)(a'-o6+6').       >^ 

17.  a«+oV+6*=(o'+o6+6*)(a'-a6+6'). 

18.  a«+J'=(o+6)(a*-oi+4*> 

1».  a*+a*6+«'6*+aV+o6*+6'=(o  +6)(o»+a»+6*)(a*-<i*+6n 
*.(a+6)(a«+a'6*+6«). 

J©.  a»-o*4+oW-o'6'+o6*-6»=(a-4)  (o'+oi+J*)  (a*-a»+ :  ) 
s=(a-JX«*+«V+»*). 


^CHAPTER  IT. 
OBEATEST  COMMON  BIVISOB. 

(126«)  A  mtdHpU  of  a  quantity,  is  a  quantity  that  oontains  it  an 
an  exact  number  of  times.  Thus,  6  is  a  multiple  of  2  and  d,  and  ab 
is  a  multiple  <tf  a  and  6. 

(127«)  A  fneomrtf  of  a  quantity,  is  a  quantity  that  is  contained  in 
it  an  exact  number  of  times.  Thus,  2  and  8  are  measures  of  6,  and  h 
and  b  are  measures  of  ab. 

(128«)  A  common  measure  or  common  divieor  of  two  or  more 
quantities  is  one  that  is  exactij  contained  in  each  of  them. 

(1 29«)  The  greatest  common  measure  or  greatest  common  divisor 
%  f  two  or  more  quantities  is  the  greatest  quantity  that  is  exactiy  con* 
tKtned  in  each  of  them. 

THEOBSX    I. 

(130«)  Jfa  quantity  measures  another  quantity  it  vnU  measure 
any  multiple  of  that  quantity. 

DEHONSTBATION. 

Let  a  be  a  quantity,  then  to  is  a  multiple  of  a. 

We  are  to  prove  that  if  a  quantity  d  measures  a  it  will  also 
measure  to.  Let  r  be  the  number  of  times  d  is  contained  in  a; 
whence,  we  have,  a:=zrd  and  ta:=trd.  Now  d  measures  trd  and  must^ 
therefore,  measure  to,  which  is  equal  to  trd. 

THSOBEM    n. 

(1 3 1  •)  Jf  a  quantity  measures  two  other  quantities^  it  will  alee 
measurs  their  sum  and  their  difference. 

DEMONSTBATION. 
Let  Bd  and  rd  be  two  quantities  that  are  divisible  by  d. 
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We  are  to  prove  that  Bd-^-rd  and  Bd-^rd  are  both  divisible  by  d. 
Since  Bd-\-rd=id{B'{-r)  and  JBd—rd=d{B—r),  we  see  that  d  ia 
a  factor  in  both  these  expressions,  and  is,  therefore,  a  divisor  of  both. 

PBOBLEM. 

(132.)  To  find  the  greatest  common  divisor  of  two  or  mors 
monomials. 

BULE. 

jResolve  the  manamiaU  into  their  faetore^  and  the  product  of  i)u 
factors  common  to  all  the  monomiaU  vnU  he  the  great^t  common 
divisor, 

P.BOBLBM. 

(133.)  Find  the  greatest  oomnum  divisor  of  Tki'cV,  ^Vi\ 
and  l^hd". 

SOLUTIOK. 

Resolving  these  monomials  into  factors,  we  have 

and    12W»=       4  -SW. 
From  which  it  is  seen  that  SfteT  contains  all  the  codjlujq  ?  f:^  :fS: 
and  is,  therefore^  the  greatest  common  divisor. 

BZAMPLBB. 

!•  Find  the  greatest  common  divisor  of  12a5V  and  255V\ 

Ans,  5V 

2.  Find  the  greatest  common  divisor  of  3a*6V  and  6a*6V. 

*  Ans.  Sa'ftV. 

3.  Rnd  the  greatest  common  divisor  of  3a"6*  and  2abcd^, 

Ans.   abh 

4.  Find  the  greatest  conmion  divisor  of  49a'6V  and  63a*6V. 

Ans.    la^bV. 

5m  Find  the  greatest  common  divisor  of  ai  and  ah 

(•  Find  the  greatest  common  divisor  of  a~i  and  ah 

?•  "Bind  the  greatest  common  divisor  of  a-i  and  a-^. 

Hemabk. — ^The  last  three  examples  are  left  unanswered  to  call  out  thooglit 

6 
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PBOBLSX. 
(134«)  To  find  the  greatest  oommon  di?uor  of  two  polynomiak. 

BULK. 

1.  Fmd  the  gvtaUit  fMMimial  faclor  that  iff  oonUdned  in  both  poly* 
nomiaU^  and  re9erve  it 

2.  Bijeet  the  ftnunmng  monomial  factore  from  each  polynomial. 

8.  Arrange  the  terme  </  the  reeulHng  polynomiale  according  to  the 
poteere  of  $ome  letter  in  boih^  and  eoneider  that  polynomial  of  which 
the  leading  letter  in  the  firei  term  hoe  the  leaet  exponent  ae  the  divieor^ 
end  the  other  polynomial  as  ike  dividend. 

4.  MulHply  the  dividend  hy  the  leaet  monomial  that  will  render 
thefiret  term  i^  the  dividend  enctly  divieMe  hy  the  first  term  of  the 
divieor. 

5.  Divide  the  dividend  hy  the  divieor^  and  continue  the  division 
until  the  highest  exponent  of  the  leading  letter  in  the  remainder  is  less 
than  the  highest  exponent  of  the  leading  letter  in  the  divisor.  [If  the 
coefficient  rf  the  first  term  in  any  remainder  is  not  divisible  by  the  cO' 
efficient  of  ike  first  term  m  the  divisor^  to  avoid  fractions  multiply  the 
remainder  by  such  a  number  as  will  render  its  first  coefficient  exactly 
dwisUde  by  the  coefficient  of  the  first  term  of  the  divisor.] 

6.  Bejectjrom  the  remainder  its  greatest  monomial faetoTj  and  then 
.  onsider  the  result  a  new  divisor^  and  the  former  divisor  a  new  divi- 
Zend^  proceed  as  brfore^  and  continue  the  process  until  ike  remainder 
is  zero.  * 

7.  Multiply  the  last  divisor  by  the  reserved  monomial^  and  ihepro- 
duet  will  be  the  greatest  common  divisor  if  the  given  polynomials. 

DEKOKSTBATIOK. 

Let  A  and  B  represent  two  polynomials  of  whicli  we  seek  the  greatest 
x#inmon  divisor.  Let  C  and  2)  represent  two  other  polynomials) 
neither  of  which  can  be  divided  by  a  monomial. 

Suppose  A=a*bC  and  B=a*cl)  ;  a,  6,  and  c  being  monomials. 

1.  It  is  evident  that  the  greatest  monomial  &cW  common  to  a*bO 
and  a*cl)  is  a',  which  must  be  reserved,  because  it  evidently  is  a  ^tor 
of  the  greatest  common  divisor  of  A  and  B^  or,  which  is  the  same, 
ofa'6C7andaVi>. 
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2.  We  have  \eitabC  and  cD.  We  now  seek  the  greateat  oommoa 
dlviaor  of  these  polynomials.  Since  a  is  not  a  factor  common  to  both 
these  polynomials,  it  can  not  be  a  fisustor  of  their  common  diviaor,  and 
therefore  may  be  rejected.  For  the  same  reason  b  and  c  may  be  re- 
jected. Hdnce  Uie  greatest  common  divisor  of  ah  C  and  cD  is  the 
■ame  as  the  greatest  common  divisor  ct  O  and  2>. 

8.  Suppose  that  the  terms  of  the  polynomials  C  and  2)  are  arranged 
according  to  the  powers  of  the  same  letter  in  both,  and  that  the  ex- 
ponent of  the  leading  letter  in  the  first  term  of  O  is  less  than  the  ex- 
ponent of  the  same  letter  in  the  first  term  of  !>•  Therefore,  consider 
CastL  divisor  and  2>  as  a  dividend. 

4  Suppose  the  first  term  of  (/contains  the  monomial  8m  and  tkrt 
the  first  term  of  i>  does  not  Then,  in  order  that  the  first  toim  of  the 
quotient  shoold  not  be  firactional,  the  p  lynomial  2>  should  be  multi- 
plied by  dm.  The  greatest  common  divisor  of  C  and  Z)  ia  the  same 
as  the  greatest  common  divisor  of  0  and  BmJ)^  since  the  introduced 
monomial  Sm  can  form  no  part  of  the  greatest  common  divi«Nr  of  O 
and  3mi>,  because  by  hypodiesis  Sm  can  not  be  a  factor  of  (7. 

Operation.  5.  Divide  Sml>  by  C,  and  suppose  the  first  terra 

C)3mD{q  of  the  quotient  to  be  ^,  and  the  fir.  t  remainder 

gO  JR    Again,  suppose  that  the  first  coefiicicnt  of 

£  O  contains  the  &ctor  2,  and  that  the  first  co- 

^2 eflldent  of  B  does  not    Then  multiply  JB  hj  ^ 

C)2JB(q'  and  divide  the  result  2£  by  O  and  let  /  repie- 

^C  sent  the  first  term  of  the  quotient,  and  F  the 

6p)  F  remainder.    Also  suppose  that  the  exponent  of 

G)2nC(q"  the  leading  letter  in  the  first  term  of  i^ is  less 

q"G  than  the  exponent  of  the  same  letter  L  the  finit 

0~  term  of  C. 

8.  Suppose  that  the  greatest  monomial  &ctor  of  i^is  6p.  Reject 
HLb  &ctor,  or,  in  other  words,  divide  F  by  5p^  and  let  G  represent 
the  result,  which  consider  as  a  new  divisor  and  (7  as  a  new  dividend. 
Suppose,  then,  the  first  term  of  G  contains  the  monomial  2n  and  the 
orst  term  of  C7does  not  Then,  in  order  that  the  first  term  of  the 
quotient  should  not  be  finctional,  the  polynomial  O  should  be  multi- 
plied by  2n. 

Let  ^'^be  the  exact  quotient  of  2nC  by  G. 

1.  &  is  the  greatest  common  divisor  of  (7  and  i>,  and  multiplying 
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it  by  the  reserved  monomial  a',  we  have  a^Q  for  the  greatest  com- 
mon divisor  of  A  and  B. 

We  prove  that  6^  is  the  greatest  common  divisor  of  C  and  D  as 
follows : — 

Let  6^'  be  the  greatest  common  divisor  of  O  and  D.  We  have  a. 
ready  shown  that  the  greatest  common  divisor  of  C  and  8m2>  is  tho 
same  as  the  greatest  common  divisor  of  0  and  D. 

Since  (?'  is  a  measare  of  (7  and  i),  it  must  (130)  be  a  measure 
of  qC  and  8m2>,  and  it  must  also  (1 3 1)  be  a  measure  of  E^  the  dif- 
ference between  ^Cand  ZmD, 

Since  €P  h  h  measure  of  C  and  E^  it  must  aldk  (130)  be  a 
measure  of  ^'C7and  2JS',  and  it  must  also  (131)  be  a  measure  of  ^ 
the  difference  between  ^'C7and  2E. 

Becanae,  by  hypothesis,  C  and  D  contain  no  monomial  fiictors,  it 
follows  that  B'j  their  greatest  common  divisor,  is  neither  a  monomial 
nor  divisible  by  «\  monomial. 

But  €P  measures  F^  and  consequently  must  measure  G^  which  re- 
presents F  after  its  monomial  fiictors  are  rejected.  Hence,  the  greafr 
est  common  measure  of  O  and  D  can  not  be  greater  than  (?,  and, 
therefore,  if  6^  is  a  common  measure  of  C  and  i>,  it  must  be  the 
greatest 

Since  O  measures  2nC7,  and  is  not  a  monomial,  it  miy^t  also  mea* 
sure  Cy  and  consequently  must  measure  q'C. 

But  G  also  measures  F^  therefore  it  must  measure  2Ey  which  is  the 
sum  of  F  and  q^C,  Because,  G  measures  2  J^,  and  is  not  a  monomial, 
it  must  also  measure  E:  G  must  also  measure  qC^  and  therefore  must 
measure  dni2>,  which  is  the  sum  of  E  and  qC,  Since  G  measures 
8mD,  and  is  not  a  monomial,  it  must  also  measure  D.  Hence,  G  is 
a  comm  n  measure  of  C  aad  i>,  and  must,  therefore,  as  shown  above, 
be  the  greatest 

Now  let  (7—  QG  and  i>=  Q'G,  and  we  have 

A=za*hQG  and  B=^a^cQ'G ;  whence,  we  see  that  a^G  must  be 
the  common  measure  of  A  and  B^  because  Q  and  Q'  may  be  rejected, 
ance  they  can  have  no  common  measure. 

Therefore  the  truth  of  the  rule  is  established. 


PBOBLEM. 

(135*)  Find  the  greatest  common  divisor  of  the  polynomials, 
6a"5-6a%-26/  +  2a6y'(^)  and  12a'5-f  36y*-15a6y  {B). 
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SOLUTION. 

!•  We  see  by  inspection  that  b  is  the  greatest  monomial  tliat  ii 
common  to  both  polynomials,  which  reserve. 

2*  By  rejecting  the  monomial  2  from  {A\  and  8  from  (B),  we 
have  3a"— 3a"y— y*+ay*.and4a'+y'— 5ay, 

3t  Arranging  these  results  according  to  the  powers  of  the  letter  a, 
we  have  So'— 8a'y+ay'— y*  and  4a'— Say+y".  Hence,  the  latter 
must  be  the  divisor. 

Operation. 
Ba^-^  Ba^jf-^-     ay'—    y* 

4 


»  4fl?— 6ay+y')12a'-12a'y+  4ay'-  4y'(8a 
12a'— 15a'y+  Say* 

9ay+     ay*^  4/ 

4 


12a'y+  4ay'— 16y'(3y 
12a'y-16ay'+  Sy* 


19y')19ay'-19y' 

a'^y)ia*^6ay'^y\Aa^f 

4a*— 4ay 

-  ay+y" 

4«  Since  the  first  term  of  the  divisor  is  not  contained  in  the  divi- 
dend, we  multiply  the  dividend  by  4,  and  then  dividing,  we  have  for 
the  first  remainder  3a*y +ay'— 4y',  which  must  be  multiplied  by  4  to 
avoid  a  fractional  result  in  the  quotient.  Continuing  the  divisior^  we 
ha^e  for  the  next  remainder  lOay*— 19y*,  in  which  the  exponent  of 
the  leading  letter  a  is  less  than  the  exponent  of  the  same  letter  in  the 
first  term  of  the  divisor. 

5t  Rejecting  from  this  remainder  19y',  the  greatest  monomial  con- 
tained in  it,  we  have  a-^y^  which  constitutes  the  new  divisor,  which 
divided  into  4a'— 5ay+y*i  leaves  zero  for  a  remainder. 

7t  Hence,  the  last  divisor  a—y  multiplied  by  the  reserved  mono- 
mial 5,  ^ves  h(a—y)  for  the  greatest  common  divisor  of  the  given 
polynomials  (A)  and  (B). 
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XZAMPLX8. 

!•  Find  the  greatert  oommon  diviaor  of  d^^^&B*+21i*— 20a;4-4 
aDd2«*— 12d:'+21jK— 10.  Ans.  X'-'2. 

2«  Find  the  greatest  oommon  divisor  of  3a*— 2a^l  and  4a* 
— 2a*— 3a  +  l.  Jns.  o— !• 

t«  find  the  greatest  conmum  divisor  ct  a*— ft*  and  a'+2a*6 
+2ay+*'.  Jm.  a^+ab  +  h\ 

4.  Find  the  greatest  oommon  divisor  of  a*-\-a'h—ab'—b^  and 
••+a*ft*+ft*.  Ant.  a*+aft  +  6*. 

5t  Find  the  greatest  oonmi<m  divisor  of  a*— 2cub+2*  and  a*—a*x 
— a»*+«*.  Am.  a*— 2a«+«*. 

6«  Find  the  greatest  oommon' divisor  of  «*4-9a^+27«— 98  and 
jr'+12af— 2a  Am.  «— 2. 

7«  find  the  greatest  oommon  measoie  of  7a*— 2da5+65*  and  6a* 
— 18a*5+llo5*-r-6ft".  Am.  a—Zh. 

8«  Find  the  greatest  common  divisor  of  6a*+16a^ft—4a'e* 
— 10a*6c*  and  9a*6— 27a*6c-6a6c*  +  186c*.  -4«*.  8a*-2c*. 

••  Find  the  greatest  common  divisor  of  d6a'6*— 18a'6*— 27a^ft* 
4-9a*ft*  and  27aV-18a*5*-9a«6*.  Am.  9a*6*(a-l). 

10*  Fbd  the  greatest  commbh  divisor  of  (c— iQa*+(25c— 25<0^ 
+(6*c-ft*c0  and  (6c-W+c*-«0i»+(6*rf+6c*-6*c-^:i). 

Ans.  c— rf. 

PBOBLEM. 
(136«)  To  find  the  greatest  common  divisor  of  two  or  more 
prlynomials. 

RULE. 

Besolve  all  the  polynomials  into  their  simplest  factorSy  and  take 
the  product  of  those  which  are  common^  for  the  greatest  oommon 
divisor. 

DEMONSTBATION, 

The  truth  of  this  rule  is  a  consequence  of  the  definition  of  the 
greatest  common  divisor. 

PROBLEM. 

(137*)  find  the  greatest  common  divisor  of  «*— &v  f  2a«-^2ai 
and  «*+aar*+&r*— 2a*«+6a«— 26a*, 
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80LUTI0H. 

Airanging  «•— 5a?+2aa?— 2a5,  we  have  «*+2a«— fta?— 2aA. 

Factoring,  we  obtain  («+2a)jf— 5(«+2a)=:(«  +  2a)(jf— 6). 

Arranging,  i;'+a^+&e*— 2a*«+  hax^2ba\  we  have  a^+oi* 
— «a'« + &»■ + ftflur— 26o'. 

Since,  cui^=2cu^—a3^  and  bcue=z2bax^hax^  we  have  ^+a^— 2a*« 
+  6aj* + ftojj— 26a'=«*  +  2ax*— oa^— 2«V + *«•  +  26a«--6«r--25a\ , 

Factoring,  we  obtain  {x + 2a)  a^—ax{x + 2a)  +  &ap  (ar  -f  2a)  — a5 
(a;  +  2a)=(«+ 2a)(a:'^a«+ &a^-*a6). 

But,i*— aa^+ftr— a5=:(«— a)a;+^«'— a)=(«*a)(jr+^)« 

Hence,  we  have  c'+a^+fti^— 2a*a;+6a«— 26a*=(«+9a)(«— a) 

We  also  have  «"— 6a?+2aaf— .2o5=(«+2a)(af— 6). 
Whence  we  see  that  a; + 2a  is  the  only  oonunon  &ctor. 

SXAMPLXa. 

I.  Find  ihe  greatest  common  divisor  of  «*—«*,  a^-^m\  and  i*— a*. 

.^Isw.  a;— a* 

2t  Find  the  greatest  conmion  divisor  of  a*^x*f  a*— a*a;— ««*+i^f 
and  2a'^— 2a&r*.  Ana.  a*— i*. 

t.  find  the  greatest  common  divisor  of  5a'+I0a^6+5a'6*,  a*6  + 
2a^b*-h2ab^+b\  and  a'-^\  jkm.  m+b. 

4.  Slnd  the  greatest  common  divisor  of  ap^+av*— a*dP— a^  and 
«*+aV+a*.  -4iw.  af'+ar+a*. 

5.  Find  the  greatest  common  divisor  of  x*—l^  ^+^)  «*— 1,  and 
a^  +  2«'+l.  Jm.  s^+l. 

6.  Find  the  greatest  common  divisor  of  «*— 5*«  and  ar*+2&p+5\ 

^IM.  «  +  &• 

7.  Find  the  greatest  common  divisor  of  8a*— da*5+ai*^5*  and 
4a»6-5a6«+6\  u4iw.  a-6. 

8»  Find  the  greatest  common  divisor  of  a*— 5«&+4&*,  a'— a'2 
+  3a6"-86»,  and  a*-6\  ^»m,  a~ft. 

9,  Find  the  greatest  common  divisor  of  12a?*--24a;*y+12j:y  and 
8«*/-24«*y'  +  24ay*~8y».  Ana.  4(a?*-2«y  f  y*). 

10*  find  the  greatest  common  divisor  of  2s^  +  Sax+a\  2ax'^a*x 
-^a*,  and  6i*  +  8ad?.  Ana.  2x+a, 


CHAPTER   V. 

LEAST  COMMON  MULTIFIR 

(1 38.)  The  IXA8T  oommoh  MuitTiPti  cf  two  or  mora  qnantitiM 
i-t  Ihe  least  fiantity  that  can  be  measured  by  all  of  them. 

PBOBLEM. 

(139.)  To  find  the  least  common  multiple  of  two  or  mora 
quantities. 

BULE. 

R$8olve  th$  given  quantitie$  into  their  nrnplest  f actors^  and  find  the 
continued  product  cf  aU  the  different  fo/ctors^  tahng  each  factor  the 
greatest  numher  of  timee  that  it  occurs  as  a  factor  in  any  of  the  given 
quantities,  and  the  result  will  he  the  leajst  common  multiple  sought, 

DEMONSTBATION. 

Tt»  least  common  multiple  mnst  contain  as  many  fiioton  as  are 
nontdwirl  in  any  of  the  given  quantities. 

FBOBLXM. 

(1 40«)  Find  the  least  common  multiple  of  a*— x",  o^— 2ar+«*, 
anda*— ar*. 

SOLUTION. 

Factoring  these  quantities,  we  have 
(a+ar)(a— a?),  (a— a?)(a— ar),  and  (a— ar)(a+ar)(a*+«"). 

llence,  the  least  common  multiple  is  (a+«)(a— ar)(a--ar)(a*+«") 
= a' — oa:* — a*a? + «•. 

EXAMPLES. 

!•  Find  the  least  common  multiple  of  2a*a;  and  10a  V. 

Am.  lOaV. 

2«  Ilnd  the  least  common  multiple  of  Qax^,  Wh\  and  8a*b'^xy. 

Ans.  24a'5Vy. 
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3*  Find  the  least  common  multiple  of  o^— y*  and  «*— y". 

Ans.  («+y)(«'-y*). 

4*  Und  the  least  common  multiple  of  a'— 6*  and  a*+&'. 

Am.  (a-5)(o»+ft')- 

5«  Find  the  least  common  multiple  of  0^—83;+ 7  and  «''+7«— 8. 
^  -4iw.  «•— 57a:+56. 

6«  Und  the  least  common  multiple  of  aj*—ir*y— ay* +y*,  a:"— «*y+ 
ay'— y*  and  a?*— y*,  -4im.  «•— ay*— «*y+y*. 

7t  find  the  least  common  multiple  of  {<i+h)\  a'— 5',  (<>~^)*9  u^«3 

8*  find  the  least  common  multiple  of  «+&,  a— 5,  a'+o^+ft",  mm] 

••  Find  the  least  common  multiple  of  a*+8a*5+8a5'+6*,  o*+ 
2ah + *•,  and  a^-^b\  Am.  a*  +  2a*6-2a5'-.i*. 

lOt  Find  £he  least  common  multiple  of  a*— 5«*+9«*— 7«+a,  and 
a?»^6aj»+ar-8.  -in*.  «•— 2**— e«*+20«*— 19a?+6 


CHAPTER  YI. 
ALGEBBAIC  FBACTIOHS. 

(141*)  Av  Aloubaio  Fractzov  ib  an  algebraio  expression  de> 
noting  the  division  of  one  quantity  by  another,  and  is  written  in  the 
aame  manner  as  a  common  fraction  in  anthmetic 

An  algefaraio  fiaction  may  also  be  considered  as  a  certain  part  of 
nnitj. 

THXOBXX    I. 

(142«)  The  valne  of  a  fraction  is  not  changed  when  both  of 
its  terms  are  multiplied  by  the  same  k  uantity. 

DEXOKSTRATIOK. 

A 
Let  -^  represent  any  algebraic  fraction. 

We  are  to  prove  that  ■»■=—»• 

By  (lOl),  we  have  ^=*'^^ — "^^"^5"'  ^^^^'^  »•=!• 

THEOREX   II. 

(1 43«)  The  value  of  a  fraction  is  not  changed  when  both  of  iti 
terms  are  divided  by  the  same  quantity. 

DEXONSTRATION. 
Let  -^  represent  any  algebraic  fraction. 

We  are  to  prove  that  -^=p"^    . 

Since,  ^-!-m=^  and  ^-4-m=^,  we  hsn,  by  (101)  ^^=» 

m-*m^A_m*A    A      ^  „  ^ 
— g— — ^-^     ^.E.D. 
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PBOBLXM. 
(1 44*)  To  reduce  a  fraction  to  its  lowest  terma. 

BULB. 

Besolve  both  terms  into  their  eimpleet/aetorSf  and  cancel  those  ihai 
are  cofntnonm 

Or  divide  both  terms  hy  their  greatest  common  divis>\ 

DEMONSTBATIOK. 
The  accuracj  of  this  rule  depends  upon  (1 43). 

PBOBLXM. 

(1 46*)  Reduce  ^  .  ^t_  »  _  4  ^  **>  lowest  terms. 

SOLUTIOV. 

Faetoring,  we  haye 

Ganoeling  the  common  fiictor,  there  results 

XXAMPLXS. 

!•  Reduce  — :r7;  to  its  lowest  terms.  Ans.  —. 

ax  a 

i.  Reduce — --x  to  its  lowest  terms.  Ans. . 

aa?+ar  a+« 

!•  Reduce ^-= =-  to  its  lowest  terms.     Ans.  —. — —»^ 

laTy  X 

4.  Reduce  ■,  .  ..  to  its  lowest  terms.  Ans.  -z — .  .  -,^ 

6.  Reduce  -r — r-r  to  its  lowest  terms.  Ans.  — r — . 
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3 

A    D  J       o'+2a*ft+8oV 


•} 


0+26+86* 


2a'— 3a6-66«* 


W.  Reduce — a*+a*b^+b* *<>  its  lowest  terma. 


Ans.  -j- 


'a'+a6+6» 


11,  Reduce  yn_f^j\^^  to  its  lowest  terms,     Ans.^^. 
I  J.  Eeduoe  ^^g*~g  to  its  lowest  tenns.  ute».  ?=li. 

13.  Beduce     ."*"?  t*  to  its  lowest teinu.  Ant.    5^. 

"•  ^""*  <i^+2te+2a,+y  *o  '*•  '°'«t  terms. 

^•"•^ 
/+2* 

I?.  Keduco „.    r.    ^    oiu to  »*»  !<>*«»  twins. 


a~6— c 


16«  Reduce  g«_y  +  2&c~c' —  *^  ^  ^^"^^  **^™*- 


uln9. 


"•>^-i^^$Ty^-E^.»i->»™. 


terms. 


An,  «+* 


(e+a— 6)(6— a+c) 
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la  Keduce  fLt^±^t±^to  its  lowest  termn.        Am  *  tf , 

2i*+^ Sx-{-6 

19.  Reduce  7—= — tt — -= —  to  its  lowest  terms. 
^         7«*— 12«+6 

Am,  — z — . 

7«— 6 

PBOBLEII. 

(1 46,)  To  reduce  a  fraction  to  an  entire  or  mixed  quantity. 

BULB. 

Divide  the  numerator  by  the  denominatar^  and  when  there  itare' 
mainder  place  it  aver  the  denominator  far  the  fractional  part^  and 
connect  it. with  the  entire  part  of  the  quotient  by  the  sign  of  addition^ 
or  change  aU  the  eigne  of  the  numerator  of  the  JraeHonal  part,  and 
connect  it  with  the  entire  part  of  the  quotient  by  the  eign  of  «tt6- 
trojctiM^ 

BEKOKSTBATIOK. 

The  accuracy  of  this  rule  is  an  obvious  consequence  of  the  accuracj 
of  the  process  of  division. 

PBOBLXM. 

(147.)  Reduce  ^y'-^y^+^-y-^+t  to  a  mixed  quantity. 

BOLVTIOK. 

Dividing  the  numerator  by  «*— 1,  we  get  jr"  and  the  fractioTisJ 

■^  «"--l  «'  — 1  (JP— 1)(«+1)  «+l 

connected  with  y*  by  the  rign  of  addition  gives   ]^-\'- — -,  and 
with  the  sign  of  subtraction  gives  y* ^TT*  ^'  y'^Tx  * 

EZAMPLXa. 

\%  Reduce  — -^ —  to  a  mixed  quantity.  Anie.  a+rw 

2«  Reduce to  a  mixed  quantity.  Am,  aH — w 


M  AliQXBRAIG  FBAOnOXTB. 

t«  Bodnoe to  a  mixed  quantity.    Am,  fial-l  H — • 

4t  Beduoe to  a  mixed  quantity.      Am,  4+2«-| — • 

a  • 

5t  Reduce  to  a  mixed  qnantitr.        Jm.  «— -•  ^ 

6t  Bednce  -^, —  to  a  mixed  quantity.        Jm.  1— a — — — . 

1+a  ^         ''  1+a 

7.  Reduce  — - —  to  a  mixed  quantity.     Jm.  8«+H — — . 


8t  Reduce to  a  mixed  quantity. 

ox 


A  o  **-« 


6« 


9*  Reduce to  a  mixed  quantity. 


Am.  a— 8c— 2 +  — Hi 
8a 

1ft  Reduce ^  to  an  entire  quantity.  An»,  5(d^+^'f  y*)* 

PBOBLEX. 
(148«)  To  reduce  a  mixed  quantity  to  a  fractional  foim. 

BULB. 

Multiply  the  mlin  part  5y  the  denominaior  (/  the  fractUmal  paf\ 
and  add  the  numerator  to  the  product  when  the  ei^  ofthefraethn  m 
plue^  and  subtract  Ufrom  it  when  the  sign  of  the  fracticn  ie  nUnut; 
thie  result  placed  over  the  denominator  wiU  give  the  required  form. 

DBKONSTBATIOK. 

This  rule  indicates  a  process  which  is  just  the  reverse  of  diat  in 
the  last  rule,  and  must,  therefore,  be  accurate,  because  the  problem  to 
be  Bolrad  is  just  the  reyerse. 

PBOBLSM. 

^  (149«)  Reduce  2a-^ to  a  fractional  form 
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SOLUTION. 

Multiplying  2a  by  c  gives  2ae,  and  from  this  mnst  be  ^ubiraeted 
8^— &,  because  the  sign  of  the  fraction  is  minus,  whence  wo  have 

i £= for  the  required  lonn. 

ScHoiJUif. — ^It  should  be  xemembered  that  the  3»  in  this  example 
i&jdu8^  and  that  the  minui  sign  before  the  fraction  belongs  to  the 
whale  fraction,  or  what  is  the  same  thing,  belongs  to  the  whole 
numerator  as  indicated  in  the  solution  by  the  parenthesis. 

BZAMPLEB. 

a'— «"  2a* 

!•  Reduce  1  +  ,  .    ,  to  a  fractional  fonn.  Ans. 


a*+«« —  a«+««* 

2.  Beduce  «+ —  taa  fractional  form.  Am.  -^ — ^. 

y  .  y 

!•  Beduce  4« —  to  a  fractional  fonn.         Ans.  -i— - — K 

3  9 

4t  Beduce  8«— 9 to  a  fractional  fonn.      Am.  — -— 

«+8  x+S 

5.  Reduce  IH — r:z to  a  fractional  form. 

~  2be 

"■  26c 

(a^-hY  2ab 

6*  Beduce  1— ^.  .  -^  to  a  fractional  form.  Am.  --r  .  ..  >> 

a'+6'  a'+6' 

7.  Beduce  1 -r to  a  fractional  form. 

2ue 

'^'  2S* 

a"+«*               .  2«" 

8,  Beduce  a— a? ; —  to  a  fractional  form.  Am, 


a+x  a+x 

9»  Beduce  2a— a;+i ^  to  a  fractional  form.  Am.  — » 


«* 

M»  Beduce  a*— aa?+«" to  a  fractional  form. 

a+* 


J        a' 
Am.  —■ — . 
a+« 
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FROBLEK. 

(150«)  To  reduce  fractions  to  equivalent  fractions  haying  a 
common  denominator. 

RULE 

1.  Multiply  hoik  termt  of  each  fraction  hy  Uu  product  of  aU  the  de- 
rominators  except  its  own. 

RULE 

2.  Find  a  common  multiple  (generally  the  least)  of  all  thedenomin- 
atorSf  and  divide  it  hy  each  denominator,  and  then  multiply  hoth 
terms  of  each  fraction  hy  these  results  respectively. 

BEMONSTRATIOK. 

Hie  accuracy  of  these  rules  depends  upon  the  fiict  that  the  value  of 
a  fraotioa  is  not  changed  when  both  of  its  terms  are  multiplied  bj  the 
same  quantity. 

PBOBLXM. 

(151«)  Reduce- ,   — ;j,  and  - — --^  to  equivalent  fractiona 

having  a  conmion  denominator. 

SOLUTION. 

Applying  Rule  1,  we  have 

(l-«)(l-*^(l-«')'(l-ir')(l-«)(l-«')'*"V-*')(l-*)(l-*')' 
Applying  Rule  2,  using  the  least  common  multiple  of  the  denom- 
inators, whieh  is,  (1  +«)(!  -«•),  or  (1  +«)(1  -«)(!  +«+ic'),  we  have 
{l^x){l+x)(\+x-^x')    (l-a:')(l+a?-a:')  (1 +a:')(l +ar) 

{l^x){l^^x){\+x+^y   (l-iT'Xl+ar+a:*)'  """"^  (l-.jr")(l+a:)' ""^ 
by    putting    the    denominators    in    the    same    form,    we    obtain 

BXAMPLXS. 

!•  Reduce  ^  and  -^  to  equivalent  fractions  having  a  common  de- 

Eominator.  Ans.  ^3  and  -^^ 

oa         oa 
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S«  Beduoe and  —^—  to  a  common  denominator. 

S«  Bednce  — r^, ?,  and  -= — »  ^  <^  oomnum  denominator. 

(a-6)«  (a+6)«  a»y 

4*  Bednce ,     ^   ,  and  r—  to  a  common  denominates. 

'  lae*      2a*a?— 2a^  8a-h8g 

A  Beduoe  •^,  -3-,  and  «-f to  a  common  denominator. 

0   a  X 

.       adx  2he^x       .  8a6tf 

9«  Beduoe  ~,  — --,  and to  a  common  denominator. 

8      4  l  +  « 

40?*+ 4a?    3a?*  +  6jr  +  8       ^  12a?— 12 

^"'*  12:p+12'     12X  +  12    '*'''*  12a?+12' 

2a?+8         5^+2 
7f  Beduce and    ■    ,    to  a  common  denominator. 

X  Bab 

.       Qahx-^9ab       ,  5i*  +  2« 
Ans.  — — -=- —  and  ——7 — . 
Sabx  Safix 

8*  Beduee  -= — a  -: 7-,  and to  a  common  denominator. 

€r^:r4a—4x         a+a? 

4a        Sah  +  Zhx         20flw?— 20aj* 

^~-  ^1:4?  4^5=4^'  ""*    4a'-4a:'  ' 

9«  Beduoe  —-,  a — ,  and  7  -\ —  to  a  commondenominator« 

5y  da;  2 

6a:*    80aary— lOar'y+SOy  60{uy— 15a?y 

'  80ay  30ay  '  80^y       * 

If*  Beduce  -= — ~ =,  -^ — =,  and  .      .  to  a  common  denomnator. 

a"+2aap+«^a  — «  a*—x* 

.       a*+aa^— g'ag— ag'  a*+aa^+a*x-{-ai^       .        5ay4-5a;y 

7 


PBOBLSM. 

(1 52«)  To  reduce  an  entire  quantity  to  a  ractional  form  haying 
a  given  denominator. 

B  U  LS. 

MulHpiy  the  enHr0  quanHty  by  th$  yivm  denfmUnator^  amdjplae$  it 
aver  the  denominator. 

PROBLEM. 

(1 53i)  Reduce  1  +:r  to  a  fraction  with  1— «  for  its  denominator. 

SOLUTION. 

MuMpljing  1  +«  h]r  1— a;,  and  placing  the  product  over  1— je^  we 

1— «■ 
have  rr—  ^^  ^  required  fonn* 

SZAMFLBB. 

1«  Reduce  2  to  a  fraction,  having  4  for  its  denominator. 

AnM,  f* 

2t  Reduce  a  to  a  fraction,  having  b  for  its  denominator. 

A         «^ 

o 
S«  Reduce  2xy*  to  a  fraction,  having  a;'  for  its  denominator. 

2«y 


Ans. 


IT' 


4«  Reduce  <i^+ab + 6*  to  a  fraction,  having  a—h  for  its  denominator. 

Ans.  --. 

a—h 

i%  Reduce  a^+oV+i?*  to  a  fraction,  having  a—x*  for  its  deno- 

mmator.  Ans.  -= — -,. 

«"— ar 

or  its 
tor.  Am. 


6f  Reduce  a+b-^e  to  a  fraction,  having  a+h^e  for  its  denomina- 

a+6— c 


PBOBLEM. 

(154*)  To  convert  a  fraction  into  an  equivalent  one  having  a 
given  denominate. 
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BULS. 

Divide  the  ffiven  denominator  by  the  denomnmior  (^  the  fraction^ 
and  multiply  both  terme  o/thefraetion  by  the  ^fuoHetU. 

VaOBIiSlf. 

( 1 55t)  Gbavert  ?  iato  »  fractaoo,  haviiig  ah  for  its  dooomiMlor* 

.      BOLVTXON. 

Dividing  ab  by  5,  and  multiplyiDg  both  tenns  of  ^  by  tihe  quotient  m^ 

a' 

gives  -^  for  die  xequired  fonn. 

BZAMPLB8. 

!•  Convert  }  into  a  fraction,  Having  6  for  its  denominator. 

Am.  !• 

2t  Convert  }  into  a  fraction,  having  32  for  its  denominator. 

Ani.H' 
3«  Convert into  a  fitu^tion,  having  a^.-^y*  for  its  denominator. 


Ane. 


t^' 


4«  Convert    ,^  ,     ^  into  a  fraction  having  a' +i'  for  its  denom- 

mator.  ^iw.  ^  .    J,. 

5*  CoBveit   a     ■.  ,  .  ^  into  a  fraction  having  a*— «*  for  its  de- 
a*+ajr+ar  ° 

nominator.  Ane.  -^ — -r. 

^  »>  ♦  >«  » 


ADDITION   OF   FRACTIONS. 

PBOBLSH. 
(1 56.)  To  find  the  sum  of  two  or  more  algebraic  fractions. 

R  TTLK. 
Bedw^  the  fractions  to  a  common  denominator^  and  add  together 
the  numerators^  and  write  the  sum  over  the  comm^m  denominator. 


100 


ABDmoK  OF  nuonona 

PEOBLBM. 


(157.)  Add^  ^and  ^togethar. 


80LUTIOV. 


POTforming  the  opontioiis  indicated  by  the  nde,  we  liBTe 
9a*  ,2a    b_  105a'    28a6      106«_  105a* +28aft+ 105' 


BZAMPLB0. 


1.  Add  |,  g|,  and  —  together. 

2.  Add  ?±|  and  J^  together. 
S«  Add  ^  and  2  together. 


Jnt. 


20a'+15e* 


12a6 


4.  Add 


and 

«+8  X 


^togeUw. 


Jnt. 


i((^+V) 


9    9  9 

fft  Add  -|  -,  and  -  together. 

2x    ^  Sx 

6«  Add  4«,  *«+-=-,  and  «—- 3-  together. 

o  V 

7«  Add  8e+-— , ,  and  -^—together. 

6    a—x  a      ° 


«'-6» 

■~5r* 


^iM.  10a— 


22« 
46' 


5a(a— «) 


8«  Add  IxA — r—  and  9a: —  together. 

8  OX 


Ant.  Uxi- 


S*"— 16a?+9 


15d; 


9f  Add  :; — ::  and  — rr-r  together. 


a— « 


a+x 


Ans. 


4ax 


10«  Add  Bx — ^  and  -r — 4x  together. 

lit  Add and together. 

a— «  a        ® 


Ans.  x+—. 

An8.  2+-f^— . 
a^-^ax 
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11  2 

12*  Add  -— —  and together.  Ant.  - — -i. 

1+x  1— Of     ®  1— «■ 

1  J.  Add  i±^  and  J-=J  together.  An,,  ^iil^. 

14.  Add  together  -r-,  — — ,  — ^  and  -.    uIm. —^ — ^ — . 

6      0a  2  2ao 

15.  Add     '^^.d-i- together.    ^  ^^g-^f+y 

16.  Add  together  — ^ —  and   y""^^3^ 

y-Somy'-gg    ' 
-^-     (Smy--*)-    • 

17.  Add  together  -— ,  -r-,  and  — - — .  Am.  2af+-+---.. 

8      4  5  6      60 

18.  Add  together  ^^,  j;!^,  aad  -^^. 

"^     (a+*)'   • 

19«  Add  together  -. — rr,  ■.    .    v. rr-r,  and ; — . 

*  (a— 2aj)''    (a+a:)(a— 2«)'  a+« 

2(10o-lla?W 

Am.  /-V-T7 r^,. 

(o+aj)(a— 2«)' 

M.  Add  together  j^,  g^,  8(i^,and  "j^- 

l+g+g» 


^  >■  »  •*  » 


SUBTRACTION   OF   FRACTIONS. 
PBOBLEM. 
(1  S8«)  To  find  the  difforenoe  of  two  algebraic  fractions. 

BULS. 

Seduce  ike  /racUoM  to  a  common  denominatoty  and  iuhtraei  (he 
numerator  of  the  fraetion  to  be  eubtraeied  from  the  numerator  ofihs 
other  fractiony  and  place  the  result  over  the  common  denominator. 


lOS  fUBfEACnOH  OF  nU0riQH& 


PBOBLBM. 


(IftflU)  Sabteict  i^  fix)m  i-^. 


8OLVTI0V. 

Petfoixning  tbe  operation  indicated  in  the  nde,  we  hswv 

SZAMPLB8. 

!•  Rooi  "J  aubtiact  ->  Jins.  — Tj" "* 

2«  From  — =-  aubtraet  -^.  ^w.  %    ,i> 

S«  IVom  - — -i  snbtiact  ^-^^.  .^Int. 


1— «■  l+«^  1— Of* 

4«  From  aubtraet .  Ans, 


a— »                a+«                                           a^—sr 
i.  From  3aj+-r  subtract  « .  An9.  2a?+~ £ . 

O  #  ,  off 

C  From  «*+.— 5 —  subtract  4« -— .     Am.  a?+ — -- — . 

8  o  15 

7.  From     .  ""  .+0  subtract  -^ r.  Am.  a— 


8*  From  Zx  subtract .  Am. ^ 

6  5 

!•  From  2«H — = —  subtract  8* ^^  Jiw.  — 7J — . 

7                               6  42 

!©•  From  c«r+?^  subtmct  «-*^.     ^„,.  a*-??^. 

o                                21  168 

!!•  From  ~  subtract  y.  .Aw.  «+^ 
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12,  Rom  9y  subtract  — --^.  Am.  8y+-^-- — . 

8  '  o 

ISt  From subtract .  Am. 


"•  Fiota ^«ibtw€»  j^.  Am.  j^ 

15*  RoihtH — 8ubti»ct-+-. 

anqjf+mbqtf—pbnf—ainq 
hnqy 


Am. 


1C>  From  — j — | — j —  subtract .  An$  0. 

ah        be        '  m 

17.  From  ^^  subtract  -^  +*'~^^.  J»».  1. 

y  «+y     is*y-y* 

18.  Rom  l?i:ly+ JlLBubtract  -  •+*y 


8(l-y)^l-y  8(l^y)-  '  1-y 

If.  From ;J^«,btract  ^^+^^^.  J«.  |±? 

Ji.  fto„.^+^+^^„lrt«eti+^. 


*^»t»>»  » 


MULTIPLICATION   OP   FRACTIONS. 

PBOBLBH. 
(160«)  To  find  the  product  of  two  or  more  algebraic  fractions. 

BULE. 

Multiply  the  numeraian  together  far  a  new  numerator,  and  the  de- 
narhmators  together  for  a  new  denominator. 


IM  XULTIPUCAXION  OF  FOACTIONa. 

DSMOKSTBATIOK. 

A         0 
Let  -g  asd  -^  lepieaent  any  two  finicti<»a. 

We  an  here  to  prove  ^^^^^'K^^'dW* 

Smoe^=^J^*aod^=C2^^,^x-^miistetpiaIJ^*^ 

But  by  Fh>p.  6  in  Multiplication,  we  have  AB-^  x  OJy-^^AB^ 

AB^^CD~* 
CI>'^= which,  freed  from  negative  exponents  by  Fh>p. 

(101),i.^    Q.E.D. 

PBOBLBM. 

(1610  RBdthoFoductof  J±g±?««d  |;i^. 

aOLUTIOV. 

To  aaye  labor,  let  na  resolve  the  terms  in  both  of  the  fractions  into 
thdr  simplest  &ctors,  and  proceed  as  directed  by  the  rule,  merely  in- 
dicating the  multiplication,  and  then  canceling  the  froiora  a; + If  «+!• 
and  9+4,  common  to  both  terms,  we  have 

(«+l)(«+l)(«+8)(«+4)     x+S* 

XZAMFL88. 
2x  Si*  '  8^ 

!•  Knd  the  moduct  of—-  and  ^r-  -^Iw-  t-« 

2*  Find  the  product  of  — . .  and  -rrr*  Ana.  15«ue. 

^  a^    c  ^  26 

S.  Find  the  product  of  ^,  ^,  and  ^.  Ana.  gj^^y 

4*  Find  the  product  of  3«,  ?ii,  and  5^.       Ana.  ^^^^. 

hx                  h 
ff«  Find  the  product  of  2a-i and  3a . 

Ana.  6a*  +  8&p — -r. 

X     a* 
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a*— «•  a"— 6'  ax 

%•  Bind  the  product  of  — -5-,  — --3,  and  aH * 

*  a+6    ax-i-xr  c— a? 


'•  Find  the  product  of  ^j-^  and —J.                 ^.  ^--j-jp. 
3,  Find  the  product  of  — ^ — - —  and  — ^ — . 

a*— «■           ?«■  7(a+«V«» 

•  •  Find  the  product  rf—r —  and ^  -4jm.  -    ^    '^ . 

X  X  ^  l2U'\'X\x 

\i^  Findtbeproductofa+-ttida— -  Am.  a'— ^    ,e    "* 

00  10 

8«*     *      Ifo— SO  .  m 

11.  Find  the  product  of rrr  and  — r —  .dJM.  4«+;r. 

2a— 2^            3<u?  2j0 

12«  Find  the  product  of  — r-r —  and --•  .  Am.  -^t. 

IS*  Find  the  product  of —^Pr-»     T    t  ^^ rr* 

'^  a+6'  a+«'         ax^r 


!fcz2. 


« 


11.  Find  the  product  of  ^^— ^  4-r^>  w^d =^.       -4jw,  a+a?. 

'^  a'— y'^a'+a?"        a— « 

15,  Fbd  the  product  of  cH and  « -— .        Am.  -= — -3* 

'^  a^x  a+ap  a"— ar 

*^    «  ^.1.         ^  ^   ^«»-6*      ^«*+5«  .         a^-6* 

16*  Find  the  product  of  — r —  and  -^ .  Am.  .  ^-  .   ^ 

'^  66  6+c  6c(6+c) 

17.  Rnd  the  product  <rf^-^_^+ W  .ad  g. 

.       80'     89ge      18a&      81a 

18.  Fmd  the  product  of -p-—+^  Mid  ^-5^+-^. 

8a*     19o'ft     21a*6*      9ab*       6* 


1D6  DXYI8IW  or  FRAOIiOm. 

19.  Findtheyodaotof  ^^'^  ^    ^'"^md^v       i. 

Am.  2(a+a;)+f 
4a*-^166*  6a 


^  H  »M»" 


DIVISION   OF   FRACTIONS. 

PBOBIiBlC. 
(163«)  To  divide  <me  fraction  by  another. 

•BULB. 
Imvert  the  temu  €fA§dm9»r^  wndproteed  as  in  JfulHfimikni. 

DBMONSTBATIOK. 

Let  -g-  and  -=  lepresei^  any  two  fractions. 

_         ,  ^^    A      0    A     J)      AD 

We  are  to  prove  fluit  y+-5-= j-x-^=-j^. 

Sinoe  5-=^*^^  «>*  ^^CI>'\  ^^-^  mnat  equal  A»^^ 

CI>'\  or   ^n-ii  ^^^  £^^  ^<'™  negative  eiqponentii^  is   '^m% 
Q.  K  D. 

PBOBLXB. 

(163.)  Divide  jj^  by  ^. 

SOLUTIOH'. 

By  the  rale,  we  have 

2^*      g+g     23g*(a?+q)  2g'(a?-f  g)  _        23? 

»•+«•  ^    «  '""i(a'+y}    ar(o+«)(a»— aa?+«")~a'— a«+«^ 

BZAMFL88. 

!•  Divide -|  by  - — — .  An^  — ^rrs — izr 

2.  IXvide  3  by  — .  Am.  \\. 


DIVISION  0F>  FRACTIONS. 
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!•  Iitylde  — - —  by  -—-. 
i«  Divide  — ^—  by 


f  •  Divide 


a+dp 
a    ^ 


by:? 


Bx   ' 
a— « 


«*+2«Kr+!r»* 


T.Diridef±Jby-?±i 


Am. 


(«f+fc)/A 


2te#. 


9*  Divide 
10*  Divide 


» 


c-f-6     a— 6 


«•— 2te+6^ 


rby 


a— 6     a+h* 
« — ^* 


2g+a; 


lz«  Divide  — -=—  by  — -=— . 
(g+g)' 


Am.  «H — . 

»*(a+c) 
8 


13.  Divide  12  by 


-a. 


^IM. 


Jb». 


12a; 


6* 


14«  Divide  — _,_  .  _, —  by 


Iff,  Divide  l+!^:lbyl 
16*  Divide  aH j- —  by 


n-1 


.diM. 


n+r 


ax 
Am.  n^ 


n%  Divide +-- —  by — -^ 

l8.  Divide   ,    n  X  .  M  ty r — ^•. 


.4n«. 


a«+«" 


2ax  * 
4^  a«-^.ft«. 
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«A    T^  .J   «"«  .  «*«     '«'«     3aV  .  aV     2aV        ^ .  .        ate* 
lf*DiTide^+^-^«-^+-^— y~aV  by    ^+-p 

.       aV    %a*a      . 


^  n  »  ■»  » 


MISOELLANEOUS   PROPOSITIONS. 

PBOPOSITIOK 

(164«)  1.  If  the  Bune  quantity  be  added  to  both  temis  of  a 
fraction  the  resulting  fraction  will  be  greater  or  lesa  than  the  giren 
fraction,  according  as  the  numerator  of  the  given  fraction  is  kesHNr 
greater  than  the  denominator. 

DBXONSTBATIOK 
To  be  supplied  by  the  student. 

PBOPOSITIOK 

(165«)  2.  If  the  same  quantity  be  subtracted  fi!om  both  terms  of 
a  fraction,  the  resulting  fraction  will  be  less  or  greater  than  the  given 
fraction,  according  as  the  numerator  of  the  given  firaction  is  less  or 
greater  than  the  denominator. 

DSMONSTBATION 

To  be  supplied  by  the  student 

PBOPOSITIOK 

(166«)  3.  If  two  fractions  added  together  equal  unity,  thair  dif  • 
ferenoe  is  equal  to  the  difference  of  their  squares. 

DEMOKSTBATIOK 

To  be  supplied  by  the  student. 

PBOPOSITIO^K 

(16T«)  4.  The  sum  or  difference  of  two  quantities  divided  by 
their  product,  is  equal  to  the  sum  or  difference  of  their  reciprocals. 

PEHOKSTBATIOK 
To  be  supplied  by  the  student 


KISOXIiLAKBOUS   nEtOPOfiinOKS.  IM 

PBOPOSITIOH* 

(168«)  6.  If  the  diffidronoe  of  two  quantities  is  equal  to-|  (bm 

sum  multiplied  by  x  equals  the  diffeienoe  of  their  squaies  nmMfliii 
byy. 

DXXOKSTBATXOV 
To  be  supplied  by  the  student. 

PBOPOSITIOK 
(169«)  6.  Zero  divided  by  a  finite  quanlMj  equals  aeia 

DXHONSTBATION. 
Let  b  represent  any  finite  quantity. 
We  are  to  pro?e  that  r=0. 

It  is  evident  that  the  yalue  of  the  expression  -  will  beoome  less  by 

^mimshing  a  when  h  remains  constant.  Therefore,  when  a  is  as- 
sumed to  be  less  than  any  assignable  quantity,  the  talue  of  the  ex- 
pression ^  must  also  be  less  than  any  assignable  quantity,  or  in  odier 

words,  when  a=:0,  we  have  t=0.     Q.  E.  2>. 

PBOPOSITIOK 
(170«)  ?.  A  finite  quantity  divided  by  aero  equals  infiaity. 

BEHOKSTBATIOK. 
Let  a  represent  any  finite  quantity. 

We  are  to  prove  that  j:=oo  . 

It  is  evident  that  the  value  of  the  ezpresnon  -r  will  beoome  greater 

ly  diminishing  5,  when  a  remains  constant  Therefore,  when  6  is 
assumed  to  be  less  than  any  assignable  quantity,  the  value  of  the  sk- 

pression  ?  must  be  greater  than  any  assignable  quantity,  or  in  other 
w<»d8|  when  5s=0|  we  have  -=  oo«  ^  Q.E.D. 
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f BOPOSITIOK 

(17  !•)  8.  Zero  divided  by  zero,  oonsidered  without  referenoe  to 
llie  ei]^ressioxi  from  -winch  it  is  derived,  may  lepieaent  anyrali&e 


DSMOKSTBATIOK. 

Since,  a  x  0=0,  by  maMng  flie  last  sero  flie  dividend,  and  the  other 
the  divisor,  we  have 

0 

SLnoe  a  may  he  of  aay  value  whatever^  the  truth  of  theprepesition 
is  established. 


■#»»»«>^ 


VANISHING   FRACTIONS. 

(172«)  A  vanishing  fraction  is  one  which  becomes  equal  to  - 
when  certain  sappositions  aie  mactow 

PBOBLXX. 

(173«)  To  find  the  value  of  a  vanishing  fraction. 

SOLUTION. 

g^ «» 

Let ^  he  a  fraction  whose  value  is  sought  when  it  becomea 

equal  to  g.    By  (113),  we  have 

If  now  we  make  y=:a;,  we  have 

Snee  there  must  be  m  terms  in  the  quotient,  each  of  which  equals 
ir^\  the  wh<^e  quotient  must  be  ihoT^K    Hence,  we  have 

5L.=s-=r»Mr-*  when  y=3a?. 

«— y      0  •  ^ 

In  this  example  it  may  be  seen  that  we  first  obtained  an  expression 

Ibr  the  value  of  the  ^ireiv  fr^stion^  before  maUng  the  suppositioc 
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which  lediioed  it  to  a   vanishiDg  fraction,  and  it  was  thia  pfoosM 

that  enabled  us  to  find  the  Talne  of  the  giyen  fracti<m  when  it  be> 

0 

came-. 

0 

Henoe^  to  find  iba  valoe  of  a  vanishing  fraction  the  following 

BUItB. 
jpimf  an  eipresston  for  the  vahie  of  ike  given  fraction^  and  then 
fHoke  the  eujfpoeition  neeeseary  to  reduce  the  given  fraction  to  -  • 

BZAMPLXB. 

a'— &* 

!•  Find  the  value  of r-  when  6=0.  Am.  2a. 

a— a 

«•— a* 

2«  Rnd  the  value  of when  aj=o,  Ane.  Za*» 

«— a 

#*— a* 
S*  Find  the  value  of when  jp=a.  Ane.  4a\ 

4«  Knd  the  value  of  -% — r  when  xziza.  Ane.  2a* 

5k  Find  the  value  of  -^ — ^  when  x=a.  Ane. .—. 

ar-^a  2 

x—efix*  1 

••  Find  the  value  of when  «=2«,  Ane,  -. 

«— a  2 

«•— a' 

7«  Find  the  value  of , r=  when  «=a.  Ane,  00  . 

(«— a) 

i  •  Find  the  value  of  ^3 — 7-  when  a:=:a.  Ane,  0. 

ar— a 

U  Knd  the  value  of  -^ ^  when  a?=:€r.  -4tw.  (2a)l. 

(x — a)i 

10*  Fmd  the  value  of when  «=1.  Ane.  4. 

1—x 

11«  Find  the  value  of when  x=a.  Ane,  ma'^K 

x—a 

\ ^ 

12«  Fbd  the  value  of when  x=l.  Ane,  n. 

1— « 
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IS.  Find  the  value  of  -3 — ,    o  «^  .  r  t — 5-4-  ^^«"  *=*«• 

^JW.  -. 

«j    iie:>.v       1       -  8a*— 10a*ap+4a«*  +  8«"     . 

14»  Find  the  value  of r — r-z when  x=Uu 

Jm.  0. 

8a*— 4a«— 4^* 
«•  Rndthe  value  of  ^.^^^^^^^^^  "^^^  *=*«• 

Jnt.  00 . 

16«  Find  the  value  of  7?   wheu  x=a.  Ant.  8a. 

a— atx* 

17*  Find  ihe  value  of  *'^'-^(»-yK+^  ^^^  ^.^1^      ^^^^0 

18.  Find  the  value  of      "/^_  n^       ^'^^  *=*• 

19.  Find  the  value  of  ^""""^ff  ^jf  "'^^^  ▼h^^  ^=^- 

-4ll».  -T- 

afl;*+a6*— 2acsp    ,  j       a 

21»  Find  the  value  of  ,  ,    ^. — -n  ^^^  *=^  -^"*'  X 

d^ -^  od^ -*■  11^9 + a* 

22,  Rnd  the  value  of = — 5-^ —  when  «=a.         Ans.  0. 

«•— a* 

23«  Rnd  the  value  of  -r — ^  ,  ""^    , — r  when  aj=a.    Am.  co  . 
a* — 2a*j?  +  2aar — «* 

24t  Fbd  the  value  of  ^""'^  I"    ^    wheti  «=0.  -4n#.  -r-i 

«*  i3"J 


CHAPTER  VII. 

INVOLUtlOW. 

(17  v«)  iNVoumoN  is  raising  a  given  quantity  to  a  given  pow. 

PROBLEIC. 
(1 7  6.)  To  nise  a  monomial  to  the  nth  power. 

BULE. 

Multiply  all  the  exponents  contained  in  the  monomial  5y  the  indeM 
of  thepowefy  and  prefix  +  to  the  result,  except  when  the  monomial  it 
negative  and  the  index  of  the  power  is  odd,  in  which  case  prefix  ^. 

DSKOKSTBATION. 

Let  da&V  be  a  given  monomial  whose  nth  power  is  sought  We 
know  by  the  definition  of  a  power  that  the  nth  power  of  3a6V  equals 
Sab^c*  taken  n  times  as  a  &ctor,  or,  in  other  words,  equals  the  product 
of  3',  a^y  h\  and  e*,  each  taken  n  times  as  a  factor.     Tlierefiirei 

'  Since  b'  taken  n  times  as  a  factor  is  the  same  as  h  taken  2n  times 
as  a  factor,  we  have  (6")*=6**.  In  the  same  way  we  get  (c*)"=c**, 
whence  (3aiV)*=3*a"6**c'",  which  result  agrees  with  the  rule.  When 
a  positive  monomial  is  raised  to  any  power,  it  is  evident  that  the  result 
must  be  positive,  since,  any  number  of  positive  &ctors  multiplied  to- 
gether wi  J  produce  a  positive  product ;  also,  when  a  negative  mono> 
mial  is  raised  to  an  even  power  the  result  must  be  positive,  since,  an 
even  number  off  negative  factors  multiplied  together  will  produce  a 
positive  product.  But,  when  a  negative  monomial  is  raised  to  an  odd 
power,  the  result  must  be  negative,  since,  an  odd  number  of  negative 
fiictors  multiplied  together  will  produce  a  negative  product. 

PSOBLXM 

(176.)  1.  Involve  ^aiHc"  to  the  4th  power. 

8 
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BOLUTIOV. 

By  tLe  rule,  we  have  2*al6Jc**=16a"i^.  Whenever  one  of  the 
fiicton  of  the  monomial  is  numerical,  ite  power  may  be  found  arith- 
metically.   Thus,  2^=10. 

PROBLEM 

2.  Raise  VcT  to  thei^Ui  power. 

SOLUTION. 

Put  V€r=R  and  d" = A  Since,  by  (22)  and  (24),  we  have  Va*= 
(a*)»,  we  may  write  ^=(-4)*  or  i?=-4*.  By  applying  the  rule, 
we  obtain  i^  for  the  ^th  power  of  J^,  uid  An  for  tke^th  power  of 
-4-  ;  therefore,  Br—Aii,  or  J8'=(-4')-»=V-4'.  8inc9  jB=vi*= 
VA  vo  have  »z=i(\f'Tf  ;  but  »-Vl},  therefore,  {y'Af—v'A^ 
which  ezpressiony  because  AzrzaT  and  AP^aS^^  becomes  (Vo")^— 

Hence^  to  raite  a  radical  to  any  power ^  we  have  cmly  to  raise  the 
quantity  under  the  radical  to  thai  power. 

This  prindple  ^ves  (f^a)«=V?,  (fV)»=|V,  (Vi)'=V^  (Vol)* 
=Va,  {V^y:^Va,  {V^y=zy^^,  Ssc 

Sinee  VA^sA*^  we  have  {VAy:=A»»  Ji^  now,  we  siqipofle p==n^ 
we  obtain  (V^)*=-47=^»=^,  which  expression,  because  -4=:a*, 
becomes  (Vo*)''=a"'. 

Mmee^  to  raiee  a  radical  to  a  power  equal  to  the  indei  of  the  rooi^ 
we  have  only  to  remove  the  radical. 

This  principle  gives  (f^i)*=«,  (i^?)*=a',  (i^^)«=-.'',  (V-1)* 

=  -1,  (W==a',(^I^)''  =  -2-,&c, 

PBOBLBX 

8.  Raise  V^  to  the  third  power. 

SOLUTION. 

According  to  the  first  principle  given  in  the  last  solution,  we  have 
(|/ — a)"=l^— a" ;  but  the  cube  of  any  quantity  is  the  product  ob- 
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laiaud  by  taking  the  quantity  tiuee  timea  aa  a  &ctoir;  thorefove, 
(f^— a)*=V'— a .f^— a .i^— a.  Since,  according  to  the  aecond  prin- 
diOe,  i^"^  .  V'^  or  (>^^)"=:-.a,  we  have  V^ .  V'— a .  i^^= 
— aV—ci]  whence,  we  get  (V— a)'=— af^— a.  We  have  now  ob- 
taitked  two  expr&BAoia  for  the  cube  of  f -^a;  one  being  V—a%  and 
the  otlier  —ai^^;, hence,  in  ibis  particular  case,  V^^*=Z"^aV^^ 
We  say  in  thia  particular  eaae,  beeaase  V^*:=:+aV^^  when  —a' 
liaa  bosQ  obtained  by  multiplying  —a  by  a's  4-a  •  +a  ;  ifor,  wken 
4^^*=E Va . a .  ^a=\^a\  Va .  V^  we  have  t^^'saV^  mme, 
aocordix^  to  the  second  principle,  VcC.Va=^a. 

Let  us  suppose  that  a=l  in  this  problem,  or  that  we  seek  the  cube 
of  V—l.  According  toihe  first  principle  we  have  (y^^)'=V— 1,  but 
according  to  the  second,  we  get*(f^— 1)'=— lV^=— V— 1.  But 
bow  cany^=~V— If  Prom  the  nature  of  the  problem,  we 
know  the  V^  which  we  have  put  equal  to  (V— !)•  is  equal  to 
4^^^*=V-l,-l.-l=V^.y^.V^  which  equals —IV^,  or 
— 4^—1,  because,  by  the  second  principlai^— Lf^— 1,  or  (i^^)«,U 
equal  to  —I. 

Hie  result  ¥—1  is  not  a  convenient  form  for  the  cube  of  V^^^ 
nnce,  the  composition  of  the  —1  is  not  apparent,  because  it  may  be 
the  product  of  —1,  +1,  and  +1,  as  well  as  —1,  —1,  and  —1. 

Hence,  we  have  V~I=:  -hV^  or  —  f^^,  according  as  the  —1 
ia  considered  as  being  composed  of  the  factors  —1,  +1,  and  +1,  or 
of  the  factors  —1,  —1,  and  —1. 

By  using  the  second  principle,  we  shall  always  arrive  at  results 
which  are  not  ambiguous.  We  may,  however,  arrive  at  equally  defi- 
nite results  by  the  first  principle  whenever  the  quantity  under  the 
fii£cd  is  poflifiiKe,  but  the  results  will  not  always  be  of  the  simplest 
form. 

■  ZAMPLXa. 

I.  Square  da'5.  Ans.  Oa*&*. 

2*  Bfuaie  ?«ur.  ^n«.  4daV. 

S.  Cube  2aW.  Ans.  ^^h*e\ 

4*  Cube  — oMtf.  Ans.  ^be\ 
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5t  Raise  te^jT^  to  ihe  4th  power.  '    Jnt.  s^f^. 

$.  Raiae  — «r*«~*  to  the  7th  power.  Am. ^-w 

7«  Raise  3aV  to  the  nth  power.  Am.  3*a**«^. 

8«  Raise  —a"*  to  the  »th  power, «  being  even.  Jnt.  cT*. 

••  Raise  -—a*  to  the  nth  power,  n  being  odd.  Am.  — cT". 

!••  Raise  l^h^e"  to  the  0th  power.  Am.  1. 

11»  Raise  Va-k-h  to  the  2nd  power.  Aru.  a+l. 
12.  Raise  VaTb  to  the  8rd  power.                   J^w.  (a+*)fVT^ 

IS*  Raise  Vo^^ to  the  4th  power.  Am.  {z-i^x)*. 

14*  Raise  aV^+x  to  the  8rd  power.  Am.  a^-^-a^x. 

15t  Raise  aVa  to  the  5th  power.  Am.    yVa. 

1C»  Raise  ^aV^-a  to  the  5th  power.  Am.  ^a^i^^^ 

i7.  Raise  V^  to  the  6th  power.  Am.  —1. 

18.  Raise  — f^  to  the  8id  power.  Am.  V^. 

19*  Raise  —  Va  to  the  3rd  power.  Am.  —aVa. 

20*  Raise  V^.V^  to  the  3rd  power.  Am.  ^aVa. 


^  ■■  »  <■  » 


BINOMIAL  THEOREM. 

(1 7  T«)*11ie  nth  power  of  a  binomial  is  represented  by  the  follow- 

,       .  *  ,  n— 1  _  ,        n— 1  n— ^ 

ing  fbrmuk:  (aj+y)"==ar+n«*-V+»--2^-«^/+»---2^^--3- 


«r-«y*+. 


DEHONSTBATION. 


A  full  deiionstration  of  ibis  celebrated  "^001001  will  be  gifen  m 
the  chapter  on  Series. 

An  inspection  of  the  above  formula  shows  that  the  exponents  of  x 
commence  with  the  index  of  the  power,  and  decrease  by  unify,  and 
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{bak  the  exponents  of  y  commencing  in  the  second  term  increm  hj 
mSlBf.    Thus,  for  the  literal  part  of  the  5tk  power  of  x-^y^  we  hare 

Let  us  now  obserre  the  law  of  the  coefficients  in  the  aboTe  formula. 

We  see  that  the  coefficient  of  the  first  term  is  unity,  and  the  co- 
effident  of  the  second  term  is  equal  to  the  index  of  the  power,  and 
the  coefficient  of  the  third  term  is  equal  to  the  product  of  the  coeffi* 
cieut  of  the  second  term  by  the  quotient  obtained  by  dividing  the 
exponent  of  x  in  the  second  term  by  one  more  than  the  exponent  of 
%'  in  the  second  term,  and  in  genend,  any  coefficient  is  equal  to  the 
product  of  the  coefficient  of  the  jMreceding  term  by  the  quotient  ob- 
tained by  dividing  the  exponent  of  « in  this  preceding  term  by  one 
more  than  the  exponent  of  y  in  the  same  term. 

Thua,  we  have  (a?+y)*=«'+6«*y+10«*y"  +  10j5*y"+««y*+y\ 

Here  the  coefficient  of  the  third  term  is  obtained  from  bx*y  by 
dividing  the  exponent  of  x^  which  is  4,  by  one  more  than  the  expo- 
nent of  y,  and  multiplying  the  quotient  by  5,  thus  5  .-=10.  For 

the  coefficient  of  the  fourth  term,  we  have  10 .  o=10 ;  txx  that  of  the 

fifth,  10 .  f =5 ;  and  for  that  of  the  sixth,  5.^=1. 
4  5 

It  may  be  observed  that  after  the  middle  term  the  coefficients 

recur  in  reverse  order;  and  also,  that  when  the  second  term  of  the 

binomial  is  negative,  the  terms  of  any  power  of  it  will  be  alternately 

positive,  and  negative,  or  what  i&  the  same,  those  terms  of  the  power 

which  contain  an  odd  power  of  y  will  be  negative. 

PROBLEM. 
(17  8«)  To  raise  a  binomial  to  a  given  power. 

BULE. 

Perform  the  mulHplieaHon  indieaUdj  or  proceed  according  to  the 
principles  of  the  Mnamial  ihccrem. 

PBOBLXX 

(179.)  1.  Raise  (2a+35)  to  the  6**  power. 

>        SOLUTION. 

By  the  Binomial  Theorem,  we  have  (2a  +  35)T=(2ay  +  6(2ay(3&) 
+16(2a)*(35)'  +  20(2a)«(36y+16(2a)«(35)*  +  e(2a)(86)»4(3AV. 
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After  perfimDiDg  the  openlioiui  indicated,  we  obtain  (2a -h  8!)':=: 
eki'+6'76a*6+21d0a'6'+4d20aV+4860a'6'  +  29iea&'4-)20eV 

PBOBLKX 

2.  CubeV'2+f^3, 

BOLUTIOH. 

By  the  Binomial  Theorem,  we  hare  (4^2 +fS)'=(f2)'+ 5(1^2}" 
(1^3)  +  8(f^2)(4^3)«  +  (1^3)'- 

After  perfonning  die  opentkMui  indicated,  we  obtain  (f^2-fy3)'^ 
2l^2+(ll^84-9f^2+3V'8. 

But  2f^2+0i^2=rllV2  and  64^8+81^8=91^8;  thmfara,  {V2+ViY 
=llV2+9f3. 

•       ■ZAXPLB8, 

1«  Baise  a+6  to  the  8th  power. 

Am.  a'+8a'5  +  28a*6«+66aV  +  70a*6*  +  66a"6»+28a'6*+  8a5^+ 
b\ 

2*  Raise  a—b  to  the  9th  power. 

An$.  a*  -  9a»5  +  ZMb*  -  Sia'b*  +  126o*6*  -  126a*6»  +  S4  t'J*  - 
36a'6'+9a5*-6\ 
S.  Raise  S-^Ax  to  the  4th  power. 

Am.  825— 2000a;+240(te*--1266»*+2M«r. 

4.  Raise  3— 2;k'  to  the  6th  power. 

Ans.  729~2916«'+4860ac*— 4320ic'  +  2160i!»— 676«'*+64a:". 

5*  Raise  ^«+2y  tothe  7th  power. 

Ans.  tJt*' + A**y  +  V«*y*  +¥«y + '!^0«*y*  +  168«»/  +  224*/ 
4-128y\ 

6*  Cube  « — •  Ans.  «• r— sfa? — f. 

X  ar       \      x/ 

7.  Cube  aT'—y*  Ans.  ^•'"•—Sa^-^y^+airv— y*. 

8«  Cube  ia-|6.  J»«.  ja»-A*'-Ja'5+|aft?, 

^    ^  ^     a-6  ^         a"— 3a'6+3a6*— 6' 

••   Cube -T",  ^JW.  -= ^    ,.    .   ,^    ., rrr^. 

a— 26  a'— 6a*6 + 12a6"— 86' 

10.  Cube  «» +y\  -4>m.  «•+  at*y"+3«»y* +y*. 

II*  Raise  «'+ a*  to  the  4th  power. 

^jw.  i!*+4«*a'  +  6a?*a*+4«V+<i*. 
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1S«  j^ane  «dr--dy  to  Ae  5th  power. 

14%  Cube  2r— 6m.  -4n#.  8r'— 72i»r»+216i»V—216m'. 

15.  Cube  V2  +f^6.  An9.  1  Tf 2  + 1  ll<5. 

16,.  OabeV^+V^.  Ans.  -7f^^-6V^. 

17.  Raise  a4^a— W^f  to  the  4th  power. 

An9.  a«-4aVa6f^6+6aV-4«>^a6V6"+6\ 

18.  Raise  x-i— y-'  to  the  4th  power. 

^^  Jl L+A i-+JL 

li>.  Raise  — 2f^^~df^6  to  the  4th  power. 

Am.  16a"— 96aK^^^6— 216«6+216«^^>^6+8iy. 
20.  Cube  (-.i)i-(-i)i.  Am.  SV^-g. 

PBOBLBIC. 
/ISO*)  To  squaie  a  polynomial. 

BULS. 

Square  each  ierm^  and  annex  twice  its  product  into  each  ofthefoi" 
lowing  terms. 

PROBLEM. 

(ISl.)  Square  2a' --d&+ 4(7— 5<;. 

SOLUTIOH. 

{Squaring  2a*,  we  have  4a*,  and  anneidDg  twice  the  product  of  2a* 
into  each  of  the  following  tarma  ^86,,  +4c,  and  -^bd^  we  obtain  4a* 
— 12a'6+16aV— 20a'(f.  Also  squaring  —85,  we  have  96',  and  an- 
nexing twice  the  product  of  -*d6  into  each  of  the  following  terms, 
+4<;  and  — 5i,  we  obtain  95'— 24fte+806i.  Also  squaring  +4<^ 
we  have  I60',  and  annexing  twice  the  product  of  +  4c  into  the  follow- 
ing term^  — 5<f,  we  obtain  16c'— 40edL  Abo  squaring  — 5<f,  we  have 
85<f',  and  as  tihare  are  no  tenm  following  —  5«?,  we  have  nothing  to 
annex.  Collecting  dl  diese  results,  we  have  (2a'— 364-4c— 5rf)'= 
4a*— 12a'5  +  16a'c— 20a'rf+ 96' — 245c  +  30W  +  16c'— 40crf  +  25<r. 
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■  ZAMELK8. 

h  Square  «+y+«.  Jm.  «"+5Uy+2«+y*+2»«fJ-3". 

2*  Square  a-^h—e+d. 

Ant.  a*— 2a6-2a<;+2o(i:H5'  +  25c-2M+c'-2a{+in. 

S*  Square  2a"*--8aM+a^6"**. 

a 

.    _         2*-*-    SVc-i 
4.  Sqaaie 7— s-«"< — i- 

^       4a*     ^  .  4a'rf*  ,  96*      86'«f*  ,  iT 

PBOBLEIC. 
(183*)  To  ottbe  a  polynomial. 

BULE. 

Cube  each  term^  and  annex  to  it  three  HfM$  the  produtt  of  iU 
tquare  into  each  of  the  other  terms,  and  also  six  times  aU  the  pro- 
ducts that  can  be  formed  by  mtdHplying  three  different  terms  topetfter. 

PBOBLBM. 

(183.)  Onhe  a+b+e+d. 

SOLUTION. 

Cubing  a  and  multiplying  three  times  its  square  into  the  other 
terms,  gives  a* + Sa*b  -f  8aV + 8a V. 

Cubing  b  and  multiplying  three  times  its  square  into  the  other 
terms,  gires  b* + 86*a + Sb'e + Bb*d. 

Cubmg  C'and  multiplying  three  times  its  square  into  the  other 
terms,  gives  c* + 8c*a  +  8c*6 + 8c*rf. 

.  Cubing  d  and  multiplying  three  times  its  square  into  the  other 
terms,  gives  cr+8rf*a+8<r6  +  8d'€. 

Multiplying  by  6  all  the  products  that  can  be  formed  of  the  tenns 
a,  +5,  +c,  and  +<f,  taking  three  at  a  time,  ^ves 
tabc+6abd+fiaed+ebed. 
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Writing  all  these  results  in  order,  we  have  (a-^b+e-k-dy^m*-^ 

d'+&d^a'{-Sd*b+S(Pe+eabe'^eabd+Qaed+Obed. 

Rehabk. — ^To  find  the  number  of  products  that  can  be  formed  of 
any  number  of  terms  taken  three  at  a  timOi  add  the  numbers  of  the 
following  series  to  as  many  terms,  less  2,  as  there  are  given  terms : 
1  +  8  +  6  +  10  +  16  +  21^28  +  86  4- Ac 

If  we  have  seven  terms,  the  number  of  products  there  can  be  formed, 
tsMng  three  at  a  time,  =1+8  +  6  +  10  +  15=85. 

Iliis  may  be  illustrated  as  follows :    Supposing  the  seven  terms  avt 
a,  5,  c,  d^  0,/  and  ff,  and  we  have 

abe 

ade^ 

adfVS 

odgj 


ahd 
ahe 
ah/ 
abg 


^ace 


:i\'  •>*>' 


led 
bee 
hef 
'leg 

ede  \ 

ed/[s 

edff) 

%v 

efg}! 


hie-\ 
Idg) 


ceg  ) 
dfy}l 


Z\'    ^''f' 


cfy}l 


Fiom  these  results,  we  have 

5+  4+8+2+1^ 
4+  8+2+1 
8+  2  +  1 
2+  1 
1 


16  +  10  +  6  +  8  +  1 


or 


1+2+8+  4+  5 

+  1  +  2+  8+  4 

1+  2+  8 

1+  2 

1 

Ll+8  +  6  +  10  +  15 


'Whence,  the  law  of  the  series  becomes  apparent 


] 
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SZAMPLKB. 

!•  Cube  a  +  6+c. 

{•  Cube  a+&— c— (f. 

Am.  a"+3a»6-8a'c— 3a*rf+6'+35'a— 36V— 36'rf  —  <:•  +  Bc*a  + 
3c*6— 3c'rf— (T  +  ScTa + 3<r6— SiTc— 6a6c— 6aW4- 6acrf+ 66crf. 

S.  Cube  a+2&— e. 

uiiM.  a' +  6a'6-3aV+ 86' +  126*a— 125V-C*  +  8c*a+ ec'fc- 12a«c 

4,  Cube  2«'+4ajr— Sa'. 

Ans.  8a?«  +  48aar»+60aV— 80aV-90oV4-108«»«-2Va*. 

5.  Cube  1 +*+«"+«". 

PBOBLEH. 
(184.)  To  raise  a  poljiiomial  to  any  power. 

RULE. 

Change  the  polyriom'ol  to  a  binomial,  and  then  proceed  according  to 
ihe  principles  of  the  binomial  theorem. 

PROBLEM. 

(186«)  Find  the  6th  power  of  a-\'b+e+d-\^€. 

BOLUTIOH. 

Changing  a-\-b-{-c-\-d+e  to  a  binomial,  we  have  (a+&+<?)-f- 
(d+e)\  whence,  we  have  [(a+6+c) +  (<?+«)]•  =  («+&+<?)•  + 
6(a+6+c)'(if+e)  +  16(a  +  6+cy(e^+«)'  +  20(a  +  6+c)*((f+«)'  + 

In  the  same  way,  we  find 
(a+6+cy^(a4•ft)•+6(a+6)•c+16(a+6)V+20(a^.6)V•+ 

16(a  -r  6)  V  +  6(a + 6)c' + c*. 
(a+6+cy=(a+6y+6(a+6)V4-10(a+J)V+10(a+^)V4- 

6(a+6y+c\ 
(a4.6+c)*=(a+6)*  +  4(a+6)V  +  6(a+6)V+4(a+6K+<:\ 
(a4-ft+c)*=(a+6)'  +  3(a  +  6)V  +  3(a4-6)c*+c*. 
(a+6+c)'r-(^,-fft)«+2(a+6>J+c*. 


BIKOKIAL  THSORiaf.  128 

Inserting  these  values  in  the  above  expression,  we  obtain 
(a+ft+c+rf+«)*=(a  +  ft)*  +  6(a+6)»c+15(a+6)V+20(a+6)V  + 
15(a+ft)V+  6(a+6)c'  +  c*+6[(a  +  6)'+  6(a+ftW  +  10(« +  *)'«*  + 
10(a+6)V  +  5{a-\-by  +  c»](rf+e)  +  15  [(a  +  6)*  +  4(a+6)V  + 
6(a+  6)V  +  4(a  +  by-\-c*]  {d+ey  +  20  [(a  +  6)'  +  8(a+6)V  + 
8(o  +  bye  +  c']  (rf  +  O*  +  16[(«+6)'  +  2(o  +  6)c  +  c«]  {d+ey  + 
6(a+6-fc)(rf+<?)»  +  (if+e)«. 

BX  AMPLB8. 

It  Find  the  4th  power  of  a+b+c 

Am.  a* + 4a*6 + 4a*c+  6a«6« + 12«'6c + 6aV+4a»» + 12aAV+  12aic^ 
+  4(«;'  +  6*  +  46*c+66V  +  46c'+c*. 

2«  Find  the  5ih  power  of  a-\-b-\-c. 

Am.  a*  ^ba^b  ^ba^e  +10a"6'  +20a*ftc+10aV  +  10a«6«-f  80a"6'c 

+  30a*6c»+10aV+5«6*+  2ea5V+80aftV  +  20a&»  +  5ac*  +*• 

+ 66V  +  106V + 106V + 66c* +c*. 

St  F^nd  the  6th  power  of  a  +  6  +  c. 

Am.  a*  +  6a»6  +Qcfe  +16a*6*  +80a*6c  +15aV  +  20aV  +  60a'6V 
+  60a*6c«  +  20aV  +  16a*6*  +  60a'6V  +  90a*6V + 60o*ic'  +  16aV 
+  6a6»  +30a6V+60a6V  +60a6V  +30a6c*  +6ac»  +6*  +66»c 
+  166V  +  206V  +  166V  +  66c» + c*. 

4«  find  the  7th  power  of  a +6+«.  A 

Am.  a*  +  '!ra'6+'3raV  +21a»6*  +  42a»6c  +  21aV+86a*6"  +  106a*6*c 
+  105a*6c*  +36aV  4-86a*6*  +140a»6'c  +210a'6V  +140a'6c' 
+  36aV  +21a*6»  +106a»6*c  +214ki*6V  +210o«6V  +106a»6c* 
+21aV  +  '!ra6*+42a6V+106a6V  +  140a6V  +  105a6V +42a6c» 
+  7ac"+6'+WV+2l6V+866V+866V*+216V+'!r6<J»+c\ 

6.  Fmd  the  4ih  power  of  a+6+c-M. 

6.  find  the  5ih  power  of  a-\-b+e+d. 

RocABK.p^Tlieaiunrartothe(Hfa  azample  oontains  tiurtj-flro  twm  and  to 

the  6th  fifty-six  terms. 


CHAPTER  yill. 

EVOLUTION. 

(186«)  Evolution  is  the  leTeree  of  Involation,  or  is  finding  a 
'  <;vHntity  which  taken  a  certain  number  of  times  as  a  factor  will  pro- 
auce  a  given  quantity. 

FBOBLEK. 
(1 87.)  To  extract  a  given  root  of  a  given  monomiaL 

BULE. 

Divide  the  exponents  cf  the  factors  of  which  the  monomial  is  com- 
posed by  the  index  of  the  rooty  and  prefix  the  sign  of  ike  monomial 
uhen  the  index  of  the  root  is  odd  ;  and  when  the  monomial  is  positive^ 
and  the  index  of  the  root  is  even^  prefix  +  or  -^  written  =t:. 

DEKONSTBATION. 

Let  2lab*e*  be  a  monomial  whose  cube  root  is  sought  If  we  re- 
poive  27a&'c*  into  three  equal  fsictors,  one  of  tliese  factors  will  be  its 
cube  root 

Since  27=3-3-8,  and  a^:=za^'a^'a^,  and  b*=ib'b%  and  c'rrcV-c*, 

we  have  27a6V=:3-8-3a*-a*-a^-6-6-6-c*c'-c«=8a*6c»-8a*6c«-3a»ftc«; 

whence,  we  see  that  da^bt^  is  the  cube  root  of  27a5V. 

Ph>ceeding  according  to  the  rule,  we  shall  arrive  at  the  same  re- 
walif  for  since  2*Iab*c*=ZWb*e%  if  we  divide  each  of  the  eiqponents  by 

8,  we  have  S^aH^c^=Ba^bc\ 
If  the    monomial    had  been   —  27a5V,  we    would   have    had 

— 27a5V=:— 3a»6cV— 8a3^6cV— 3a36c*;  whence  we  see  that  the 

cube  root  of  --27a5'c*  is  — Sa^ftc',  or  that  an  odd  root  has  the  sign 
of  the  monomial. 
AlsO|  let  a*  be  a  monomial  whose  square  root  is  sought    Since 
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i?=zz  -|-a.4-o,  we  see  that  the  square  root  of  a'  is  +a.  But,  since 
tf'=— a.—- a,  we  see  that  the  square  root  of  a*  may  also  be  -*a. 
Whence  we  derive  the  &ct,  that  the  square  root  of  a  positive  qoantitj 
may  be  either  jp/iw  or  nUnus^  which  fact  is  represented  by  the  ezprea* 
sion  Va*  =dba. 

The  double  sign  =b  should  be  placed  before  the  square  root  of  a 
quantity  only  when  we  are  doubtful  in  reference  to  the  sign  it  should 
have.  For  if  we  should  be  required  to  square  +<>}  and  then  extract 
the  square  root^  we  know  that  the  only  proper  result  would  be  +0, 
or  the  quantify  with  which  we  started ;  also,  if  we  were  required  to 
square  —a  and  then  extract  the  square  root^  we  are  equally  certain 
the  only  proper  result  would  be  —a. 

If  tlien,  we  have  a\  and  wish  to  extract  its  square  root,  to  give 
a  rigid  result^  we  must  know  whether  this  a'  was  obtained  by  multi- 
plying +a  by  +a^  or  —a  by  —a ;  if  the  former,  we  know  that  the 
square  root  of  this  a*  must  be  +a,  and  can  not  be  —a ;  but  if  the 
latter,  we  know  that  the  square  root  of  this  a'  must  be  —a,  and  can 
not  be  +«.  We  see  then  that  it  is  only  proper  to  prefix  the  double 
sign  d=,  when  we  are  ignorant  of  the  signs  of  the  &ctors  which  pro- 
duced the  quantity  under  consideration. 

PBOBLBX 

(188«)  1.  Extract  the  square  root  of  —a*. 
8OLUT10H. 

If  we  can  resolve  —a'  into  two  equal  Actors,  both  of  which  at^ 
+,  or  both  of  which  are  — ,  then  one  of  these  equal  &cton  must  b* 
the  square  root  of  —a*. 

But  since  neither  the  product  of  +  by  -h,  uor  —  by  —  will  gir* 
— ,  we  are  certain  that  —a'  cannot  be  resolved  into  two  equal  poei 
tiye  factors,  or  into  two  equal  n^atire  fiictors.  Hence,  we  can  n^ 
obtain  the  square  root  of  —a'.  The  same  kind  of  reasoning  wiP 
show  that  we  can  not  obtain  the  even  root  of  any  negative  quantity. 

The  square  root  of  —a*  is  represented  by  V—a\  which  expressioii 
may  be  simplified,  since  — a*=a\— 1.  We  can  take  the  square  root 
of  a",  but  not  of  —1;    whence,  we  see  that  f^^=ya\— 1=^ 

PBOBLKM 

2.  Extract  the  square  root  of  a. 


tS6*  EYOLUTK^. 

80LUTIOH. 
Folkming  tli0  nde,  we  hmv^  dbai  for  die  mpan  root  of  a,  thai  u 
f^a=dbai.  But  we  have  gained  nothing,  since  dbai  k  merely  an- 
other niode  of  representiDg  that  the  square  root  of  a  is  to  be  extractolr 
Therefore,  the  formuUiV^a^dzoi  tells  us  nothing  more  than  that  ihs 
square  root  o/&  is  equal  to  the  square  root  fjf.%. 

.  If  we  were  to  asngn  to  a  some  pontiTe  numerioal  value,  its  square 
root  m%ht  be  obtained  either  exactly  or  i^ipraxifluiftdj.  The  case 
would,  however,  be  cKfierent  if  we  soi^ht  the  sqasro  root  of  —a,  and 
should  assign  to  a  some  numerical  value,  beeausa,  we  can  naver  extract 
the  square  root  of  —1,  for  f^^^is  equal  to  ¥a  V^^  the  value  <rf 
which  could  be  obtained  either  exactly  or  approximately  provided 
the  value  of  V— 1  could  be  ascertained.  But  we  have  seen  that  the 
square  toot  of  a  negative  quantity  can  not  be  obtained  either  exactly 
or  approximately. 

PBOBLXM 

8.  Extract  the  mnth  root  of  «• 

aoLVTioir.  ^ 

To  find  the  math  root  of  a',  we  must  divide  the  exponent  of  a  by 
mn^  which  gives  a^  that  is  "Va=«'«^. 

Let  us  now  take  the  nth  root  of  a',  which  is  a*?,  and  take  the  mth 
root  of  this  result    To  do  this,  we  must  divide  the  exponent  -  by  971, 

which  gives  a^  jR^themth/ootof  «••  Henee^  we  see  that  we  arrive 
at  the  same  result  by  extracting  the  nth  root  of  a  quantity  and  thea 
extracting  the  mth  root  of  this  nth  root,  as  we  do  by  extracting  the 

math  root  of  the  quantity,  that  is,  "Va^x/  Va. 
The  mth  root  of  d^  may  also  be  represented  by  («•)»;  thevetee^ 

we  have  "Vass  V^  Va=:aM  =  («•}  «,  or  (a»)  •• 

PROBLEM 

4.   Utract  the  square  root  of  82. 

aOLUTIOH. 

This  can  be  appioximately  done  by  the  arithmetic^  rule.    But  it 
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IB  sometimes  advisable  to  make  the  square  root  of  a  suid  depend  on 
some  smaller  surd. 

Since  32=16  -  2,  we  can  eaalj  get  the  approadmate  sqnaie  root  of 
32  if  we  aireadj  know  the  approximate  square  root  of  2,  by  molt&ply* 
ing  the  approximate  square  root  of  2  bj  db4,  the  square  root  of  16 ; 
because  VS2=VW^  =f  16^2 = dt=4V2. 


PBOBLXX 

5.  Extract  the  square  root  of  (ii^ +2«'y+^)» 

SOXiUTIOK, 

By  fcetori5g,weget  («*+2«»y+«y*)=(jj*+2«y+y")«.  We  know 
by  Theorem  1.  (1Q9),  that  {x'+2xy+f)={x+yy ;  henoe,  we  hav<a 
(«'  +  2«*y+iry*)=(a?+y)'a?.  Extracting  the  square  root  of  (^+y)"a^ 
we  get  :h{x+y)Vx, 

XZAMPLX8. 

!•  Bxtiaot  the  square  root  of  4a^*.  Jn$.  ^2qh. 

2t  Extract  the  square  root  of  —25.  Ani,  d:5V— 1. 

3*  Extract  the  square  root  of  {a+h)\  Am.  dci(a+b). 

4t  Extract  the  cube  root  of  64a*6'.  '  Am.  4a'  \/h\ 

5,  Extract  the  square  root  of  8.  Ans.  =i:2f^2, 

6«  Extract  the  square  root  of  24.  Am.  =ib2f^6. 

7t  Extract  the  square  root  of  68.  Am.  ^2VT1. 

8t  Extract  the  square  root  of  150.  Am.  ±5V6. 

9.  Extract  the  fifih  root  of  — 82aVV".  Am.  —  2a«*y*. 

M.  Extract  the  cube  root  of  —40.  Am.  — 2V5. 

11.  Extract  the  square  root  of  — 16a'59c'.       AM.:tiab^c^'^. 

833  7 

12*  Extract  the  square  root  of  ^^rr=>  Am.  ^tj» 

ISt  Extract  the  square  root  of  4a\a*  +  2a6  +  5'). 

Am.  it2a*(a  +  &). 

54  3 

14.  Extract  the  cube  root  of  —^77^-  Am.  — -, 

128  4 
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|5«  Eztnet  the  oabe  rootof  («'+y*+8«'y+8d(3f*). 

If.  Bitract  die  mth  root  of  aTb^tT^d^.  Am.  — =;. 

e'er 

17«  Extract  the  fifUi  root  of  —1.  Am.  —1. 

18*  Extract  the  foiuih  root  of  — a\  Am.  dbaV^. 


19.  Fbd  the  value  of  Va'+a'ft*.  .ii».  aJ^/1  +b\ 

20.  Fbd  the  value  of  81/108.  .<ii».  9V4. 

PBOBLXK. 

(189t)  To  extract  the  nth  root  of  a  given  quantity  to  within  a 
given  fraction. 

BULB. 

Beprennt  the  given  quanHty  in  the  farm  qf  a  whole  number^  and 
the  ffiven/raeHan  with  one/br  its  nmneratorf  and  then  multiply  the 
given  guantiiy  by  the  nth  power  if  the  denominator^  and  extract  the 
unroot  if  the  product  to  the  neareet  unit^  and  divide  the  reeult  by  the 
denominator  of  ihe  fraction, 

DEMOKSTBATION. 

Let  T  he  a  quantity  whose  ntii  root  is  sought  to  within  ^    Bepre- 

aenting  ^  in  tiie  form  of  a  whole  number,  we  have  ab"^  which  we 

shall  put  equal  to  Q,  and  representing  -^  in  ^e  form  of  a  fraction 

with    1  for  its  numerator,    we    have  3  which  becomea — bv  pot- 
'  d  m    ''  ^ 


ting  m  for  -. 

We  have  then  tiie  quantity  Q  whose  nth  roct  is  sought  to  witihla 
— .    0=:-^—.    Let  r  be  tiie  root  of  the  greatest  n\k  power  contained 

in  Qm" ;  then  tiie  value  -^---  is  creator  than  the  value  of  -~  a^d 


EVOLunoK.  129 

kss  than  the  value  of  ^ — -^ :  therefore,  the  nth  root  of  -'^  or  of  0 
sin"  m*  ^ 

is  greater  than  — ,  the  nth  root  of—-,  and  leas  than ,  the  nHx  root 

m  m  m 

of  ^ — — ^,  or  in  other  words,  the  difiference  between  the  nth  root  of 

Q  and  —  is  lees  than  the  diflferenoe  between  —  and ;  but  the 

m  fit  III 

difference  between  —  and is  — ;  hence,  by  taking  —  for  the  nth 

root  of  Q,  we  have  a  result  which  differs  from  the  tme  result  by  lest 

than—.     Q.JS.J). 
tn 

PROBLEM. 

2 
(190.)  Eztract  the  square  root  of  9  to  within  -• 

SOLUTIOK. 

2      1  "^ 

Since  ;==77}  we  must  square  1|  and  multiply  9  by  the  result; 

whence,  we  get  9*2^ =20 J.  We  take  either  4  or  6  for  the  square 
root  of  20 J  to  within  a  unit.  If  we  take  4  and  divide  it  by  1|,  we 
have  2|  for  the  square  root  of  9  to  within  } ;  but  if  we  take  6  and 
divide  it  by  1|,  we  have  also  3^  for  the  square  root  of  9  to  within  }• 
'  In  these  two  results,  we  observe  that  the  first  is  just  ^  less  than  the 
tne  root,  and  the  second  ^  greater* 

Note. — ^In  the  following  examples  we  shall  sometimes  give  W  A 
rssults,  placing  the  most  accurate  first. 

EXAMPLES. 

!•  Extract  the  square  root  of  5  to  within  j^.  Ans.  2^  or  2. 

i.  Extract  the  square  root  of  8  to  within  |.  Ans.  2^  or  2(. 

3«  Extract  the' square  root  of  ?  to  within  4.  Ans.  2f  or  2\. 

4.  Extract  the  square  root  of  }  to  within  ^.  Ans,  ^. 

5i  Extract  the  square  root  of  4  to  within  4.  Ans,  4. 

6*  Extract  the  square  root  of  fy  to  within  ^.  Ans.  j, 

7.  Extract  the  square  root  of  |^  to  within  ^.  Ans.  ||. 
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St  Extract  the  square  root  of  }  to  within  ^.  Am.  1. 

9*  Extract  the  cube  root  of  5  to  within  |*  Am.  1}. 

!••  Extract  the  cube  root  of  10  to  within  }.  Am.  2}. 

11«  Extract  the  fourth  root  of  ?  to  within  |.  Am.  1^. 

12.  Extract  the  square  root  of  }  to  within  f.  Am.  f . 

PBOBLSK. 
(191«)  To  extract  the  square  root  of  a  polynoimaL 

RULS. 

1.  Arrange  (hs  given  polynomial  according  to  the  powers  of  a  eer- 
tain  letter. 

2.  Extract  the  square  root  of  the  first  term  of  the  polynomial^  and 
place  the  result  m  the  first  term  of  the  required  root. 

S.  Subtract  the  square  of  the  first  term  of  the  root  from  the  given 
polynomial. 

"  4.  Divide  the  first  term  of  the  remainder  by  twice  the  first  term  of 
the  root,  and  place  the  quotient  as  the  second  term  of  the  root. 

5.  Annex  the  second  term  of  the  root  to  twice  the  first  term  of  the 
root,  and  multiply  the  sum  by  the  second  term  of  the  root,  and  suh» 
tract  the  product  from  the  first  remainder. 

6.  Dimde  the  first  term  of  the  second  remainder  by  twice  the  first 
term  of  the  root,  and  place  the  quotient  as  the  third  term  ofihe  root. 

7.  Annex  the  third  term  of  the  root  to  tunce  the  sum  of  the  two 
preceding  terms,  and  multiply  the  trinomial  thus  formed  by  the  third 
term  of  the  root,  and  subtract  the  product  from  the  second  remainder. 
Then  proceed  in  the  same  manner  to  find  the  other  terms  of  the  root. 

DEMONSTRATION. 
The  accuracy  of  this  rule  depends  upon  the  following  principles. 

PBINOIPLS 

1.  When  a  polynomial  and  its  square  are  arranged  according  to  the 
powers  of  a  certain  letter,  the  first  term  of  the  square  is  the  square  of 
the  first  term  of  the  polynomial. 

This  priuciple  is  only  a  particular  case  of  that  upon  wh'ch  the 
division  of  polynomials  is  based. 
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PBINCIPLS 

2.  When  a  polynomial  and  its  square  are  arranged  aeeardinp  to  the 
powers  of  a  certain  letter,  and  the  sguare  of  the  sum  of  n  terms  ef  the 
polynomial  is  subtracted  from  its  complete  square^  the  first  termofth$ 
remainder  is  twite  the  product  cf  the  first  term  of  the  polynomial  hy 
its  (n  +  l)st  term. 

Let  A  represent  the  first  n  terms  of  a  polynomial  and  B  the  re- 
maining terms.  Then  the  whole  polynomial  may  be  represented  by 
A+By  which,  we  will  suppose,  is  arranged  according  to  the  decreaa* 
ing  power  of  a  certain  letter.  If  we  subtract  from  the  square  of 
A+By  which  is  A*+2AB-^B'y  the  square  of  the  first  n  terms  of 
A-^B,  which  is  A\  there  remains  2AB-^B^, 

It  is  evident  that  in  the  remainder  2AB-^£^y  the  first  term  of  2AB 
contains  a  higher  power  of  the  leading  letter  than  any  of  the  other 
terms,  and  is,  therefore,  the  first  term  of  the  remainder.  But  the  first 
term  of  2AB  is  twice  the  product  of  the  first  term  of  A^  which  is  the 
first  term  of  the  proposed  polynomial  by  the  first  term  of  Bj  which  is 
the  {n  +  i)st  of  the  same  polynomial.  Hence,  the  principle  is  eatab* 
lished. 

Let  us  now  proceed  to  the  extraction  of  the  square  root  of  a  poly- 
nomial, which,  as  well  as  its  root,  we  shall  conceive  to  be  arranged 
according  to  the  powers  of  a  certain  letter.  By  the  first  Principle, 
we  ](now  that  the  first  term  of  the  polynomial  is  the  square  of  the  first 
ierm  of  the  root;  hence,  we  shall  obtain  the  first  term  of  the  root  by 
extracting  the  square  root  of  the  first  term  of  the  polynomiaL  By 
the  second  Principle,  if  we  subtract  from  the  polynomial  the  square  of 
the  first  term  of  the  root,  the  first  term  of  the  remainder  will  be  twice 
the  product  of  the  first  term  of  the  root  by  the  aeoond  term  of  the 
root ;  hence,  we  shall  obtain  the  second  term  of  the  root  by  dividing 
the  first  term  of  the  remainder  by  twice  the  first  t^rm  of  the  root 
Also,  by  the  same  Principle,  if  we  subtract  from  the  proposed  poly- 
nomial the  square  of  the  sum  of  the  first  two  terms  of  the  root,  the 
first  term  of  the  remainder  will  be  twice  the  product  of  the  first  term 
of  the  root  by  the  ^ird  term  of  the  root ;  hence,  we  shall  obtain  the 
third  term  of  the  root  by  dividing  the  first  term  of  this  remainder  by 
twice  the  first  term  of  the  root 

We  may  observe  that,  instead  of  subtracting  from  the  pven  poly- 
nomial the  square  of  the  sum  of  the  first  two  terms  of  the  root,  it  will 
prodnee  the  same  result  to  subtract  from  the  first  remainder  twice  the 
product  of  the  first  twm  of  the  root  by  the  8!p<5<ffldl  ternfi  ^  the  loot^ 
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plus^the  squue  of  the  second  tenn  of  the  root,  smce,  we  have  already 
subtracted  the  square  of  the  first  term  of  the  root  Thereforei  if  we 
write  the  second  term  of  the  root  after  twice  the  first  term  of  the 
root,  and  mtdtipl  j  the  binomial  thus  formed  by  the  second  term  of 
the  root,  and  subtract  the  product  fnun  the  first  remainder,  and  divide 
the  first  term  of  this  new  remainder  by  twice  the  first  term  of  the 
root,  we  shall  obtain  the  third  term  of  the  root  Continuing  thus,  we 
shall  obtain  successively  all  the  terms  of  which  the  root  is  composed, 
and  this  process  is  exactly  that  given  in  the  rule ;  hence,  the  accuracy 
of  the  rule  b  ri^^dly  established. 

PBOBLBM. 

(199.)  Extract  the  square  root  of  a'+fl^+6aV— 4a*«— ioa^. 
OperaHofL 


2a*— 2a«  )— 4a*af  +  6aV— 4air' +«* 

— 4o*a?-f4aV 

2o'— 4aa?+«*  )  2aV— 4ax*+«* 
2aV~4ttg'+a?* 

SOLUTION. 

1.  We  arranged  the  given  polynomial  according  to  the  deoreasng 
powers  of  a. 

2.  We  extracted  the  square  of  a\  and  placed  the  result  a*  as  the 
first  term  of  the  root. 

8.  We  subtracted  the  square  of  a*,  which  is  a\  f]x>m  the  given 
polynomial,  and  obtained  the  remainder,  ^4a*x+6aV^4a3^+x\ 

4.  We  divided  —4a*x  by  2a*,  and  placed  the  result,  —  2aa;,  as  the 
second  term  of  the  root 

5.  We  annexed  —2(us  to  2a*,  thus  making  2a*— 2a^,  and  multi- 
plied this  binomial  by  ^2ax,  and  subta*2icted  the  product,  —  4a*d;+ 
4a*a!*,  fipom  — 4a*a? + Qa^a^—iaai^  +«*,  and  thus  obtained  the  remainder, 
2a*a!*--4aar*4-aJ*. 

6.  We  divided  2a*«*  by  2a*,  and  placed  the  result  «*  as  the  third 
term  of  the  root 

7.  We  annexed  a^  to  twice  a*— 2ad;,  thus  making  2a*—4ax+x\ 
and  multiplied  this  trinomial  by  x\  and  subtracted  the  product,  2aV 
F-4<ia?*-f  ar\  from  2a*a?*— 4a»*+af*,  and  obtained  no  remainder. 
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SoHOiJuic. — If  we  hiad  amnged  tlie  given  polynrmial  ac^  7  ^  :;  to 
the  decreadng  powers  of  x^  we  should  have  obtvned  for  the  itK>t 
a^—2(ix-\-a%  which  is  the  same  as  a*— 20^7+4^,  dififerently  arn^Lged. 
If  we  had  taken,  in  the  above  process,  ^a'  as  the  root  of  a\  tiie  com- 
plete Tesnlt  would  have  bee^  ^a'+2(up— «",  or  2ajr— (a'+c*). 
The  two  roots  of  the  polynomial  are  given  by  the  ezpresaion 
db(a'— 2(Mf+«*). 

BZAMPLX8. 

/ 

1«  Extract  ihe  square  root  o{ a* -{•2ah+h\  Jm$.  d:(a-f  I). 

n 

2«  Extractthesquarerootof  a**— 2a"'6^+6*. 

An$.  ar-^-b^  or  »*— «' 

8«  Extract  the  square  root  of  25x—l0xi'^4dxi. 

Am.  hxk—^lxk  or  ?ci-*i«t. 

4«  Extract  the  square  root  of  -^ TJ'^'d^* 

2a    Ze        Se     2n 
An,,  -g— ^  or  ^--g.. 

16 


ft  Extract  the  square  root  of  tx— i«^ +i«^ 


6*  Extract  the  square  root  of  9a"a:r— 42a""r"a5T"+49a*a:F. 

fim  MA  mn        •«iiai 

-4n«.  BaJxT—laJxl  or  Yaaa?T— 3aaaj4. 

7.  ExtractthesquarerootoflOap*— 10a?'— 12aj*  +  9ar*— 2aj  +  l+6a:'. 

.4jw.  =b(3«*-2«'+ar-l). 

8.  Extract  the  square  root  of  ^a^^+a^^+x^'^  ' 

.        ,ax-{-hV 

Arts.  ±— r-r — r* 

9«  Extract  the  square  root  of  4«*—20a?^a^+25«W  +  24aj«y«6^ 

lOt  Extract  the  square  root  of  a*— 2a'+}a'—4a+TV« 

Ans.  =fc(a»— a+J). 
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PBOBLSIf. 
(Itf3«)  To  extract  the  eobe  root  of  a  polynomla!. 

BULB. 

1.  Arrang€  the  ffiven  polynomial  according  to  the  powen  of  a  eer- 
tedn  Utter. 

2.  Extract  the  euhe  root  of  the  first  term  of  the  polynomial,  and 
place  the  result  as  the  first  term  of  the  required  rooL 

3.  Subtract  the  cube  of  the  first  term  of  the  root  from  the  given  poly- 
nomial, 

4.  Divide  the  first  term  of  the  remainder  by  three  times  the  square 
of  the  first  term  of  the  root^  and  place  the  quotient  as  the  second  term 
of  the  root. 

5.  Cube  the  sum  of  the  first  two  terms  of  the  root,  and  subtract  the 
resvlifrom  the  given  polynomial, 

6.  Divide  the  first  term  of  the  second  remainder  by  three  times  the 
square  of  the  first  term  of  the  root,  and  place  the  results  as  the  third 
term  of  the  root, 

7.  Cube  the  sum  of  the  first  three  terms  of  the  root,  <md  subtract 
the  result  from  the  given  polynomial.  Then  proceed  in  the  sasne  man- 
ner to  find  the  other  terms  of  the  root. 

DEMONSTRATION. 
The  accuracy  of  this  rule  depends  on  the  following  principles. 

PRINCIFLB 

1.  When  a  polynomial  and  its  cube  are  arranged  according  to  the 
powers  of  a  certain  letter,  the  first  term  of  the  cube  is  the  cube  of  the 
first  term  (f  the  polynomial. 

This  principle  is  only  a  particular  case  of  that  upon  which  the 
division  of  polynomials  is  based. 

•     PRIKCIPLB 

2.  When  a  polynomial  and  its  cube  are  arranged  according  to  the 
jxnoers  of  a  certain  letter,  and  the  cube  of  the  sum  ofn  terms  of  the 
polynomial  is  subtracted  from  its  complete  cube,  the  first  term  cf  the 
remainder  is  three  times  the  product  of  the  square  ^  thefirsit  §erm  of 
the  polynomial  by  its  {n-\-l)st  urm^ 


EvoLunoK.  186 

Let  A  represent  the  first  n  terms  of  a  polynomial,  and  ^  the  re- 
maining terms.  Then  tlie  whole  polynomial  may  he  represented  hy 
A'\-By  which  we  will  suppose  is  arranged  according  to  the  decreasing 
powers  of  a  certain  letter.  If  we  subtract  from  the  cube  ci  A^B, 
which  is  A^-^'SA^B+SAB'+B'y  the  cube  of  the  first  n  terms  of 
Ai-B,  which  is  A\  there  remains  3^'^ + SAB* +B:  It  is  evident 
that  in  the  remainder  SA*B+SAB*+B^  the  first  term  of  SA*B  con- 
tains a  higher  power  of  the  leading  letter  than  any  of  the  other  terms, 
and  is  therefore  the  first  term  of  the  remainder.  But  the  first  term 
of  SA*B  is  three  times  the  product  of  the  square  of  the  first  term  of 
A^  which  is  the  first  term  of  the  proposed  polynomial,  by  the  first  term 
of  ^,  which  is  the  {n+l)st  term  of  the  same  polynomial.  Henoe  the 
principle  is  established. 

Let  us  proceed  now  to  the  extraction  of  the  cube  root  of  a  poly- 
nomial which,  as  well  as  its  root,  we  shall  conceive  to  be  arranged  ^ 
according  to  the  powers  of  a  certain  letter.  By  the  first  Principle, 
we  know  that  the  first  term  of  the  polynomial  is  the  cube  of  the  first 
term  of  the  root ;  hence,  we  shall  obtain  the  first  term  of  the  root  by 
extractiag  the  cube  root  of  the  first  term  of  the  poljmomial.  By  the 
second  Principle,  if  we  subtract  firom  the  polynomial  the  cube  of  the 
^rst  term  of  Uie  root,  the  first  term  of  the  remainder  will  be  three 
times  the  product  of  the  square  of  the  first  term  of  the  root  by  the 
second  term  of  the  root ;  hence,  we  shall  obtain  the  second  term  of 
the  root  by  dividing  the  first  term  of  the  remainder  by  three  tames 
the  square  of  the  first  term  of  the  root.  Also,  by  the  same  principle, 
if  we  subtract  from  the  proposed  polynomial  the  cube  of  the  sum  of 
the  first  two  terms  of  the  root,  the  first  term  of  the  remainder  will  be 
three  times  the  product  of  the  square  of  the  first  term  of  the  root  by 
the  third  term  of  the  root;  hence,  we  shall  obtain  the  third  term  of 
the  root  by  dividing  the  first  term  of  this  remainder  by  three  times 
the  square  of  the  first  term  of  the  root.  Continuing  Uius,  we  shall 
obtain  all  the  terms  of  the  root.  This  process  is  exactly  that  given  in 
the  rule ;  hence,  the  accuracy  of  the  rule  is  rigidly  established. 

PBOBLBM. 

(194*)   Extract  the  cube  root   of  a?*— 6a;»4-2Ia:*-44a:'  +  63«' 
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OperaHon. 


Sx')  ~6a?* 


ar«_6i:»  +  12ar*—  8«* 


3^*)9^ 


«•— 6x»  +  21a:*— 44«"  +  63jp»— 64a;  +  2Y. 

Rbxask. — The  atadent  should  obsorre  that  it  is  not  necessarj  to  brng  down 
anj  termfl  of  the  remainder  except  the  first,  as  was  done  in  the  above  qpera^ 
tion. 

80LUTI0K. 

1.  We  anaoged  tlie  given  polynomial  according  to  the  decreafflng 
powers  of  «.  • 

2.  We  extracted  the  cube  root  of  «*  and  placed  the  result,  o^,  as 
the  first  term  of  the  root. 

8.  We  subtracted  the  cube  of  «"  which  is  x*  from  the  given  polj* 
nomial. 

4.  We  divided  ^9^^,  the  first  term  of  the  remainder,  by  3:if*,  or 
three  time  the  square  of  a^^  and  pUoed  the  result,  ^2x^  as  the  second 
term  of  the  root 

5.  We  cubed  s^—2x^  which  is  the  sum  of  the  first  two  terms  of  the 
root,  and  subtracted  the  result,  d:'~6i;*+12j;^— ar*,  from  the  given 
|)olynomial. 

6.  We  divided  9x\  the  first  term  of  the  second  remainder,  by  Zx\ 
or  three  times  the  square  of  jb',  and  placed  the  result,  3,  as  the  third 
term  of  the  root. 

7.  We  cubed  «"— 2:^+3  which  is  the  sum  of  the  first  three  terms 
of  the  root  and  subtracted  the  result,  a;*— 6«*+21fl^— 44a^+68«* 
— 64:r + 27,  from  the  given  polynomial,  which  left  no  remainder.    , 

EXAMPLES. 

1  •  Extract  the  cube  root  of  a'  +  Za*h  +  da6'  +  6'.        Ans,  a + 5. 

t.  Extract  the  cube  root  of  8aV—84o'6a;*  +  294a5V— 3436V. 

Ans.  2ax—*Ihsi^, 

Z.  Extract  the  cube  root  of  8a:*  —  36aa;*  +  102aV  —  lYlaV 
+  204aV— 144a»af+64a*.  An8.  2a:*— 3ar-f  4a'. 

4f  Extract  the  cube  root  of  «•— 9af'  +  39a;*— 99a:'4-166a;»— 144« 
+  64.  Ans.  ar"— 3.r+4. 


EVOLUTION.  ItT 

5.  Extract  the  cube  root  of  fl;'+6i;*— 40«*+96«— 64. 

Am.  «'+2«~4. 

f.  Extract  the  cube  root  of  «•— 6j;»  +  15«*— 20«*+16a!*— 6j?+1. 

7*  Extract  the  cube  root  of  a*+Sa*b  +  SaV + daft*  +  doc* +6060 
fi'  +  36*c+36c*+c».  u4n«.  a+6+c 

8.  Extract  the  cube  root  of  27a;'— 64a;»4-68«*— 44«*+21««— e« 
+  !•  w4n«.  8«»— 2af+l. 

9.  Extract  the  cube  root  of  (a+6)»  +  8(a+6)V+3(a+6)c"+c'. 

lOt  Extract  the  cube  root  of  1— 6jr  +  12a;'— ar*.       uin«.  1— 2jp. 

PROBLBM. 
(1 95«)  To  find  the  mth  root  of  a  polynomial. 

RUI.E. 

1.  Armngt  the  pdynomial  according  to  the  powers  of  a  certain 
letter. 

2.  Extract  the  mth  root  of  the  first  term  of  the  polynomial^  and 
place  the  result  as  the  first  term  of  the  root. 

3.  Batse  the  first  term  of  the  root  to  the  mth  power,  and  subtract  the 
result  from  the  given  polynomial. 

4.  Divide  the  first  termcf  ike  remainder  hy^»  Hmes  the  (m— l)8t 
IHwer  of  the  first  term  of  the  r^ot,  ind  place  the  'miiient  as  thi 
second  term  of  the  root. 

5.  Boise  the  sum  of  the  first  two  terms  of  the  root  to  the  mth  power, 
and  subtract  the  result  from  the  given  polynomial, 

6.  Divide  the  first  term  of  the  second  remainder  by  m  times  the 
{m—l)st  power  of  the  first  term  of  the  root,  and  place  the  quotient 
iu  the  third  term  of  the  root.  Continue  thus  until  all  the  terms  oj 
the  root  are  obtained. 

DEMONSTRATION 
To  be  supplied  by  the  student 

PROBLEM. 

(196.)  Extract  the  4th  root  of  a*— 4a"a:+a?*  +  6aV— 4a«*, 
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Operation. 


4a*)  -4o'a? 


a*— 4a'j:+ 6aV— 4ar»+a:* 


SOLUTION. 


1.  We  ananged  the  polynoiQiiJ  aocording  to  the  decreasbg  powen 
of  a. 

2.  We  extracted  the  4th  root  of  a*  and  placed  the  resiilt,  a,  as  the 
first  term  of  the  root. 

3.  We  raised  a—x  to  the  4th  power,  and  obtidned  a*'^4a*x 
+6aV— 4(u;*+d;\  which,  subtracted  from  the  given  polynomial,  left 
^o  remainder. 

XXAlfPLES. 

1,  find  the  second  root  of  a^  +  22y+y'+6a»+6y2;+92*. 

Am.  db(ir+y+3«). 

2.  Find  the  third  root  of  a'— 6a'af+12(M?*— Sx". 

Ans.  a— 2af. 

%  Find  the  fourth  root  of  16«*— 96a'a;+216oV— 216aaf»  +  81**. 

Ans.  dt:(2a— 3ar). 

4.  Find  the  axth  rootcf  «•— 6x»  +  15af*— 20a:*  +  16*'— 6ar+l. 

Ans.  db(a?— 1). 

5.  Find  the  eighth  rcot  of  «*+8jc' +28a?*+56x»+ Y0a?*4- Seas' 
4-28«*+8a?  +  l.  Ans.  d=(jc  +  l). 


CHAPTER^IX. 

BADICALS. 

(197.)  A  TodimL  esqprudon  is  one  which  oontains  one  or  mort 
radical  sigiM,  or  fisaotional  exponents ;  as,  Via,  ak^  \/a\  Ac 

(198«)  A  rational  quantity  is  one  which  may  be  represented 
without  the  aid  of  a  radical  expression.  Thus,  f^a*,  8  %  and  VsT  are 
rational  quantities,  because  they  may  be  represented  dba,  2,  and  ::kd. 

(199.)  An  irratumal  or  surd  quantity  is  one  which  can  not  be 
xej^esented  without  the  aid  of  a  radical  expression ;  as,  fa,  f^5, 2^,  drc 

(200«)  An  imaginary  quantity  is  one  which  is  r^resented  by  a 
radical  expression  denoting  the  even  root  of  a  negative  quantity ;  as, 
f/3r,  v^,  (-4)*,  <fec 

(201«)  A  quadratic  swrd  is  one  in  which  the  root  indicated  is 
the  square  root;  a%  Va^  Vb^  V2y  isc. 

(202f)  A  cubic  9urd  is  one  in  which  the  root  indicated  u  A^ 
cube  root;  as,  Vo,  U,  \/2,  &c. 

THSOBEK. 

(203*)  The  square  root  of  a  rational  quanHl$  can  not  be  partly 
rational  arid  partly  a  quadratic  surd. 

DBMONSTRATION. 
If  possible,  let  the  square  root  of  a  be  5+f^c.  It  follows  then  that 
9  must  be  equal  to  the  square  of  b+Vcj  or  b*-\-2bVc-\-c^  that  is,  a 
taticDal  quantity  is  equal  to  the  sum  of  two  rational  quantities  and  an 
irrational  one,  which  is  manifestly  impossible,  therefore,  Vft^b+Yn 
represents  an  impossibility. 

THEOREM. 
(204.)  In  aiMf  equation  connatmg  of  rational  quantities  and 
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quadratic  turdSy  the  9um  of  the  rational  quantities  in  the  first  fnem- 
her  is  equal  to  the  sum  of  the  rational  quantities  in  the  second  member^ 

DEKOKSTRATION. 

J£ a+b-^-Ve-^d-hVe^zmrhn+p+Vr+Vp,  then  a+b=m-^n-{'p, 
and  Vc-^-Vd-^-Ve^Vr-^Vp.  Let  Azua+b  and  VSz=Vc+Vd+V7; 
also,  C=im+n+p  and  V5^=fV-H^JB^  then  A+VB':=C+VW. 

If  ^  does  not  equal  C,  let  it  equal  (7=b^ihen  C±t-}-VB'=C-\'VD, 
or  dct-^VB^Df  which  shows  ihat  the  square  root  of  i>  is  equal  to 
a  quantity  partly  rational  and  partly  a  quadntic  sard,  whieh  by  the 
last  Theorem  is  impossible,  unless  dti  is  equal  to  nothing;  whence 
^B'=V'Dw:idAzza     Q.KJ). 

THBORBIC. 
(205*)  ^the  square  root  of  a -{-Vb  equals  or+y,  then  the  square 
root  ofa—Vb  equals  rr—y ;  x  and  y  being  supposed  to  be  one  or  both 
quadraOe  surds. 

DEKONSTRATIOK. 

By  hypothecs  a+V'6=:«*  +  2«y+y'=«*+y"  +  2«y.  It  is  evident 
that  a:*+y*  must  be  rational,  since  both  ^  and  y*  are  rational, 
whether  a;  or  y  are  supposed  to  be  rational  or  quadratio  surds. 
Eence,  by  the  last  llieorem,  we  must  have  a=s^+^  BjadVbs=z2xy^ 
whence  a— f6=«*+y"— 2ay=a?'— 2«y+y",  or  j^a^b=x—y. 


^f  » t».»> 
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PROBLEM. 

(206t)  To  reduce  a  rational  quantity  to  the  form  of  a  propoaed 
surd. 

RULE. 

Involve  the  given  rational  quantity  to  a  power  denoted  by  the  index 
of  the  proposed  surd,  and  then  represent  the  corresponding  r)ot  of  the^ 
result  by  means  of  a  radical  sign  or  fraetional  exponent. 
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PROBLXM. 

(207*)  Bednoe  a  to  the  form  of  a  cubic  surd. 

SOLUTION.  ^ 

Hie  cube  root  of  a*  or  l/a*==(a*)'  is  evidently  the  required  ferm. 

XXAMPLES. 

It  Beduce  3  to  the  form  of  a  quadratic  surd.       ^nt.  Vi  tft  9^. 

2.  Beduce  Zo^  to  the  form  of  a  cubic  surd.  Asm.  \/2W. 

ohx 
Sf  Beduce r to  die  form  of  a  cubic  surd. 

^  (a+6+«)«- 

4*  Beduce  a-^-x  to  the  form  of  a  quadratic  surd.     

Am.  Vo'+2(m?+««. 

V2  /J" 

5«  Beduce  —  to  the  form  of  a  quadratic  surd.  Ans.  v^rr.  . 

5  ^25 

vi 

7t  Beduce  a*&'  to  the  form  of  the  flfih  root.  Am.  (ah^)^. 

8«  Beduce  \/a  to  the  form  of  a  quadratic  surd.       Am.  k/Xfuf 
9«  Beduce  —a  to  the  form  of  a  quadratic  surd. 


u                                                                      • *  /125 
fft  Beduce  — =:  to  the  form  of  a  cubic  surd*  Am.  y . 


Am.  Va*=zy{-^a)\ 
!••  Beduce  —a  to  the  form  of  the  fourth  root       Am.  V(— «)*• 

PBOBLBlf. 

(208«)  Beduce  of^  to  the  form  of  a  quadratic  suixL 

SOLUTION. 

Since  a=Va\  we  have  d/b=Vayb=V^. 

XZAMPLXS. 

h  Beduce  2^3  to  the  form  of  a  quadratic  surd.  Am.  |^12« 

2f  Beduce  8V2  to  the  form  of  a  cubic  stod.  Am.  V54. 

8*  Beduce  a  V  J  to  the  form  of  the  mth  root  Am.  Va*S 
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4.  Beduce  {a—h)Va*+b*^2tA  to  the  form  <tf  a  quadratic  said. 


PBOBL£K. 

(SOS.y  To  roduee  two  or  more  radicab  having  different  indicai 
to  equiyalent  ones  having  the  same  index. 

RULE. 

Sepreieni  the  given  radieali  by  the  aid  offraetUmal  exponents,  and 
reduce  these  Jractianal  exponents  to  equivalent  ones  having  a  common 
denominator;  then  raise  each  quanHiy  reqfeetively  to  the  powers  de- 
noted  hy  the  numerators  of  these  fractions^  and  the  common  denomina- 
tor wdl  be  the  index  of  the  root  rfeaeh, 

PBOBLSlf. 

(210.)  To  reduce  2VS  and  W2  to  sunk  ezpresang  the  same 
root 

SOLUTIOK. 

We  have  2V3=V/2i=(24)^  and  8V2=Vl8=(18)i.    But  A=f 

aodi=|;  whence,  (24)*=(«4)*==(24')^=6';6^==V576,aad(18)* 

=(18)*=(18")*=(6882)*=l/5832.     Therefore,  2^3=1/576  and 
31^2=^5832. 

XXAlfPLBB. 

!•  Reduce  V2  and  V^  "to  surds  expressing  the  same  root. 

Ans.  V8  and  Vl«. 

2*  Reduce  f^o^  and  Vff  to  surds  expressing  the  same  root 

Ans.  *VV»  and  Vj^ 

S*  Reduce  Vax  and  Vba^  to  surds  having  a  common  index. 

Ans.  Xf^  aad  X/W. 

4t  Reduce  f^3  and  \/2  to  dads  faavii^  a  conunon  index. 

Am.  1/27  and  Vl 
!•  Reduce  6^  and  ^  to  surds  having  a  common  indexT 

Ans.  'V^and  '\f&. 
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Ct  Beduce  2^;  3^,  and  V6  to  surds  having  a  oommon  index. 

Ana.  *V6T2,  V6661,  and  VlSOM. 


7«  Reduce  aVa—x  and  &>/«*— ^  to  snrds  having  a  common  index. 

jins.  Va'-3a«ar+3«V-aV  and  V«*6«-2a«6V  +  6V. 

6 

8,  Reduce  aVx—y  and  7T==*  to  Bwds  having  a  common  index. 

Ana.  VaV— 2a*a!y +ay  and  Vft^^+PP- 


9«  Reduce  Va*—a^  and  V«*+«*  to  the  form  of  the  eighth  root 
Ana.  V(a'-a:')*  and  Va'+2aV+?. 

10*  Reduce  (a+x)i  and  (a'j?)t  to  surds  having  a  oonmion  index. 
Ana.  (a*+3a*a?+3a«»+«»)*  and  (a*-4a»af+CaV—4«r» +*•)'. 

PROBLEM. 

(21  !•)  To  reduce  surds  to  their  simplest  form 

RULE. 

Separate  the  qwmiUif  under  the  radical  into  two  factoray  one  of 
which  muat  be  the  greateat  perfect  power  correaponding  to  the  root 
indicated  ^kat  ia  contained  in  ike gipen  quantity.  JSxtraet  therooiqf 
thiafactor^  and  place  the  product  of  it  by  the  coefficient  of  the  radical 
party  aa  the  coefficient  of  the  other  factor  affected  by  the  given  radical 
eign. 

PROBLEM 


(213.)   1.  Beduce  4l/5(a'+a'&)  to  it  simplest  fonn. 

SOLUTXOK. 

ffinee,  V6(a*+a*6)=V5(l  +a6)o»=Vfl?"V6(l +a6)=oV6(l  +ah\ 
we  have,  4V6(a*+a**)=4aV6(l  +ab). 

PROBLEM 

2.  Beduce  ^Vf  to  its  simplest  form. 

SOLUTION. 

Since,  V*=VH=ViV  •  15=VA  Vl5=iVT5,  we  have  iVf = 
tVl6. 
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BXAMPL'lBS. 

It  Bedaoe  f'lBa**  to  its  simpleatform.  Am.  4aVm, 


2»  Bedttoe  \/ab*x  to  its  simpleBt  form*  Jnt.  h\/ax. 

St  Reduce  V81  to  its  simplest  form.  Ans.  3Vd. 

4t  Bedaoe  4^288  to  its  simplest  foniL  Ana.  12V2. 

At  Bedaoe  Vl  to  its  simplest  form.  Am,  \VQ, 


6t  Bedttoe  f^27aV  to  its  simplest  fonn.  Am.  3<ix^VSax. 


7t  Beduoe  V^ax^— 86V  to  its  simplest  form. 

Am.  sfi/^az^Zh\ 

8i  Beduoe  V'B"'^^  to  its  simplest  fonn.  Am.q'^I^ 

9«  Beduoe  f'(a+te)*«y  to  its  simplest  fonn.    .^Iim.  (a+&p)Vl^. 


lOi  Beduce  V(a +«)*&'  to  its  simplest  fonn.  Am.  (a+JK}H. 

11.  Beduce  |/(^""^)'^^<'-^^)  ^  its  simplest  fonn. 

^  («-^-(i±f)-. 

12t  Beduoe  V185  to  its  simplest  fonn.  Am.  3V^ 

ISt  Beduce  bVbi  to  its  simplest  fonn.  Am.  151^6. 

lit  Beduce  3V108  to  its  simplest  fonn.  Am.  9\/4. 

i$t  Beduoe  VaP+6a^to  its  simplest  fonn.  Am.  ^a-i-bx^ 

ICt  Beduce  }Vf  to  its  simplest  fonn.  Am.  1^4^21. 

17*  Beduce  5  V}  to  its  simplest  fonn.  Am.  f  V18. 

l^.  Beduce  Ti/-^  to  its  simplest  fonn.  Am.  -r^d. 


19t  Beduoe  y  -ri \  ^  ^^  amplest  fonn. 

20t  Beduce  1/-3-  to  its  simplest  fonn.       Am. VoffL^t^ 
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ADDITION   OF   RADICALS. 


PBOBLEM. 


^       (2 1S«)  To  add  radicals. 


KtJLS. 


JReduce  the  radieah  to  their  simplest  fornix  and  proceed  at  in 
addUkm. 


PROBLEM 


(214.)  1.  Add  together  V500  and  Vl08. 


SOLUTION. 


V600=V126  .  4=V125V4=6V4 
and  V108=V27    .  4=V27  V4=8V4 

Tterefore,       V500  +  VT08=6V4  +  3V4=;:8V4. 

PBOBLSM 

"-  2.  Find  the  som  of  dV|  and  2V^. 

SOLUTION. 


and  2V^=:2V:/^=z2¥ji^  .  10=2f^;|7yTo=2  .  TVm=j»^10 


Therefore, 


3Vi  +  2f'T.V=i^lO+iVlO=Ji^lO, 


KZAMPLE8. 

1.  Find  the  sum  of  ^08  and  ^^S.  Am.  bV2. 

2.  Find  the  snm  of  y76  and  -/is.  ji»w.  OVS. 
%.  Rnd  the  sum  of  |/??  and  /^^  Jn».  (tf +e)f^. 
4*  Knd  the  sum  of  yl60  aad^f^54.  jliw.  2f  6. 
5.  Find  the  sum  of  VflSS^and  V^^  -4iw.  (a +«»)  V?i. 
Ct  find  the  sum  of  |/4a^  and  S^rVia.  uIjm.  ll«^a. 
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7    Kndtliesumof8xV2aV,  8aV2aVand2apV2aV.    

Aru.  13arV2aV. 

8.  Pmdtliesamof  |/^,  |/^,and  |/^. 

.       /a*      ax  ,  ac\   /x 


^n*.  2i^^\v^ 


!••  Find  the  sum  of  Vd2  and  21/40.  Jjm.  2V2 +4V5. 

01,  find  the  mm  of  ^24,  ^54,  and  — f'a.  Am.  4f^6. 

*•  Find  the  Bum  of  21^8,  — 7fl8,  61^7^  and  —^60.    Ans.  8V5. 
IS.  ilnd  the  sum  of  3Vd2  and  2V54.  Ans.  6(V4+ V2). 

11.  Find  the  som  of  V24,  2^72,  and  aV6?. 

Ans.  2{V6  +  6V2)+axy6. 

U.  Find  the  sum  of  SVf,  Veo,  -J^VUmd  Vf.       Ans.  4VS. 

1«.  Find  the  sum  of  VsT,  -2V24, 1^28  and  2VeS. 

Ans.  SVI^VB. 


IT.  Find  the  sum  of  y     ^^'   and  — y  ^r  • 

Ans.  (3a-l)  y^. 

18.  Fmdthe  sum  of  36YaV,  +-  VoV  and-c*|/^. 

c  '     0 

Ans.  yBab*+2a*~)vM. 


U.  Fbd  the  Qum  of  V64a'^6',  —  Vl6a"^6«,  V2a*-^»,  and  V2c*a-. 

..In*,  (sa'ft— — +a-H-*+cW2a-. 


20*   Find    the    sum    of   V2""a"v+»6'*^»,    V3V"—*^- •&*+•,    and 
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PROBLXM, 

(215.)  Flndthesumof  f^8andVd2. 

SOLUTION. 

If  we  square  V8  + 1^82  and  then  take  the  square  root,  we  would 
have  a  quantity  equal  to  the  sum  of  V8  and  f^32.  The  square  of  V% 
+  4^32  18  8 +  2. 1^8. 1^32+32,  or  40  +  2.V8i32;or  40  +  2f'2io,  or 
40-1:2 .  16,  or  40+82=72.  The  square  root  of  72,  or  1^72=6^2, 
which  is  the  sum  of  VH  and  V32. 

The  application  of  this  mode  gives  ezerdse  in  the  involution  of 
radicals.  ^ 

KZAMPLES. 

!•  Find  the  sum  of  V\2  and  ^27.  Am.  5f^8. 

2t  Find  the  sum  of  Vl6  and  Vbi.  Am.  5V2. 


^    H    »   »l   » 


BUBTBACTION   OF   RADICALS. 

PBOBLEM. 
(2 16.)  To  subtract  radicals. 

BUXiS. 
Change  the  sign  of  the  radical  to  be  subtracted  and  proceed  < 
addition  of  radicale. 

PBOBLKM. 

(217.)  From  Vji  subtract  V}. 

SOLITTIOK. 

and     Vi=V^=V^.(i=iye=fyi^ 
Therefore,  V^---  Vf=TV  Ve-^Ve^^Ve. 

SXAMPLES. 


!•  From  Kl08aa^  subtract  f'48a«*  Am.  2xVSa. 
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2.  From  9aVbJ?  take  5xV^b.  Am.  AaxVh. 

S.  Rom  V^i  take  V^^.  Am.  (a^i^vl. 


4.  Subtract  aVbi^  from  Vl6a*6V.  Ans.  aeVb. 

B.  Snbtnot  Sf^46  from  5^20.  Ans.  VB. 

€•  From  Vl92  subtract  V24.  ^n«.  2Vd. 

7.  From  3 Vf  ai^tract  2f^^.  Jna.  f  f'lO. 

8.  From  jf"}  subtract  f  i^.  jIjm.  H^^ 

.9.  From    y?^. subtract  |/?^.  Ans.  (sax-^'^Y^. 


r      a"— 2a6+ft  "     a*+2a6+6' 

!!•  From  V56  subtract  —  Vi89.  Ans.  5  V7. 

It.  From  3  ViPb  subtract  — 8  Vl6a%.  ^n«.  (12a' + 3a)  Vb. 


i^«« » >>» 


MULTIPLICATION   OF  RADICALS. 

PBOBLEM. 
(218.)  To  multiply  bj  radicals. 

BULS. 

Reduce  the  radicals  to  equivalent  ones  es^preenng  D(e  ssffM  ta/t^t^  and 
multiply  the  coefficiente  together  far  the  coefficient  of  the  product^  and 
the  parte  under  the  radicals  for  the  radical  part. 

PROBLBK. 

(219.)  Multiply  Va  by  Vft. 

SOLUTION, 

V«="\'«*  and  V6="V6*,  wheiKse  Va-Vi="Va-"V^="VS^ 


KTTLTIPIJCATION  OP  BADIOALS.  lO 

SZAMPLX8, 

1.  Multiplyi^2by4/5.  Ans.  ^To, 

2.  Multiply  4/2  by  V2.  -4iw.  V82. 
8.  Multiply  4/2  by  W.  uliw.  2V2. 

4.  Multiply  5  4/6  by  2  ^3.  Jns.   SO  ^2. 

5.  Multiply  ^B  by  Vl6.  ^nf.  4V82. 
••  Multiply  2Vt  by  SVf.  ^1«*.  2Vi6. 

7.  Multiply  4  4/8  by  8Vi.  ^iiM.  12Vm. 

8.  Multiply  2  4/27  by  4/3.  ^w.  18. 

9.  Multiply  6a*  by  8a*.  Am.  ISVoT 
I0«  Multiply  together  V«,  V6  and  V?.  Jim.  VaSci, 

11.  Multiply  together  V4,  YV«  and  jfl/i.  Ans.iVUO,  or  7Vl6. 

12.  Multiply  togeflier  4^  2Va  «^  >^.  -Aw.  8  ^C. 
13*  Multiply  ^Ta?  by  f'aaj(a'— «").                 -in*.  aV  4^«*— a^ 

14.  Multiply  together  ^  V«^  ^  V%  and  ^  V^. 

Iff.  Midtqily  «6+c  4/«y  by  a—  4/2.  _  

Ans.  a*b+ae  ^gy—ab  j^z--e  ^xyz^ 

ic.  Muitipfy  «—  v^+y  by  v^+  i^y*       ■'^'  *  t^^+y  i^- 

17.  Multiply  j^+a*Vh+  4/?'V^+aft+  V^  VT*+  V^  by   4/a. 
^Vft.  Jn*.  a'— 6*. 

18.  Multiply  4/2+  4/3  by  2  4/2-  ^B.  Ans.  1+  ^6. 

I».  M&ltiply  2  4^6-3  4/6  by  4  4/3-  4/1O.  _ 

Jn*.  39  4/2— 16  4/16. 

20.  Multiply  6+V4+2V6  by  4^  V^. _       

Ans.  5  4/6+6  4/5  +  2V126+2VI8O+  2V64-I  V2000. 
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DIVISION   OF   RADICALS. 

PBOBLEM. 
(220.)  To  divide  one  radical  by  another. 

BULE. 

Seduce  the  radieaU  toequhalent  anee  eapreeeing  the  earns  roai^  emd 
divide  the  eoeffident  of  the  dividend  hy  the  eoeffidad  ofihe  divieorfor 
the  eoeffiemX  cf  the  quotieat^  and  the  radical  pari  qf  the  dividend  iy 
the  radical  paH  cf  the  divieorfor  the  radical  part  of  the  quotient, 

PBOBLXM. 

(221.)  Divide  \  ^5  by  |V2. 

80LUTIOV. 

\  1/6=^1/125,  and  \V^=\\/i.  Dividing  \  by  |,  we  obtain  f ,  and 
Vi26  by  Vi,  we  get  ^/^i•.  Therefore,  i  y5-5-|V2=iVH^ 
=fV^W^=fv'2000. 

XXAMPLXS. 

!•  Divide  \Vl  by  \V2,  Ane.  jm. 

2,  Divide  4V82  by  Vi«.  Jne.  4^J,  or  2V2. 

S.  Divide  ef^l?  by  1/24.  Ane.  6V8. 

4i  Divide  4V««  by  Wxy.  Ane.  -i-^iv/. 

5.  Divide  ya«*  by  i/5;p.  ^n«.  ^f^oft. 

0 


Ct  Divide  ^aa?— «'  by  Va"— «".  uliw. 


Va+a:) 


8.  Divide  (*^J-^te+a»^p-.f%  hj¥x+Vy.  Ane.  a—Vb. 
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••  Divide  a+5-c+2Va6  by  Va+n-Vc.     Jns.  ^a+Vb+Ve. 

10.  Divide  SVlS-f'So +1^10-7  by  2f^6. 

11,  Divide  4/8+V12+ V2  by  2^2.          Ana.  1  +|vi8  +  iVi. 
I2t  Divide  4/0"— ir' by  a— ar.  Atu.  4/ . 


ISt  Divide  /^ab^—b'c  by  yJo— c,  *      -4iw.  &. 

14,  Divide  JV|  by  -/2  +  9^h  Ana.  ^. 

If.  Divide  4/72 -f4^32-4  by  |/8,  -4>i#.  6-4^2. 

IC.  Divide  4V12  by  2f  8.  Ana.  2VY* 

17.  Divide  |/?  by  |/?.           f  V^  ^^.  |/j 

18.  Divide  1/04  by  2.  Ana.  V2. 
19»  Divide  a  by  yia.  ui9».  j^a. 

20.  DiTide  VoJ^V  by  /^.  -^m-  /      ^  . 


^  I.  »  .1  » 

INVOLUTION   OF   RADICALS. 

PBOBLEM. 
(222.)  To  raise  a  radical  expression  to  a  given  power. 

RULE. 

Proceed  according  to  the  method  given  in  Involution^  obaerving  the 
nUeajuat  given  in  reference  to  radicala. 

PROBLEM. 

(223.)  1.  Square  3V3. 


tOS  ^     IHYOIiUnON  OF  UADIQJOA. 

SOLUTJOir, 

It  18  evident  that  the  Bquare  of  ai^  quantity  is  ecptl  to  the  product 
ci  the  square  of  its  fiictors.  I^  then,  we  multiply  the  square  of  \/3  by 
9,  we  mast  have  the  desired  result.  We  know  from  the  nature  of 
fractional  ezponenta,  that  the  square  of  the  cube  root  of  a  quantity  is 
equal  to  the  cube  root  of  its  square;  or,  in  algebraio  language, 
(Va)'=Va',  because  (ai)'=af.  Hence,  the  square  <tf  V3=V9  and 
oooBequently  (aV3)'=:9V9. 

PBOBIiBM 

2.  Kaise  ^3—1^2  to  the  4ih  power. 

SOLUTIOK. 

By  the  Binomial  Theorem,  we  have 

Sinqf^lifying  this  by  the  rules  for  radicals,  we  obtain 

(f^8-f'2)*=9-12>^6  +  86-8*^6+4ac:49-204^e. 

XXAMPLES. 

]•  Raise  iV6  to  the  4th  power.  Am.  ^. 

I,  Sidse  —  Va'  to  the  4th  power.  Ans.  a'  Va\ 

S.  Rsise  17K21  to  the  3d  power.  Ans.  103l7df^21. 

!•  Cube^x+Wy.  Am.  a?f^«+27yf^i+9a?f^y+27y|/y. 

S.  Cube  "j^Va-Vbei  Ans.  ^Te-Wa. 

C«  Square  VAup*.  Ana.  i^aa?^ 

VoK/a+x  a' 

8*  Raise  — j  \/{c  +  «)*  to  the  4th  power. 

Am.  fLj-(«+ap)\ 

9.  Cube  oIj|/6*— aP*+3«V«?.  Ana.  aW-aV+3aWfl?. 

10.  Square  4/5  +V3.  Ans.  8 + WH^ 


BVoi.uTK»r  or  radicals.  IH 


EVOLUTION.  OF   RADICALS. 

PBOBLKX. 
(22 4«)  Extract  the  mth  root  of  «  given  monomial  ndioaL 

BULK. 

Mctract  the  mih  root  af  its  eoejfieienty  ami  midHply  the  result  &y 
the  mth  root  of  the  radiaU^  which  is  obtained  By  multiplying  the  index 
of  the  rofUeai  hy  the  index  of  ih€  rwd  to  he  extraeM^  letmng  the 
quantity  under  the  radical  siyn  unchanged;  or  hy  extractmg  the  mtb 
root  of  the  quantity  under  the  radical  sign,  leaving  the  radical  sign 
unchanged. 

PB0BI.BM. 

(225.)  To  extract  the  mth  root  of  bVa\ 

SOLUTION. 

Following  the  nde^  ire  get  l/iV«?=6i"Vi^=  ft^/ai.  WImb 
r=m,  we  have  j/6V«"*=^»  V«» 

BZAM  PLXS. 

!•  Extcaot  the  mpure  foot  ci^a.  Ans.  \/eu 

3,  Extract  the  cuhe  root  of  ^i^  Ans,Va. 

3*  Extract  the  sqaare  root  of  yini'n.  Ans.  A/rnf/n* 

!•  Extract  the  square  root  of|/o*6\  Ans,  oH/K 

Sm  Extract  the  square  root  of  8lVa.  Ans,  9Va. 

C«  Extract  the  square  root  of  9V3.  Ans.  8  V3« 

7.  Extract  the  4th  root  of  Jf  VoT  Ans.  |  V^ 

8.  Extract  the  cube  root  of  (6a'— Sa?")^.  Ans.  |/6a'— 3a;% 

9.  Extract  the  cube  root  of  |a*  Vh.  Ans.  ^Vb. 
10.  Extract  the  4th  root  of  10«'  Vi.  Ans.  Wa  \/i 
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11  •  Extract  th^  5ih  root  of  82V«^  Ans.  2V«. 

It*  Extract  the  nth  root  of  Va^^«  Ant.  ciHx'^. 

IS,  Extract  the  cube  root  of  ^y  |.  Jm.  f/ia. 

11,  Extract  the  cabe  root  of  \V2.  Am.  \V2. 


\i%  Extract  the  cube  root  of  (a +jr)i^a-fj?«  Am.  j^a-\'X. 

IC*  Extract  the  cube  root  of '  Vi^.  Am.  ^V^. 

176  Extract  the  cube  root  of  27  V27a%  Am.  3  V3a\ 

18.  Extnict  the  4th  root  of  81a"  V4?r  Am.  8a*  V2«. 


19.  Extract  the  18ih  root  of  Va**6".  Ji».  a  V6\ 

20.  Extract  the  5th  root  of  y'32?''.     '  *        Am.  xy/2. 

PBOBLEIC. 

(226«)  To  extract  the  square  root  of  a  binomial  surd,  one  of 
whose  terms  is  rational  and  the  other  a  quadratic  surd. 

BOLUTIOK. 

Let  j^x-^-Vy  represent  the  square  root  of  a+V6. 
Then,«+2f'«y-fy,oraf+y4-2f'«y=a+i^ft";  whence,  by  Theorem, 
(204),  we  have  a;+y=a.    We  know,  by  Theorem  (205),  that 

if  |/«+f^y=j/a-f4^6,  that  -/«—  fy=i/a— Vi.  It  is  evident,  then, 
that  the  product  of  4/^+i^y  by  ^x—Vy^  which  is  :p— y,  must  equal 
the  product  of  Jua-^-Vb  by  ya-^b^  which  is  j^a^—b.    This  gives 

us  a;— y=  Va^—b.  If  we  extract  the  square  root  of  half  the  sum  of 
x+y  and  «— y,  the  result  must  equal  the  square  root  of  half  the  sum 


of  a  and  /^a^—b^  that  is  /^x- 


=/ 


'a+Vo«-6 


Also,  if  we  extract  the  square  root  of  half  the  difference  of  x+y 
and  ^— y,  the  result  must  equal  the  square  root  of  half  the  difference 


of  a  and  4V— 6,  that 


is,  i/y=r  ^ 


a-^a^-^b 
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Whence,  we  have  the  formula, 


Letfing  A/a—Vh^x—Vyy  we  would  have 


PBOBLIK 

(227.)  1.  Extract  the  square  root  of  19+8^3. 

SOLUTION. 

In  this  proUem,  a=19,  and  Vh^^Vl^l^,  or  (=192.    Patting 
thesa  values  in  the  first  of  the  above  formulas,  we  have 


y7^:;:y!lI^/i9-fV86i-i92^^: 


19-Y361-.192 


^jjLjoJL + VJJSrLa==  V^ +V|==  V16 + V3  ==4 +V'8; 

Instead  of  umng  the  formula,  we  might  pursue  the  operation  indi* 
cated  in  obtaining  the  formula. 

PROBLEM 

2.  Extract  the  square  root  of  Y +4V3. 

BOLUTXOK. 

This  may  be  solved  as  the  httt  ]iroblem.  The  following  method, 
however,  is  generally  as  easily  applied ; 

7+4^3=4+4^3+3,  Taking  tfee  s<]juare  root  of  4+41^3+8 
by  the  rule  given  in  Evolution,  we  have  for  the  result  2  +  VZ. 

It  is  easier  to  use  the  &ct  that  a  triwmial  is  aperfhet  sqwxre  when 
twice  Uieproduet  of  the  square  roots  of  two  of  the  terms  is  egwd  to  the 
remaining  term. 

In  this  example  a  bare  inspection  shows  that  twice  the  product  of 
Ihe  square  roots  of  4  and  3  is  equal  to  4^3. 


Hence,  |/7+4V3,  or  |/4+4V8+a=58-H'a, 


IM  syoLUTioK  or  radicals. 

PROBLEM 

8.  Extract  the  a^iUKre  root  of  Vd2  — ^24. 

80LUTX0K. 

It  is  obviouB  that  the  fimnidA oaiiiiot  be  ai^lied  to  4/32 -^1^24  aa it 
standsy  mnoe  both  terms  are  surds.  It  may,  however,  be  made  to 
assume  the  proper  form,  for 

4/82-^=2^8— fS  ♦^8=^8(2— V'S). 

If  we  extract  the  square  reot  of  2—4^3,  which  is  of  the  requisite 
form,  we  have,,  by  the  second  formula, 

|/2«f^3=Vi-Vi=V|-Vl. 
This,  multiplied  bj  the  square  root  of  y8,  which  is  V8,  g^yea 

V15-V2.         

Therefore,  |/V82-V24=VT8-V2. 

PBOBLXK 


4.  Extnot  tke  aqnare  n>ot  of  a*+2«f'a'— «*. 
flOXiUTxoir. 


Smce  a'+2«V'a*— «"=:«"+2ajV'a"— «"+a'— «•,  a  bare  inspechoii 
shows  that  its  square  root  is  x+Va^-^^g^. 

XZAMPLE8. 

!•  Extract  the  square  root  of  6+V20.  An$.  1  +f^. 

2.  Extract  Hie  square  root  of  8 +1^39.  Am,  |(V2e+i^6). 

St  Extract  the  square  root  of  11 +V72.  Ans,  3  +f^2. 

4*  Extract  the  square  root  of  6— 2t^5.  Ana.  —1 +V5. 

t.  Eximct  the  aquare  root  of  23 —81^7.  Ans.  4-V'T. 

C.  Extract  the' square  root  of  33 +12  V6.  Ans.  3 +2V6. 

7«,  Sxtreot  the  square  root  of  7— 2fl0.  Ane.  ^5-^1/2. 

8«  Extract  the  square  soot  of  42 + 3Vl74f.  Am.  ^li-h 2 V7. 

9f  Extract  the  square  root  ef  10— f/96,  Jt^.  —244^6. 
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liT 


10,  Extract  ihe  square  root  of  a;— Si^x—l. 
11«  Extract  the  square  root  of  28  +  5  V12. 


Am.  1-Wx^ 
Am.  6+Vi. 


12*  JBxtract  the  square  root  of  2+2(1— a;)Vl+2a;— «*. 


Am.  1— af+Vl  +  2jJ— «'. 


13*  Extract  the  square  root  of  48— 15  V8. 
14*  Extract  the  square  root  of  5— i^24. 
15*  Extract  the  square  root  of  8— 2t^. 
16.  Extract  the  squara  root  of  87-*12i^42. 
17«  Extract  the  square  root  of  }+f^2. 
18«  Extract  ihe  sqnaro  root  of  2+f  8. 
19.  Extract  the  square  root  of  4/27  + 21^6. 
20«  Extract  the  square  root  of  ^82+ 6. 

21.  Extract  the  squara  root  of  8V^+f^40. 

22.  Extract  the  square  root  of  8f^6  + 2  fl2. 
28»  Extiaet  the  square  root  of  yi8— 4. 
21*  Shctract  the  square  root  of  12—1^140. 


Am.  5— 8f5, 

Am.  1^3-^2. 

Am.  l-Wi. 

Am.  ZVf—^Vi. 

Am.  l+4f2". 

Am.  \Vl+^2. 

Am.  V12+V8. 

Am.  2-K2. 

Asm.  V5+V20. 

Am.  V6  +  V24. 

Am.  V8-V2, 

Am.  j^1^5. 


2f.  Extract  the  square  loot  of  2a+2Vd'^b\ 


Am.   4/a+6+Va— i. 


21.  E^ctract  the  square  root  of  a«— 2aVax— a'. 


27.  Extract  the  square  root  of  -t'^o^®'""*^*' 


Am.  a—Vax~-a\ 


Am.  -+^Va'— «■• 


28«  Extract  the  square  root  of  {x+xy)'-2xVtf. 


Ans.  (Vy-l)i^ir. 


29a  Extract  the  square  root  of  -T-+4/ 


/12aV     4a  V 


Am. 


rf* 


Vt-: 


\y 
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10.  Extract  the  square  root  of  (b^—ab  -f-  ^\  -f.f^4a*»— 8aV +a'6. 

Ana.  j^c^i-Vb*'-'2ab+ia\ 

PBOBLEM. 
(328 •)  To  extract  the  cube  root  of  a  binomial  A +3, 

RULE* 

**  Separate  either  term  as  A^  into  two  such  parts  that  the  one  of 
them  may  be  a  euJnc  number^  and  the  other  part  divisible  by  3  withr 
out  a  remainder;  then  the  cube  root  of  the  send  cubic  part  wiU  be  one 
term  of  ike  root^  and  the  other  term  will  be  the  square  root  of  the  quo- 
tientf  arising  from  dividing  the  aforesaid  third  part  by  the  first  term 
fust  found.    So   if  A  be  divided  into  r'+d«  then  the  root  is 


V;*- 


PROBLXM. 

(229.)  Extract  the  cube  root  of  10+  fOoi. 

SOLUTION. 

Separate  10  into  the  two  parts,  1  and  9  of  which  the  first  is  a  per- 
fect cube,  and  the  other  exactly  divisible  by  3 ;  whence  r=l  and  <=3. 

Therefore  r+  y-=il  +V3.  We  can  obtain  the  same  result  by  separa- 
ting 1^108  into  two  parts,  Vl08=  V2l  +  3f3,  the  first  of  which  is 
a  perfect  cube,  and  the  second  exactly  divisible  by  3  ;  whence,  r=  j/S 

and«=y3.    Therefore  r+r^=  f^3+r--=:=f^3  +  l. 

SZAMPLBS. 

1.  Extract  the  cube  root  of  26  + 16  4/3.  Ans.  2  +  |^. 

2.  Extract  the  cube  root  of  9  |/3— 11  f^2.  Ans.  Vh-^V^. 
S.  Extract  the  cube  root  of  136±78V8.  Ans,  ^±:V\2. 


4.  Extract  the  cube  root  of  72  +  V5120.  Ans.  8  +  Vb. 

*  This  rule  ia  ^yea  by  Hl|tto^  m  hia  M^ithematical  Dictionaiy,  and  is  credited 
to  TMeka. 
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S.  Extract  the  cube  root  of  8+4  V5.  Ans. 


V2' 
1/2- 


6.  Extract  the  cub^  root  of  68—1^4374.  Am, 

FBOBLEK. 
(230«)  To  extract  any  root  (c)  of  a  binomial  sonL 

BULB. 

*^Let  the  quantity  be  A±:B,  whereof  A  i»  the  greater  party  amd  t 
the  exponent  \index]  of  the  root  required.  Seek  the  leaet  number  in 
whose  power  n*  is  divisible  by  AA--BB  [-4"—^],  the  quotient 

being  Q.  Compute  j/A-^-BxVQ^in  the  nearest  integer  number^ 
which  suppose  tober.  Divide  AVQ  by  its  greatest  rational  divisor, 
and  let  jthe  quotient  be  s,  and  let  —^9  i^  the  nearest  integer  num- 


ber,  be  t;  so  shaU  the  root  required  be         ^^     ^  if  the  c  root  of 

A^B  can  be  extracted/* 

Remark. — ^This  rule  ia  taken  from  Newton^s  Algebra,  p.  59.  It 
is  there  given  withont  any  demonstration.  Maclaurin  has  attempted 
a  demonstraticm  of  it  in  his  Algebra,  p.  120  :  Mr.  Ryan  says  the  rule 
'^fiiils  when  t=\  exactly;  in  which  case  instead  of  taking  t  the 

r+" 
nearest  integer  value  of        %  it  must  be  taken  equal  to  \P    He 
^s 

says  he  proposed  to  the  New  York  Mathematical  Club  the  foUowing : 

**"  Required  to  know  if  the  cube  root  of  2  V7 +  3  f^S,  can  be  found  by 

the  rule  given  by  Newton,  p.  59,  Universal  Arithmetic,  for  extracting 

any  root  of  a  binomial  surd ;  and,  if  not,  to  show  where  that  rule 

&ils,  and  what  alteration  is  to  be  made  in  it,  so  as  to  obtain  the  root  f 

Ur.  Ryan  states  that  Dr.  Adraia  J'  ably  investigated  the  subject,  and 

found  the  rule  not  only  to  fail  in  this,  but  in  a  great  variety  of 

other  examples ;  and  also  discovered  the  rule  to  be  defective." 

PBOBLBM 

(2310  1.  Extract  the  cube  root  of  V9684-25. 
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SOLUTION. 

Here  (f^9C8)'-26'=^*-i?'=343.  It  is  erident  «nee  the  dkison 
of  343  are  7,  7,  7  ;  that  V  is  the  least  number  of  the  form  n'  that  is 
exactly  divisible  by  343,  whence  we  have  nr=Y,  and  Q=l. 
{A -i-B)VQ^  or  f^968  +  25  is  a  very  little  more  than  56,  of  which  the 
nearest  cube  root  is  4,  therefore  r=4.  Dividing  f^96a=22l^2 
=AVQ  by  its  greatest  rational  divis<Mr  22,  we  obtain  f  2=:«,  whence 

"2*^^'' 21^  in  the  nearest  integer  is  2=t  Then  to=2K2, 
VW— 11=1,  and  VC==  Vl=l.  Henoe  2  f^2  + 1,  or  1  +  21^2  is  the 
cube  root  of  VMB+25,  which  reeidt  wifl  be  proved  by  triaL 

^BOBLSM 

2.  Extract  the  fifth  root  of  29f^6+4ly'd. 

SOLUTIOK. 

Here  ^'-ig'=3,  aid  fi=3;    ©=S1;  r=4;   fsaVi;   ferl; 
<f  =  Ve ;  f^^V-nzrfS ;  and  VC= V81  =  V9.    ConseqnenUy  trial 

»iistbemadewitht:i±i:*,orll±i^ 
V9  V9 

XZAXPLX8. 

1.  Extrttot  the  cabe  root  of  y^— 12^  ^   ^^"^^  . 

V5 

2.  Extract  the  cube  root  of  11  +  61^7.  Am^    i^^+l- 

_  V2 

St  Extract  the  fourth  root  of  49849—2895  |/224l 

-4n«.  tn-3|^ 

4.  Extract  the  cabe  root  of  2|^7>  31^3.  Am9.  ^"^. 

2 

PBOBLSM. 
(232.)  To  find  such  a  multiplier,  or  such  multiplierB  as  will  maks 
any  binomial  surd  rational. 

SOLUTION. 
All  binomial  surds,  not  imaginary,  may  be  xepiesfinted  by  Vi^^H 
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Let  US  then  seek  a  general  expieaskm  for  a  multiplier  wliich  iriU  ren 
der  Va=i:V6  a  rational  quantity^    We  know  by  Theorem  5,  (1 1 3), 

that-^ -=Q,  an  exact  quotient  when  r  is  an  even  number. 

am-\-b» 

Q  is  a  nittltipli«r  whidb  will  make  a«+&*  equal  to  a»— 6».    Bat  we 

wish  a»— 6"^  to  be  a  rational  quantity,  which  it  will  be  when  r  is  a 
multiple  of  both  m  and  n. ,  In  this  case,  however^  we  mvai  takt  for 
r  a  multiple  of  m  and  n,  that  is  also  an  even  number. 

By  Theorem  6,  (114)9  wo  know  that  -^ \^Qi  aa  taLA«t 

quotient  when  r  is  an  odd  number.  K  r  ia  taken,  an  odd  number, 
such  that  it  is  a  multiple  of  both  m  and  n,  Q,  is  the  multiple 

necessary  to  render  am-f-(»  rational. 

We  know  by  Theorem  4,  (112),  that  ^j""   "  =  g,  an  exact 

am — b~» 

quotient,  r  being  any  poeitiTe  integer.  If  then  r  be  taken,  any  multi- 
ple of  both  imand  n,  Q^  is  the  multiplier  necessary  to  render  a» — 5*, 
rational. 

hi  each  of  these  cases  it  is  evident  that  r  may  be  assumed  to  be 
any  of  the  indefinite  number  of  values  which  can  be  found  to  fulfill 
the  required  ooaditioBs,  The  least  of  these  values,  however,  is  the 
onA  gttifirglly  used. 

-  PB0BI.X1C 

(233.)  1.  Find  a  multiplier  that  will  render  6  -hVI  rational. 

SOLUTION. 

A  simple  inspection  shows  ihSt   the   multiplier  is  6— V7,  for 
(6+V7)(e— ♦^7)=36— 7=29,  a  rational  quantity. 

Agaiiv  we  have  -; ^=-; 7= 7-,  r  must  be  assumed  to 

am+b^    6T  +  7*      6  +  7* 
be  some  even  number  which  is  a  multiple  of  1  and  2.    Making  r=2, 

we  have -=6— 7*=  Q  as  before. 

6  +  7* 

11 
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PROBLKM 

2.  Find  a  multiplier  that  will  render  9f^3~dV2  latioiiaL 

SOLUTION. 

Here  2V'3-8V2=f^l2 -  VM ;  hence,  we  have  ^"^   »_12«— 5^3 

a«— ft.     12*— 54* 
121—64*      12'-54* 


_  _  .    Applying  the  formula  given  in  the  de- 

12*-54*      12* -64* 

12'— 64*  4 

mostration  of  Theorem   4,    (112),   we    get    — ~=12«  + 

12*-64* 

12*64*  +  12*64*  + 12*64*  +  12*54*  +  54^=fl2»  +  1441/54+ 
m'V64^ +648 +1^121/54* +  V54»,  which  simplified  is  288»^3  + 
482V2  +  216f^8  V4  +  648 +824^8  V2  +  486  V4. 

XZAMPLXS. 

!•  Find  a  multiplier  that  will  render  f^6+f^d  rational. 

Jns.  ^5— VS. 

2«  Find  a  multiplier  that  will  render  6  +V3  rational. 

Ans.  5 -Vs. 

S«  Find  a  multiplier  that  will  render  V2—Vx  rational. 

4.  Find  a  multiplier  that  will  render  aVb+Wa  rational. 

Ans.  aVh'-Wa. 

5«  Find  a  multiplier  that  will  render  1— V2a  rational. 

^n*.  1+V2a+V4a*. 

6.  Fmd  a  multiplier  that  will  render  V3— JV2  rational. 

Ans.  V9+iV6+jV4. 

7.  Find  a  multiplier  that  will  render  V5+ V8  rational. 

Ans.  (V5-V3)(V'6+i'8). 
8#  Fbd  a  multiplier  that  will  render  VoM- Vibrational. 

Ans.  Vi?"-Vi^+V^-VF. 
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PBOBLSM. 

(23  4r.)  To  reduce  a  fraction  whose  denominator  is  a  amd  qvaa* 
tLty  to  another  that  shall  have  a  rational  denominator. 

SOLUTION. 
A  simple  fraction  which  has  a  monomial  surd  for  its  denominator, 
may  be  represented  by  — =,  in  which  a  may  represent  any  quantity 
whatever. 

Now,  if  we  multiply  both   terms  of  -^  by  V«^  we  hare 
_  _  V* 

— =-= ,  which  is  a  fraction  havinir  a  rational  denominator. 

if  jp  is  rationaL    If  a;  is  a  binomial  surd,  it  must  be  rendered  rational 
as  in  the  last  problem. 

PBOBLSM 

2 
(235«)  1.  Reduce  -^  to  a  fraction  having  a  rational  denominate^* 

SOLUTIOH. 

Multiply  both  terms  by  |/d,  and  we  have  — -• 


PBOBLSM 


2.  Reduce  — ===  to  a  fraction  having  a  rational  denominator* 

SOLUTIOK. 


1 1  VS  +f^48     (8  -  ^48)  VS  +  V48 

4(2-4^8)2»^2  +VS_(2-^VB)V2+yB     u/lTlJr, 
16 2 -^2-^^. 

BZAMFLBS. 
o 

1.  Reduce  — =  to  a  fraction  having  a  rational  denominator. 

T\/5  

Afu,  |V126. 


IM  XYOLUTEON  OP  RiJHCALS. 

o 

2«  Reduce  — = =.  to  a  fraction  hayinfi:  a  rational  denominates; 

Ani.V5+V2. 
S«  Keduce :::  to  a  fraction  haying  a  rational  denominator. 

Q 

4*  Redaoe  -r: =  to  a  fraction  having  a  rational  denominator. 

V6-V2 


f  •  Beduoe  ^""*"^ ^^.   ^  to  a  fraction  having  a  rational  de- 

norofaiator.  -4iw.  — • 


6.  Reduce  j;^^+  ^  +f^a:'^ar--l  ^ ^  ^^^^^  ^^^  .     ^  ^^^^ 
denominator.  ^n«.  — .         ""    ~  *"" 


x+1 

2 

7t  Reduce  — = = =  to  a  fraction  having  a  rational  denom- 

|/5  +  f8-f2 

mator.  ^n*. • • 

6 

8*  Reduce  -= =.  to  a  fraction  having  a  rational  denominator. 

Am.  V9+V6+V4." 

Q 

9*  Reduce  — = to  a  fraction  having  a  rational  denomina* 

-^3  +  f^2  +  l 

tor.  Jn9.  4  +  2f^2-2f^6. 

2 

10*  Reduce  — = =.  to  a  fraction  having  a  rational  denominator. 

V6+Va  _       _       _ 

Ans.  Vl26-V7«+V45-V2f. 

PBOBLBM. 

(2360  Transform  2—  Vd'to  a  geneiki^urd. 

BOXUTIOK. 

Squariug  2— f^3,  we  have  7— 4f^3;  if  now  we  indicate  the  ez« 
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traction  of  the  square  root  of  fliifl  quantity,  we  shall  have  2—^8 
ezpi668ed  in  the  form  of  a  general  surd,  ihat  is  2—  i^8=|/ 7— 4^5. 

BZAMPLXS. 

1.  Transform  |/a— 2  V«  to  a  universal  surd. 


2«  Transform  dVi+ V72  to  a  general  surd.  Ans.  8V9. 

S«  Transform  f^27  + 1^48  to  a  universal  surd.  An9,  1VS» 

4.  Transform  V320— -Vio  to  a  general  surd.  Ans.  21/5. 

5«  Transfonn  |/2  + 1^3  to  a  general  surd.  

Ans.  |/6+2V'6. 

C.  Transform  V2+V4  to  a  general  suid. 

^iw.|/6(l+V2+V4). 

7*  Reduce  y2— 2V6  to  a.general  surd.        Ana,  i/26— SVS. 
8k  Beduee  4*^V7  to  a  general  surd.  Ana.  1/28— 81^7. 

9«  Reduce  |/2+V3  to  a  general  surd.  Ana.  4/5+24^6. 

10«  Reduce  2V8— 8^9  to  a  general  surd. 

Ana.  |/l62V9-108V8-210. 


^  «■  »  »■  » 


IMAGIN ABY  aUANTITIES. 

ADDITION  OF  DCAGINABY  QUANIinES. 
PROBLXM. 


(237.)  To  add  |/— a*  and  ^—6'  together. 

SOLUTION. 

Since,     //^*=zV€?7^l==aV^l,  and  |Al^«=:K6*.-l=ft/^ 
we  have  /^«  +  f ^'=0  f^^l  +  b  V^={a  +  6)1^^. 
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XZAICPLBS. 

1*  Find  the  sum  of  y^and  |/^,  Jns.  6V^U 


2.  Rnd  the  sum  of  2+f^— 1  and  8— f — 64.    An$.  5— TK— 1. 


S«  Find  the  §um  of  |/— 8  and  |/— 18.  Am.  6V— 2. 

!•  Find  die  sum  of  4V^^  and  2 f/^^l^.  ^fw.  lefl^S. 

5.  Knd  the  sum  of  |/^ and  4/^9.  -4iw.  (3  +  i^O)!^^. 

6.  Find  the  sum  of  j/^  and  /IIy.        ^jw.  (f^6  +  VI)  V^l. 

7.  Find  ihe  sum  of  V^  and  V^.        Ans.  (/2  +  f  8)V^. 

8«  Find  the  sum  of  a+f^^and  a+f'^.  

Ans.  2a  +  {Vb+Vcy—l. 

9«  Find  the  sum  of  V^o  tuid  2V-*a.  ^n^.  dV-^a. 


!••  Find  the  sum  of  V— 1  and  V— 16.  Ans.  3V--1. 


^    <■    »    ■!    » 


SUBTRACTION  OF  IMAGINARY  QUANTITIES. 

PBOBLBM. 

(23 8.)  From  |/^'  subtract  //^\ 

SOLUTION. 

•   Since,    j^^^*=a  V^,  and  |/35«=6  |^^,  we  have  at^— 1> 

BZAMPLXB. 

!•  From  j/^  subtract  V^.  -4««.  V—l* 


2.  From  3—1^—64  subtract  2+4^—1.  Ans.  1— 9i^— 1. 

9.  From  |/— 18  subtract  |/^.  .^^.  |/— 2. 

4.  From  41^1=^  subtract  2f— 12.  -4»V-  8*^^. 

f.  From  a +f^  subtract  a+fllcT  ^iw.  (f'ft— f^c)*^^. 


$•  From  V— 16  subtract  V— !•  Ant.  V— 1. 
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MULTIPLICATION   OF   IMAGINARY 
QUANTITIES. 

THEOREM. 


(239*)  An  imaginary  expression  of  the  form  j^^A  can  always  b« 
leduced  to  the  form  rf^— 1. 

DEMOKSTBATIOK. 

Let  r  denote  the  square  root  of  +^-  It  is  evident  that  r  can 
always  be  obtained  either  exactly  or  approximately  when  ^  is  a  posi- 
tive rational  quantity.    Then, 

PBOBLEK. 

(240*)  To  ascertain  the  rule  of  signs  in  the  multiplication  of 
imaginary  quantities. 

SOLUTION. 

Let  |/— a  be  multiplied  by  f^— a.  Multiplying,  as  in  the  case  of 
surds,  not  imaginary,  we  have  f^—a  xi^^^^^o^*^— a  x  —a^d^^^a. 
We  put  the  square  root  —a,  because  the  a'  was  obtained  in  this  case 
by  multiplying  —a  by  —a,  or,  what  is  the  same  thing,  by  squaring 
— o.  It  may  also  be  observed,  that  f^— a  xy' — o=(V— a)".  We  have 
already  shown,  in  Evolution,  that  (V— a)'=— a,  which  result  agrees 
with  that  just  given.  Let  us  now  ascertain  the  product  of  f^— a  by 
f^.  Since,  |A^=f^af^,  and  f^  ~6"=  f^ftV^,  we  have 
^'^y.V^^a»/^  xi^6f^=4^^f^^*^af&==-H^a5=--Va6. 

Whence,  we  see  that  the  same  rule  applies  in  multiplying  quadratic 
imaginary  surds  as  in  other  surds,  provided,  however,  that  the  result- 
must  be  affected  by  a  minus  rign.  The  principles  already  developed 
will  enable  the  student  to  multiply  any  imaginary  quantities  in  which 
the  index  of  the  root  is  even. 

In  all  these  operations  great  care  must  be  taken  that  all  the  stepi 
oe  rigid. 
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NoTB. — ^The  importance  of  carefully  scrutiniziog  all  the  operations  is 
which  imaginary  quantities  are  concerned  can  not  be  better  set  forth  than  by 
showing  the  positions  assumed  by  different  distinguished  mathematicians : 

"  The  first  idea  that  occurs  on  the  present  subject  is,  that  the  square  of 
y — 3,  for  example,  or  the  product  of  ^—3  by  \/— 3,  is  —3 ;  and,  in 
general,  that  by  multiplying  ^—a  by  y/—a^  or,  by  taking  the  square  of 
^^^  we  obtain  — al  ♦  ♦  ♦  ♦  »  « 

"  MoraoTer,  as  >/a  multiplied  by  y/h  makes  ^ab^  we  shall  have  ^  for 
the  value  of  >/— 2  multiplied  by  ^—3 ;  and  ^^  or  2,  for  the  value  of  the 
product  of^— 1  byy'— 4.  Thus,  we  see  that  two  imaginary  numbers, 
multiplied  together,  prodnoe  a  real,  or  possible  one. 

''But^  on  the  contrary,  a  possible  number,  multiplied  by  an  impossible 
number,  gives  an  imaginary  product  j  thus,  ^—3  by  ^+5,  gives  ^ — 15." 
— J^Mfcr'«J.l,p.43. 

But  Emerson  makes  the  product  of  imagmaries  to  be  imaginary;  and 
for  this  reason,  that  ''otherwise  a  real  product  would  be  raised  firom 
impossible  factors,  which  is  absurd.  Thus,  ^— ax^— 5=^ — a5,  and 
y/^^X  — \/  —  J  =  —y/—ab,  ko,  Also>  y/^  X  y/^  =  —  a,  and 
^Z^x— ^^ss+o^  &a."-^Em9non^s  Al,  p.  67. 

From  a  dissertation  "  On  the  Arithmetic  of  Impossible  Quantities,"  by 
Mr.  Playfair,  in  the  PhiL  Ihms.  for  1778,  p.  318,  we  leam  from  some 
operations  there  performed,  that  he  makes  the  product  of  ^^^  by  \/^^ 
or  the  square  of^— 1,  to  be  —1,  md,  in  another  place,  he  makes  the  pro- 
duct of  ^/^  by>/l— «■  to  be  v'— 1-fa^. 

The  authors  just  quoted  not  only  differ  from  eadl  other,  but  eaeh  one  seems 
to  be  inconsistent  with  himsett  Thus,  Euler  says,  ^/^  x-^~o= — a^ 
but  v^ — axy/—b=y/abf  and  Emerson  says,  ^— o x  ^-^a^^a ;  bat 
y/^^x  ^^^=y/—ah,  Now,  the  formula  for  the  product  of  v^— a 
by  v/'-'S  ought  to  be  true  whatever  values  may  be  assigned  to  a  and  h. 
Let,  then,  a=:&.  Whence,  Euler's  formula  f<xt  the  product  of^/^a  by 
^Hjj  gives  +^o^=+«,  and  Emerson^s  formula  gives  +^^€^=a^^^* 
But  they  both  say  thatv/-^x>/— «= — «. 

Mr.  Playfair  makes  v/---lx^l— «•=>/— 1+a^,  whieh  we  conceive  is 
not  a  correct  result  when  z  is  more  tiiaa  1. 

Let  ss:V3  then  flPs£2 ;  whence,  the  abovo  exiHresskMiL  beoomes 
^^x  x/1— 2=v/— 1+2,  ors/-Tx^^s=v^l^l,  which  result  does 
not  agree  with  his  other  position  unless  he  takes  ^=^1,  wiiich  we 
know  would  be  proper;  that  is,  when  s  is  more  than  1,  wo  have 
/^x>/l— ««=— v^— 1+ai. 
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PROBLXM. 

(241.)  Multiply  Va  by  |/~i. 

SOLUTIOK. 


Since  4/— l=(-l)i=(-l)f =V(-1)',  we  have,  by  the  ordioArf 
rule,  VF-l7 X  Va= VI  x  Va= Va.    But  Va= ± j/dbf^ ;  that  u, 

the  4th  root  of  a  is  +|/+V'«,  +ii/-Va,  — i/+t^,  <»  — i/-Vi 

Now,  to  which  of  these  formk  must  V^^y  in  the  piesent  case,  be  made 
equal !     We  hare 

Since  4/(-l)'=-l.  Therefore,  y^  x  Va=-^-f^i 

BZAMPLBS.* 

!•  Multiply  21^^  by  81^^.  -4n*.  -6f?6. 


2.  Multiply  4f^-3  by  9V-12.  -4fw.  —216. 

S.  Multiply  -2f^'^  by  — s/^  -4fi*.  — 6f^e. 

4,  Multiply  — 2i^^by  3f^^.  Ans.  +6Vi. 

5.  Multiply  1  +f^^  by  1 +V^.  Ans.  ^^. 
%.  Multiply  1+V"^  by  1-f^^.  Ans.  2. 

7.  Multiply  a  +vC15rby  a+V^^^.        Ans.  a'-&*  +  2ab^^. 

8.  Multiply  6  +  2}^^  by  2-V'^.  Ans.  16 -f^^. 

9.  Multiply  V^  by  V^.  ^n«.  2i^^. 
10.  Multiply  2V^  by  3V— 16.  Ans.  —12. 

*  A  glance  at  these  examples  shows  that  the  results  are  the  same  as  would 
be  obtained  by  the  following 

BULB. 

2b  muitqfly  one  quadratic  imaginary  surd  hy  another ^  multiply  the  quantities 
under  the  radical  signs,  according  to  (he  rule  Jbr  signs  given  in  muUiplicationf  hut 
(he  coefficients  of  the  radicals,  according  to  (he  reverse  of  fhcArvH^;  (hat  is,  making 
(he  product  ofUKS  signs  minus,  and  unlike  plu& 

This  role  will  not  hold  when  but  one  of  the  quantities  mtdtiplied  is  an  imagin- 
ary  quadratic  surd. 
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DIVISION  OF   IMAGINARY  QUANTITIES. 

PROBLEM 

(242,)  1.  Divide  |/^  by  j/^. 

BOLUTIOK. 

Wo  nave =-= ==4/  t;  ance  the  imainnary  qoantitiat 

oancel. 

PBOBLBM  . 

2,  Divide  — V^  by  —1^^^ 

SOLUTION. 


l^=+i^. 


-y_6    _|/JxV-l  *' 


BZAMPLB8. 

1.  Diijide  6f-3  by  2f-4. 

Aniu  1^3. 

2.  Divide  -f-1  by  -6f^-8. 

Jjw.  TV'S- 

S,  Divide  1+f^-l  by  l-f^-l. 

Jiw.  V-1. 

4.  Divide  ^V-2  by  2-f^-2. 

Ans.  l+f^-2 

5.  Divide  1  by|/— 1. 

^TW.  -1^-1. 

6,  Divideaby|/a|^-l. 

Ans.  -f^af^-1. 

7.  Divide  Uf's-f^-lO  by  -♦^-2. 

^jw.  |/5+4f^-l, 

8,  Divide  6~f^-2  by  l+f^-2. 

^7W.  l-2f^~2 

••  Divide  U-^VU^{1VZ+7Vb)V-l  by  7 

Jim.  2— f^—a. 

•.  PiTide  a  by  6f  ^. 

Jjw.  ~^~1. 
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INVOLUTION   OF   IMAGINARY 
QUANTITIES. 

PROBLXM. 

(243«)  Cube  a-f^IT\ 

SOLUTION. 

Galling  j/^^z=,e^  we  have  (a— c)'=a'— 8aV+3ac"— c*. 

If  now,  we  ascertain  the  value  of  c*  and  c',  we  oan  put  these  valnea 
for  c'  and  c'  in  the  above  expieasLon.  The  square  of  c,  or  of  |A^'= 
«^^  is  evidently  -6\  and  c'=:c*c,  or  ^6*  V'^zz  -i*  f -1. 

Hence,  (a-|^:=^)»=:««-.8a»6Virr-.3a6«+ft'  fAZlsa'-  ««*'+ 

PBOBLXX. 
(24r4«)  To  find  fiHrniuh»  for  the  poweit  of  4/^ 

SOLUTioir. 
Let  the  index  of 'the  pcfwers  be  4«,  4n+l,  4n+2,  and  491+8, 
which  comprise  all  positive  integer  numbers. 
Let  a=f^— 1,  and  we  have 

(f'^i)^    =a*-    =(a*)-    =(+!)•= +  1; 
(V^y*H=:a^=a**.a=a        =+4^-1. 
(|/3i)*^=a*-l*=a*«.a*=a*       =-1. 
(|^Zi:)*-H=:a*'^=a*--a'=-l.a=:^f^^: 
^tw,  to  o6tom  anypatoer  of  j^1I\^  U  U  only  necessary  to  divide 
ike  ex]i^onentofthepowerby4,  and  the  potoer  0/ j^"^  indicated  by  the 
remainder  will  he  the  result  required. 

BZAMPIrBS. 

!•  Raise  |/— 1  to  the  66th  power,  Ans.  —1. 

2.  Raise  |/--1  to  the  103d  power.  Ans.  —1^"^. 

S.  Raise  |/^  to  the  400th  power.  Ans.  +1. 

4.  Raise  aV"^  to  the  49»th  power.  Ans.  a*\ 

f •  Raise  aV^  to  the  4n+ 1st  fower.^  Ans.  a*"+»  fCTi. 

6*  Raise  aV^  to  the  4n+2d  power.  Ans.  —  a*"+*. 
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7t  Raise  oV^  to  the  4n  +  Srd  power.  Ants,  — a*«-H  V—1. 

8.  Square  a±V'^.  Ans.  a*— 6db2af^"^. 

9.  Cubeadbf^^  Ans.  a'-3aft±[(3a*— 6)f^]f^IIl. 
10*  Baiae  a+f'^^to  the  6th  power. 


^   H   »   <l   » 


EVOLUTION   OF   IMAGINARY   QUANTITIES. 

FBOBLEK. 
(2^45*)  To  extract  the  square  root  of  a  binomial  surd^  one  of 
whose  terms  is  rational  and  the  other  an  ima^narj  quadratic  surd. 

80LUTI0K. 

Let  Vx-^^-^y  represent  the  square  root    of  a+f^— 6.     Then 

a?+2f^— «y — y,  or  «— y+2f'— «y=a+1^— ft;  whence,  by  Theorem. 
(204),  we  have  x—yzzza.    We  know  by  Theorem  (205),  that  if 

f^«+Vi:p=:|/a+i/IT,thati<«--t''^==  |/a— f^^.  It  is  evi- 
dent that  the  product  of  |/a:+f^r-y  hj^x—V-^y  which  is  a:+y,  must 
^qual  the  product  of  |/a-ty— 6  by  i/a-V— ft,  which  is  Va'+6. 

This  gives  jp+yi=:f^a*  +  6.  If  we  extract  the  square  root  of  half  the 
sum  of  X'-y  and  a;+y  the  result  must  equal  the  square  root  of  half 

the  sum  of  a  and  f'a'  +  ft ;    that  is,  Vx=.y .    Also,  if  we 

extract  the  square  root  of  half  the  difference  of  x^y  and  «+y,  the 
result  must  equal  the  square  root  of  half  the  difference  of  a   and 


18,4/:=^=/ 


a-^^a^^h 


Va"+6;  that  is,  V--y=r  - — -^ ••    Whence,  we  have  the  for- 

2 

mula 


Letting  |/a— f'— 6=fa:— f^— y,  we  would  have 
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FBOBLXM. 

(246.)  Extract  the  square  root  of  t+Q^I^. 

SOLUTION. 


Since,  7  +  61^—2=7+ 1^—72,  we  have  by  putting  7  for  a,  and  72 
for  h  in  the  general  formula, 

We  could  also  solye  this  by  inspection.  Thus^sinoe  7+6i^— 2 
=9 + 2  *  3  V^— 2,  we  see  that  twice  the  product  of  the  square  roots 
of  9  and  —2  is  equal  to  the  second  term,  and  therefore,  3  +  4^--2  ia 
the  square  root 

EXAMPLES. 

1.  Extract  the  square  root  of  31  •\-^2V^.  Am.  7+3f^^. 
3i  Estract  the  square  root  of  —8  +4^—16.  An».  1  +2f^^. 
Si  Extract  the  square  root  of  4  V"^— 2.  Am.  2  +f^'^. 

4.  Extract  the  square  root  of  2+4^ — 42.  Am.  yi4 + 2  V~^. 
i.  Extract  the  square  root  of  j/^.  Am.  ^V^+^V^. 

6*  Extract  the  square  root  of  —2—2  f^— 16.    Am.  /^Z—V^. 

7.  Extract  the  square  root  of  2cdV^l.      Am.  (1  +V^)V(^. 

8.  Extract  the  square  root  of  %/^.  Am.  2+24AZi. 

9.  Extract  the  square  root  of  —V"^.        Am.  J|^—jfC:2. 

10*  Extract  the  square  root  of -^—ciH jr — f— 1. 


Am.  -f'c+f^^. 


PBOBLEK. 
(247.)  To  extract  the  cube  root  of  a-k-V^. 

BOkBELLl'S  BULE. 


First  find  Va'+6,  ihen^  hy  trials^  search  out  a  number  c,  and  a 
square  root  j^dy  such  that  the  sum  of  their  squares  t^-^-dhe  =z\/a'  +  &, 
and  dlsOy  e'Scd  be=a;  then  ihall  e+V—d  he  the  cube  root  oj 
ai-V'-b  sought. 


X74  KODULU8. 

(248.)  Eitraot  tiie  eube  root  of  2+111^—1. 

BOLUTIOK. 

.   Since,  2  +  llf^"=o;=2+ ^^-121,  ^  have  a=2    and   6=121; 

whence,  VaM^6=Vl2«=« ;  ^^  *^n«  ^=2»  ^^  ^=^'  ^^  ^^^^^''^ 
r«+i=6=Vi?+i,  and  c»-3«rf=8-6=2==«j_as  it  oaglit;  there- 
foie^  2+ f'^  is  the  cube  root  of  2  +  11^^-1.  This  may  afeo  be 
solved  by  *Tartalea*B  role.  Bras  2  can  be  separated  inlo  two  ptete  8 
and-«,oneofwMA  is  a  perfect  cube,  and  the  etiier  divisibie  Igr 
S.    Therefore,  i^=S,  or  r=2  and  at=x-«,  or  «=s^2;  wheaoe^ 

r+i/?.=2+l/— ,  or  2+f^,  the  same  result  as  before. 

SXAHPLSB. 

1.  Ertract  the  cube  root  of  2+2 i^^.  -^n*  — 14-*'^. 

J.  Ertract  the  cube  root  of  2— i^— 121.  -4n».  2— f — 1. 

8.  Extract  the  cube  root  of  SliSOf''^.  Ans.  -8di2f^. 

I.  Extract  the  cube  rootcrf  —10+9/^.  ^    Ans.  2  +  ^^. 

ff,  fbctract  the  cube  root  of  — 6— f'"^*  Ant.  1— i^--2. 

••  Extract  the  cube  root  of  —4+104^^.  Ans.  2  +  V— 2. 

7.  IbEtraot  the  cube  root  of  9  +  25f^  Am.  Z-k-V^^ 


MODULUS. 


(249.)  The  moduttts  of  a+^y^  h  +Va*+^,  or  the  square 
root  of  the  sum  of  the  squares  of  o  and  /?•  Thus,  +^16 +9=  +6  ia 
the  modulus  of  4-{-ZV^. 

(250.)  Two  imaginary  expressionfl  are  eo^ffaU^  when  they  dtffar 

only  in  the  sign  of  4/^;  aa,  a-tfiV—h  and  a— |^K— 1.    . 
These  conjugate  expressions  have  the  same  moduluB* 
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THBOBEK. 

(251.)  In  order  that  a+^^T^  be  equal  to  zerD,  it  ii  neceaouj 
•nd  sufficient  that  its  modtdos  +f^a'+|9*  be  equal  to  zero. 

DBH0N8TBATI0N. 


If  tlie  modulus  |/a'+/^  is  not  equal  ta  zero,  a  and  ^  will  not  be 
equal  to  zero  at  the  same  time,  ftjid,  consequently,  a-^-^V—l  will  not 
be  equal  to  zero.  But^  if  y!a'+/^  ia  equal  to  0BrO|  a  and  ^  must 
eacli  eqnid  ^ero;  wbence,  a+^V^^  Would  also  be  equal  to  zero. 

THBOBBM. 

(252*)  The  modulus  of  the  product  o{  two  imaginary  fSEU^tors  Ii 
eqiial  to  the  product  of  their  moduli. 

DSKOKSTBATIOK. 
The    product  of  a+/?V-i''and    a!+?V^    is    (oa'— /?/?')  + 

_^l    .     O^I\  m)         n a     it- J__l *   aT.     • J_-_x    •_     xT. ^ 1 


THSOBBK. 

(3^53*)  The  modulus  of  the  quotient  resulting  from  the  division 
of  one  imaginary  quantity  by  another  is  equal  to  the  quotient  of  their 
moduli. 

DEKOKSTBA f ION. 

Let  a"+§'*V—l  represent  the  quotient  of  a  +  l?V^  by 
a'  +  /?V— 1,  since  it  can  be  easily  proved  that  the  quotient  must  be 
of  iim  form;    Hence,  we  have, 

a+|?i^i:T=(a'+/?Y=^)(a''+ri^). ' 

By  the  last  Theorem,  we  have  |/aM^=  Va^^^^.^a^^TP^* 
We  may  consider  4/0''*+ 1?'"  as  the  qtiotient  arising  from  dividing 

VaN^byV^^M^;  that  is,vV^M^=-^==.     QJS.D 

r  C*     "i   r    ^ 
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THSOBEK. 


(26 4*)  In  order  that,  the  product  of  imaginary  fiictoiB  be  equal, 
to  zero,  it  is  neceasarj  and  sufficient  that  one  of  the  fiictors  be  equal 
tosero. 

DSKONSTBATION. 

It  can  be  easQj  shown  that  the  product  of  two  or  more  iiaa^nary 
fiictors  must  be  of  the  form  a+fiV^l, 

In  order  that  this  product  may  be  equal  to  lero,  we  haye  seen  that 
its  modulus  must  be  equal  to  zero ;  but  this  modulus  is  the  product 
of  the  moduli  of  the  seyeral  fiictors,  and  these  moduli  are  real  quanti- 
ties, and  consequently  their  product  can  not  be  zero,  unless  at  least 
one  of  these  moduli  be  also  equal  to  aero ;  but  when  a  modulus  ia 
equal  to  zero,  its  corresponding  imaginary  fiictor  must  also  be  equal 
to  zero.    Hence,  the  Theorem  is  true. 

MISCELLANEOUS   EXAMPLES  IK   RADICALS. 
1.  Extract  the  cube  root  of  20  -f  14^2.  Am.  2  +V2. 

i.  Simplify  ^^^^^""i?.  Ans.  -(5+f^lO). 

8«  Extract  the  square  root  of  —l+AV^.         Ans.  2 -W^* 
i.  Simplify  3 via* + 2 V2a.  Aru.  5V2a.    . 


5.  SimpUfy  V8a«6+16a*—V6*+2a6".      Ans.  {2a^b)V2a+6. 


6.  Simplify*|/|^+^.  Ans.  ^Va+26, 


7.  Simplify  |/4a*6*—20a»6*  +  26a6\  Ans.  (2a»-66)5ya. 

8.  SimpUfy  V8i-2V24+i^28  +  21^63.  Jns.  Sf'Y-Vi. 

9.  SimpKfy  1/12+2^27  +  3^76+9^48.  Jns.  69K3. 


10.  Simplify  L^ir—gggJtf-.  Jns.  ^-^Vx. 

Va'-\-2ax-^x'  «  +  « 

11,  Smiplify  — -^ .  -^=i»  Ans. r* 

a+6    ^a'-2a6+6*  o  +  6 
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IS.  Simplify  V2  X  Vi  X  V3.  Am.  'V*?. 

14.  Simplify  V4  X  V3  x  V6.  iln*.  V3981312. 

15.  Find  the  sum  of  Vi  and  V^-  -^^-  J^^. 

16.  find  the  difference  of  V}  and  VV-  '^*^-  A  V^. 

17.  Find  a  factor  that  will  maloe  or*  rational.  Ans.  a*. 

18.  Simplify  uliw,  6f S-Sf^S. 

V6+f^3 

19.  Extract  the  square  root  of  5e+2iV6e— 6\ 


Ana.  =fc(i+V6c-6«). 


20.  Extract  the  square  root  of  np+2m'— 2»»Vnp+»»'. 


Ans,  db(f^np+m*— 1»). 


21.  Simplify  |/l6  +  30f'-l+y'l6-30f^-l. 

Ans.  ±6/^, 

22.  Reduce  i/l6+30/^  +i/l6— 30f^^  to  its  simplest  form 

^n«.  ±10. 

23.  Simplify  |/31  +  12V^  +|/— 1+4V^. 

21.  Reduce  j/si  +  m^  +i/— l+4i^^  to  its  simplest  form. 

Ans.  ±4. 


25.  Simplify  |/6c+26f^6c-6*  +|/6c-26i^6c-6». 


^iw.  db2i^6c— 6\ 


28.  Reduce  i/bc+2bVbc-'b^  +4/^— 26y6c-6'  to  its  simplest 
form.  -^rw.  ±26. 

„.  s^«(/g-/ii)*(/gvi3)-  ^-» 

28.  Divide  2  V3  x  Vl  by  iV2  x  V3.  Ans.  4 V288. 

12 
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29.  JWvide iVihj V2+8f^J.      ^  Jm.  ^. 

80.  Multiply  |/2  X  V3  by  V*  x  Vf  Ans.  V8,  or  V2. 

SI.  Multiply  V? X  Vi  by  'Ve.  jim.  V/^^ 


S2.  Dividei/Vix2V8  by  i/iV^  xV8-  ^n«.  J Vf. 

IS.  Divide  1  by  Va-f  V6.  _ 

.29IM.  r k 

a—*  

84.  Multiply  4if +6fi  by  i/|+2fi.  ^im.  ^+yf42. 

S5.  Divide  Va+Vh  by  Va-VR 

o+6+2f'a6"+2V?6+2Va5^ 


ulfMi 


a-6 


8C  Cube      ^"^f    ^  Jm.  1* 

88.  Simplify  4  mi^  I .  .!«..  ^-VS. 


|i(2)*V8r 
|2V2(8)*) 


384 


8>.  Simplify  ^r*^'"^*'^}    .  An,.  i/iUVd+Vil). 

'   —  3  ^2  4-2  — 

40.  Rnd  tbe  aum  of  6i^2-l  and ^.  -4iw.  3  +  8^2. 

_6-3i^2 

yi4+yi2        i^6— f'i 

41.  Find  the  diflference  between  — = ■=-  and  •-= ;^. 

V7-i^6  i^8  +  i^2 

^n*.  8f2  +  4m+4V3. 

42.  Divide  2  K8  x  4Vi  by  4Vi  x  4V4.  ^n«.  1. 
48,  Extract  the  square  root  of  7-^18.  Ans.  Ji^26-Jf'2l 
44.  Extract  the  square  root  of  J+f  Vj— J  \/675. 

4ns.  if'8-jV6. 


CHAPTER  X. 
EaUATIOHS. 

(25  5 1)  An  egitation  is  an  algebraic  statement  denoting  the 
equality,  in  yalae,^of  two  algebraic  expressiops;  aa,  ax+b^e^ 
6a^  +  2af =7,  and  ac— iasrO. 

(256«)  The  absolute  term  of  an  equation,  la  that  term  which  ia 
completely  known,  or  ia  considered  as  known,  and  which  is  equal  to 
the  sum  of  all  the  unknown  terms.  Thus,  in  the  equations  6x=9^ 
4iB"4-3a:— 7=0,  and  ax=zb^c\  9,  7,  and  (6— c)  are  the  absolute 
terme. 

(257«)  They?r«/,  or  left  hand  member  of  an  equation,  is  the  part 
of  the  equation  which  piecedes  the  sign  of  equality. 

(258«)  The  second  or  right  hand  member  of  an  equation  ia  th^ 
part  of  the  equation  which  follows  the  sign  of  equality^ 

THSOBSM« 
(259.)  Any  term  of  an  equation  may  h  tf^an^po^ed;  from  one 
memher  to  the  other  by  changing  its  si^^ 

DEKO^ft'^BATION. 

Let  a«+5=c  be  an  equ«ti<;^.  This  equation  may  assume  this  fol- 
lowing form  adP+&=^+&— ft.  It  is  evident  that  we  should  still 
have  a  correct  equation  if  we  ahoi^d  omit  +&  i^  both  members. 
Thus  a«=c— 6, 

Again,  let  (w— >=A  Because  a^^b  =d  +b^bj  we  have 
ax'=d+h>  These  results  show  that  if  we  transpose  any  term  of  an 
equation  frcn;Q  Qn^  Q^mber  to  tl^e  other,  its  sign  must  be  changed  in 
order  not  to  destroy  the  equality.  ^ 

The  truth  of  this  Theorem  may  be  proved  as  follows : 

Letting  CM? +6=c  and  subtracting  +b  from  both  members,  we 
have         ax+h=c 

ax      =c— 6, 
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or  by  adding— 6  to  both  members,  we  Have 

ax+b=o 
-6=-5 

ax      =c— 6. 
Letting  cur— 5=<i  and  subtracting   — h  from  bctih  members,  wa 
have         ax — 6=rf 

ax       =:<l+ft, 
or  by  adding  +hto  both  members,  we  have 
ax^h=^d 

ax      =rf+6 

fb6blem. 
(260.)    Transpose  all  the  known  terms  of  «*  +  6«"— 4a?— 4+rf 
— &=0  to  the  second  member. 

SOLUTION. 

Tnmsposing  —4,  +(f,  —6  by  changing  their  signs,  or  by  adding^ 
^4—<f^5  to  both  members,  or  by  subtracting  — 4+<l— 6  from 
both  members,  we  have  «'  +  6«*— 4«.=4— rf+6. 

SZAMPLXS. 

1*  Transpose  in  6«+4=4«  +  8  the  terms  +4,  and  4«. 

Ans.  2a;=4. 

J.  Transpose  in  5a;'— 2«+3=4a:*— 4«+l  the  terms  +3,  4a;',  and 
— 4aj.  '  Ana.  a!'+2a?=— 2. 

St  Transpose  m =--] —  the  terms — and-,     ^iw. -=-. 

'^  X    y   ,x    y  y       X  x    y 

A  fk  fk  A  q 

4,  Transpose  in  --- — -| — : — =— ; — | the  terms  and 

^  aj+a     x-^-y    x+a     x+y  x+y 

3  .11 

Am. 


«+a*  '  x+a    x+y' 

jf«  Transpose  m  ^ 3+6=^    .  r  "^ — j+^i  t^®   term 

'^  5x+b     x—d  bx  +  h     v—d 

«— *    .  «      J  2a?4-l  .        2a?4-8       2a      , 

x—d  &X  +  0  6x+h    x—d 

6«  Transpose  in  Ya;*— 6a;*+6=--a;'4-8  the  terms  -f-6,  and  —a:". 

An9.  7a?*— 6a:* =2. 
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7.  Transpose  in  4^^J+fy=fi+3yy  the  temw  yy  and  ijx. 

8.  TraBspo8em!l^+4=*J^?^+9  the  tenn.  +4, 

and  ^K^-^^l  Jn,.  ^=6. 

2x  X 

9.  Transpose  in  aVi+eVd=ihVx+bVd  the  term  cVd  and  hVx. 

Ans.  (a-&)  Vi={h^c)Vd. 

10.  Transpose  in  — — : — =-- 7-+t  the  term  -. 

*^  86         6«— 4      4  4 

,       5    4af-12 

Ans,  -=— —. 

9      6ap— 4 

««    m_  .    "tx+lQ      x+S      x^.    .  «+8  _,« 

11.  Transpose  m-^ ——^-thetsnns-jj-^andj. 

Ans.  i?=:.^+« 


21-"4«-ll* 

„    ,^  .    20af    86     6a?+20     Ax    86,,     ^         36      -  4# 

IJ.  Transpose  m  _+_+^_^=_+_  the  terms  -  and  -. 

,       6«+20     ^ 

-4JW. 7r=2. 

9«— 16 

THSOBEM. 

(26 1  •)  Any  equation  containing  fractions  may  be  cleared  of  thcH 

fra/itUme  by  multiplying  both  menibers  by  the  least  common  multiple 

of  the  denominators  of  the  fractions. 

dshokstbatiok: 

Let  -^  +-^,=  -|-{ — \-b  be  an  equation  containing  fractions. 

The  least  common  multiple  of  the  denominators  is  a*5*. 

Multiplying  both  members  of  the  equation  then  bj  a'5*,  we  have 
a'52;'4-a<^=6'cf +a6*c+a'6',  an  equation  which  contains  no  fractions. 

It  is  evident  that  the  same  method  of  proceeding  would  produce  an 
equation  containing  j^o  fractions,  whatever  might  be  the  number  of 
fractions  in  the  equation  to  be  cleared. 

CoBOixABY. — To  clear  an  equation  of  fractions,  we  may  multiply 
by  any  common  multiple  of  the  denominators. 

PROBLEM 

(262.)  1.  Cleai  i«"+iaf=8  of  fractions. 
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SOLUTION. 

Hie  least  common  multiple  of  the  denominators  is  12. 
Multiplying  both  members  by  12,  we  hate  S^'+Sop^OB. 
We  might  also,  multiply  by  24,  or  any  multiple  of  12. 

PROBLEM 

X         BX         2X  X  m  m  • 

2.  Clear  a:+-+— +-;-+— =146  of  fractions. 
2      4        7      14 

SOLUTION. 

Multiplying  sach  member  by  28,  the  least  conmion  moltipie  of  the ' 

denominators,  we  have  28x+14a;+21j;+8j;  +  2j;=146  •  28. 

PROBLEM 

8.  dear-: -— se8« ; <»araotuMi& 

4        2  4 

SOLUTION. 

Multiplying  by  4,  we  obtain  3«— 2a?+2=24af— 20j:— 13. 

It  must  be  carefully  noted  that  in  the  numerators  «-*l,  and 
20d;-^ld,  the  x  and  20x  are  both  positive,  the  negatiye^ign  belonging 
to  the  whole  fraction. 

CoBOLLARt. — ^Hence,  we  see  that  when  a  denominator  is  removed 
from  a  negative  fraction  by  multiplication  or  division,  every  term  of 
the  resnlting  numerator  must  have  its  sign  changed. 

PROBLEM 

2fl/ — X  59 — 2x 

4.  Clear  x—~ =20 -■ —  effractions. 

23— a;  2 

SOLUTION. 

The  least  common  multiple,  of  the  denominators  is  2(23—4;)=: 

46— 2tr.    But,  in  order  to  save  labor,  we  shall  first  multiply  by  2, 

and  then  by  23— a;. 

4t/— 2^ 
Multiplying  by  2,  we  get  2a? — ^^-—=40— 69  + 2a?. 

Let  us  simplify  this  ^nation  before  multiplying  by  23— a?.  This 
can  be  done  by  dropping  2x  from  both  members,  and  adding  40  and 

—69  together,  whence  results  — ^ r=  — 19. 

*         '  23— a; 

Now  multiplying  both  members  by  23— a?,  we  obtain  —  4y  +  2«=s 

—19  •  23  +  19a:,  or  2«— 4y=19a?— 487. 
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BZAMPLBB. 


1.  Clear- =1+2  of  fractions.  Jns,  r=y+IO. 

5     o 

J.  aear6af-|=^-^+37offractiona. 
o      4       o 

Ans.  OOof— 4y=9ap— 16y+444. 

5.  aear  4-^^=:y-  Iff  of  fraotiona. 

-4n«.  24— y+a;=:6y^l06. 

4t  Clear-— 3 — +y— -=4H — of  fractions. 

o  o  2 

Atu.  7«— 21  +  «y— 2af=24+9«— 51 

2b  o  4  Id 

j4fi#.  ldjp+8y— 18a;+14=12y+86— 4jp— 5y. 

6.  Clear  J(a?4-y)  + 6  =y  of  fractions.  Ant.  af+y+18=8y. 

1.  Oletat6x r-=2a?H — - — effractions. 

«— 3  2 

-4n«.  10«*— 80a:—e«+6=4a:"— 12af+3«"— 16«+18. 

8«  Oear — -+ =-- effractions. 

,  af+1       X        6 

^      Ans.  e»"+6a;*  +  12«+6=18a:*+18i?. 

2Vx  +  2     4—Vx  - 

9.  Clear == =- effractions,   .^jw.  2a?+2Va;=16— «. 

4+Va?         Vx 

10.  Clear  i/-i^-f  ii/-4-=*'i/-^  effractions. 

Ans.  a?+a  +  2f^a7=6*a?. 


^  «•  »  •«  » 


SIMPLE  EatTATIOHS. 

(263.)  A  Simple  EavATioir  is  one  in  which  the  exponents  of  the 
unknown  terms  are  :i:l,  or  =b  a  proper  fraction  whose  numerator  is 

one;  as,  6a?+a=6,  7a:^+y^=8,  x^^+e^d,  4«""»  +  6=9,  <kc. 
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8IMPLB   EQUATIONS   COKTAININa   OKE    UNKNOWN 
QUANTITY. 

PBOBLEM. 
(06  4*)  To  solve  a  simple  equation  oontaining  but  one  unknown 
quantity,  that  is,  to  reduce  it  to  its  simplest  form. 

RULE. 

1.  Collect  the  terms  as  much  ae  jposeible  by  addition  and  tranapo- 
eitwn, 

2.  Clear  the  equation  ofjractions. 

3.  Tranepoee  all  the  unknaum  terms  to  the  first  member^  and  the 
known  to  the  second  member. 

4.  Collect  all  the  unknown  terms^  when  not  already  done,  into  one 
term,  and  put  the  second  member  in  its  simplest  form. 

5.  Divide  both  members  of  ike  equation  by  the  coefficient  of  theunr 
known  quantity,  and  the  resulting  equation  will  be  the  simplest  form 
of  the  given  equation,  and  will  indicate  the  value  of  the  unknown 
quantity, 

DEMONSTBATION. 
It  is  evident  that  the  operations  indicated  in  the  rule  are  such  as 
will  not  destroy  the  truth  of  the  equation,  nor  will  they  change  the 
value  of  the  unknown  quantity.  Hence,  the  value  of  the  unknown 
quantity  in  the  final  equation  will  always  be  the  same  as  in  the  equa- 
tion from  which  it  results. 

PROBLEM 

(265.)  1.  Solve  3a:-4=7aj-16.  (1). 

SOLUTIOK. 

— 4«=:— 12  (2)=^.(1)  transposed  and  added. 

ar~3.  (3) =(2) -^-4. 

PROBLEM 

2.  Solve  ax*^e^d—hx.  (1). 

SOLUTION. 

ax\-hx=c-\-d  (2)=(1)  transposed. 

{a^h)x=c+d  (3)=(2)  added. 

^=^  W=(3)-(«+6). 
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PROBLEM 

8.  Solve  aa^+bx=z9iK^+cx.  (1). 


SOLUTION. 


ax+  b=:9x+e 

(a— 9)«=  c— 6 
c-6 


(2)=(l)-s-». 

(3) =(2)  transpoMcL 

(4)=(3)  added. 


*=  ^3^  (fi)=W-(«-»). 


PROBLEM 

.     ^  -        20ap      86  ,  5«+20     4«     86 
4.  Solve   —  +_+^_^=_4._. 


SOLUTION. 


This  equation  may  be  put  in  the  following  fonn, 
4jp      36      5X  +  20     4a?  _  .  86 


+ 


25"*  9a:— 16" 


■  +  2  +  2^.    (1). 


members,  we  get^^- — r::=2 


9«-16 
6aj+20=18a?— 82 
— 13a;=— 62 
ar=r4 


Dropping  equals  from  both 

(2). 

(8) =(2)  cleared  of  fractioiis. 
(4)=(d)  transposed. 
(6)=(4)+-13. 


PROBLKH 

6.  Solre  lla;+— +_+-+_=815. 


0). 


SOLUTION. 

264a?+16a?+30a;+4a?4-iP=316  x  24  (2)=(1)  X  24. 

316a;=315  x  24  (3)=(2)  added. 

ar=24  .  (4)=(3)^316. 

.  Rbxark.— No  mtiltipiieatioii  should  be  performed  anleas  there  is  a  necessity 
for  it.  If  we  had.  multiplied  316  by  24,  we  would  in  this  case  haye  performed 
work  which  was  nnnecessaiy.  -^ 

PROBLEM 


6.  Solve  y4ar  + 16=12.  (1). 
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BOLUTIOK. 
We  must  first  free  this  equation  of  £he  radieal,  which  ean  be  done 
by  squaring  both  members.    We  learned  in  Involution  that  to  aqnare 
the  square  root  of  a  quantity,  we  have  only  to  omit  the  radical. 
4«  + 16=144  (2)=(1)*. 

4«r=  128  (3) = (2)  transpoM^L 

irs  82  (4)=(3)^4.       ' 

PBOBLKM 


».  Solve  yi2 +«=2  +  Vx.  (1). 

BOLUTIOV. 

12+ap=4+4Vi+j?  (2)=(1)'. 

8=41^^  (8)=(2)  tianflpoBed. 

2=^*  (4)=(3)4-4. 

'         4=*  (5)=(4)«. 

PBOBLXM  \ 

8.  Given  |/a?— a= fJ— J  Va  (1)  to  find  the  value  rf  «. 

SOLUTION. 

x^a:=zx^Vax+^^  (2)=(l)*. 

—    6a 
|/a»=— 

26a* 
16 
25a 
*=-16- 


PBOBLBM 


(1> 


SOLITTIOK. 

«+34f'ar+168=aj+42f'a?+152  (2)=(l)x(Va:+4)(V«+6) 

16=8V^  (3) =(2)  transposed. 

2=Vx'  (4)=(3)-^8. 

4=0.  (6)=(4)\ 

PBOBLXM 

10.  Solve  V2^T3  + 4=7.(1). 
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SOLtTTIOlr. 

V2a;+3=8             (2)=(1)  ti»»^)086d. 
2«+8=2r          (3)=(2)". 
2a;=24. 
ar=rl2. 

PROBLSM 

!!•  Given  l+l=|/i^+|/  *  ^  »  (i)  to  find  tlie  iralue  of  «. 

SOLtrTZON. 

12       11        /   4         9 
12/4         9 

(2)=(1)«. 

(3)  ==(2)  tranqpoaed. 

(4)=(8)xa:. 
(5)=(4r. 

(6)= (5)  transposed. 

1_2 
ar=2a 

(t)=(«)xf. 
(8)=(7)xaar. 

PBOBLBJf 

12.  Given  ^^~^^""'^=a  (1)  to  find  the  value  of  ar. 

SOLUTION. 

Kendeiing  ibe  denominator  of  the  fraction  which  forms  the  first 

Kiember  rational  by  multiplying  both  numerator  and  denominator  by , 

-f/a—  Va—x^  the  equation  becomes 

2a— 2f'a'— oa?— a?  ,^. 
Z =«             (2). 


— (a+l)a;+2a=V4a'— 4aa?  "    (3)=(2)x«  and  trans, 
(a+l)V-(4a*+4a)«+4a»=  4a»-4aar        (4)=(3)« 

(a+ iya;-.4a*-4a=— 4a  (6)=(4)-m> 

(a+l)*aj=4a' 


_     4a'        /  2a  V 
'-"(iH=l?^"Va+l/- 
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PBOBLXM 


4 


18.  Solve  f^ar + 2  +V«=-=,  (1) 

yx+2  ^ 


80LUTI ON. 


g+2+f^a;»  +  2ar=4  (2)=(l)  xVx^2 

Va;»+2«=2— « 
«»+2«=4— 4a:+«' 
6«=4 

PBOBLXM 

14.  Solve  6 J _-=2A+« ^— .    (1) 

SOLUTION. 

20— 8af— 26 =8^  +  43? —  (2)=(l)x4 

68-24«     ,^,  .  ^       9ar+40         ,.     ,^,^ 
=13i  +  7a; ^ —        (3)=(2)  transposed. 

-68+24«=118  +  63a?-5^^i^        (4)=(3)x9 

?l^±^=89ar+186  W=W  txMispoaed. 

81ar+360=78i;+372 

8a?=12 

ari=:4. 

PBOBLSH 

15.  Given  — - — : — - — : :  7  : 4  to  find  the  value  of  «. 

2  4 

SOLUTION.' 

lu  a  proportion,  we  have  the  first  term  divided  by  the  second,  equal 
k>  the  third  term  divided  by  the  fourth. 
By  performing  these  divisions,  we  have 
lOar+8     Y 
18— a:  "~4 
40ar+32=:126— 7a? 
47a;=94 

4f=2 
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PROBLXM 

16.  Given — :  1 : :  2a?+19 :  8a?— 19  to  find  the  ralne  of  r. 

oa?— 43 

SOLUTXOK. 

Patting  this  proportion  in  the  form  of  an  equation,  we  hare 

4r+8     2x  +  n      ^     .  .    .  ^. 

•T 717= r Tx-      Cleannff    of    fractiona, 

6;e— 43     8a;— 19  ®  ^ 

we  have      12«»+9«-76«-67=12a:*+114«-86aj-8l7 

-95a?=-760 

x=6 

PBOBLXH 

17.  Given  (a+a?)(6 + a?) -a(6+c)=y +«•(!)  to  find  the  value  of  «. 

80LUTI0K. 

aJ+(«+6>r-l-«'-ai-ac=^+«'  (2)=(1)  expanded. 

(a+h)x=z—  -{-ae  (3)=(2)  transposed. 

d^e+abe  /^\^/«\  I  ^th  terms  of  2d 

member  added. 


(«+»)-"-^  (4)=(8)} 

*=T  (6)=(6)-i-(«+6). 

XXAHPLXS. 

1.  Given  8jj+7=62— 7a?  to  find  the  value  of  ar.  Ans.  x=S. 
2«  Given  ISa?— 13=:6a?+35  to  find  the  value  of  x.  Ans,  a?=4. 
8t  Given  19a;+ 18=59— 4a?  to  find  the  value  of  a?.     Ans.  a?=2. 

4* 

4«  Given  8a?+4— -=46— 2a?  to  find  the  value  of  x. 
3 

Ans,  a?=9. 
ff«  Given  a?*+ 16a?=86a?— 3ar*  to  find  Hie  value  of  a?.  Ahs.  a?=5. 
6t  Given  4a?+86=5a?  +  84  to  find  the  value  of  a?.  Ans.  x-=z2. 
7«  Given  8a;*— 10a?=8a?+a?*  to  find  the  value  of  x.  Ans.  a?=9. 
8«  Given  3ax-'iabz=z2aX''6ac  to  find  the  value  of  x. 

Ans.  a;=46— 6(?. 
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9.  Giren  ox* + ahx=:edx  to  find  ihe  valae  of  x. 

a 

X      X 
5     3 

XXX 

11.  Given  ^+o=7+'  **^  ^^ *^®  ^'^^  ^^**  -^'**"  *=12. 

2     9     4 

12t  Given  — - — f-6a?= — ^^  to  find  the  value  of  «. 
4  5 

Am.  xz=:9 
ISt  Giyen  «H — - — = — - —  to  find  the  value  of  «.    Ans.  «=6. 

!!•  Given  Sx-\ — - — =5H io  find  the  value  of  «. 

5  2 

Am,  x=z7. 

IS.  Given  21  -f     ,^    =    »     4- — -z —  to  find  the  value  of  jr. 
16  6  2 

Am.  «=9. 

^jg 4  1Q 4^ 

It.  Given  — 2= — h«  to  find  the  value  of  a?. 

3  o 

uifM.  «r=4. 

*  17.  Given  ^— 7+ W=|— ^+11  to  find  the  value  of  «. 
0     4  3     2 

Jm.  x=il2. 

0?+  1  2x — 3 

18.  Given  — -— +8= — - —  to  find  the  value  of  x.     Am.  x=:9^ 
6  3  •  ■ 

19«  Given  -^- — +.6«==28+-^^  to  find  the  value  of  a^ 
3  I        ■ 


Am.  x:=s4, 

20t  Given  — f-2:p= — f-16  to  find  the  value  of  «, 

6  6 

Am.  a;r37. 

A«    ry-       7«— 8  .  16a:+8     ^       31— «  ^    «  j  ^i.       1       # 

Sit  Given  -— — | — -- — =3a? —  to  find  the  value  of  x. 

11  13  2  ^ 

Am.  x=z9m 
a.  Given  4a^-i?±^==  16-5^^4^  to  find  tfcevaftw  of «. 

Q  4 

Am.  a?=8. 
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^    _  2'?-9«    6a?4-2     61     2af+6     294-4*^     ^   ,    . 

23«  •Given  ofH = to  fiad  tlie 

*••  •    ^      4  6         12        8  12       »«  ***»^  "*^ 

value  of  ^  Am.  x=5, 

^,    ^.        3l  +  4a?     8ar+47     3ar-.19      ,^,     16-lOa?      5a?+20 
24.  Given -^ ^ _=47f+-j^j ^ 

to  find  the  yalne  o(x,  Ans.  ap=l7. 

25»  Given 5=-  to  find  the  value  oix,    Ans,  x=z — - — . 

XX  4 

n.  Given  ^if^-!(l±lM)=l«(;._l)  to  find  the  vUue 
of  0^  Ans,  «=:2f. 

27«  Given — ^-; — =« — ■{  1— —7  }•  to  find  the  value 

9  33  a;  (        54 )  •  , 

dx.  Ans.  s=a, 

28.  Given  1 1 1«+4  f  -!ii:^=;,|  |  ?Ll  I  to  find  the  value  of  x. 

Ans.  x=z9. 

29.  Given  8*26a?— 5*007— «=:0-2—0*34ir  to  find  the  value  of  «. 

iin«.  ar=2-0i04247. 

SO*  Given  -— i+ 100=-^+  8-86— |  to  find  the  value  of  a?, 
lo  o  o 

Ans.  «=— 619-676. 

U.  Given  "tt+/    .i\t+    /    .  Lt  =3c«+—  to  find  the  value 
a  +  6     (a+6)'      a(a+5)"  a 

of  a?.  -  06 

^««.  «= — -y, 
a+o 
^^        ^^ 

32.  Given  — r-=:r: —  *o  ^^  ^^  ▼»!««  o^«- 
a+bx     d'{-ex 


Ans,  X- 

ee—t 


S3.  Given  Va*+c=i/,^   /^  to  find  the  value  of  «. 

•  -4n«.  af=- 


rfl/a'+c 


Sli  Given  Va+«=*V«'+6«c+*'  to  find  the  value  of  a?. 

•  .      .      a«-5« 
Ans.  a?=— -^ — to 


8a 
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bx       (S&c-f ttrf)ag       Bah   _{Zbc—adf)x     5a(26.— a) 

to  find  the  value  of  x.  Am.  x=:—^ r-^. 

3c -^  a 

86t  Giyen -= ; — : —  to  find  the  yalue  of  «. 

af—l         «+!  «•— 1 

^iM.  ar= — ^-|. 

X. 

Ans,  jr:=8. 


9;r+20     4a;— 12     x 

S7«  Given  — — — =-- 4-t  *<>  find  the  value  of  x, 

36  5«— 4      4 


88,  Given  !?±l£-.-^±|-==?  to  find  the  value  of  x. 
21         4j: — 11     3 

Ans.  «=8* 

89«  Given  — ^ — +-s — ^  =  — =—  to  find  the  value  of  «. 
9  o*  +  3  3 

Ans.  «=4. 

40.  Given  -^^^ — 14  =    ^^^ — 16  to  find  the  value  of  «. 
a:+2  X — 2 

Ans.  x=2^ 

«— 2    21^*" 
41i  Given  — =-=-—  to  find  the  value  of  «i  Ans.  x=26» 


I2t  Given  ar 4^200;  4-^=a  to  find  the  value  oix.       Ans.  2r=~. 

4 


43t  Given  2Va*+«'=4(a— ^at)  to  find  the  value  of  2;. 


4 


44i  Given  a+«=i/a*+a:V6'+af"  to  find  the  value  of  x. 

6*-4a* 


Ans.  ar=- 


4a 


4i,  Given  -^8a;--l=2  to  find  the  value  of  of.  Ans.  ar=|. 

46t  Given  ^x+x*=:x+^  to  find  the  value  of  a;.  Ans.  x=2^. 


47«  Given  V3a?+18— 4=0  to  find  the  value  of  ar.      Ans.  ar=l7. 


48t  Given  —=-+«=« +2af  to  find  the  value  of  ar. 
Va-^x 

Ans.  x=l^a. 

49.  Given  |/4+*^^P=  «— 2  to  find  the  value  of  x. 

Ans.  x=2\. 
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50»  Giv<m  (2+«)*+«*=4(2+ar)"**  to  find  the  yalue  of  «• 


51«  Given  Sf^2a;+6+3=15  to  find  the  value  o(x.     Ant.  jr=:5. 


S2«  Given  j^x+S=V21  -hx  to  find  the  value  otz.       Am.  z=4. 


a 


Si.  Given  x-^Va—x=-==  to  find  the  value  of  a;. 
Va—x 

Am.  af=a— 1. 

51.  Given  -^^ (a?—  J_        ^  g^^  ^^  ^^^^  ^^  ^ 

da;         8a;+2      llo; 

Am.  x=^. 

55t  Given  x-i-ix-\'r^=m  to  find  the  value  of  a;. 

0        0 


.^ilW.  X' 


'a+6+c* 


M«  Given  i/a+o^+t^a— a?=V'aa;  to  find  the  value  dx. 

A  ^* 


57.  Oiven  i/— — +i/-i-.  — i/JL_  to  find  the  value  of  ar. 
"  a-k-x     '  a— «     'ar—sr 


Am. 


58t  Given  |/a;+a=c— Kir4-&  to  find  the  value  of  a;. 
M«  Given  4/a+i^a;=f^(M;  to  find  the  value  of  x. 


Am.  x= — =- 


_  (v«-i)* 

Mt  Given  j^x—'U^S—Vx  to  find  the  value  of  or.     Am.  a;=25. 


61«  Given  |/a;+40=10^a;  to  find  the  value  of  rr.     Am.  xz=zd. 


(2*  Given  4/a;— 24=f  of— 2  to  find  the  value  of  x.     Am.  <r=49. 


IS.  Given  j^B  xVx+2=V6X'{'2  to  find  the  value  of  a;. 

Am.  xzs-ff. 


6lt  Given  ax+aV2aX'{-x^=iah  to  find  the  value  of  or. 

uln«.  X:= 


2{a+by 
13 
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(5«  Given    f      ^=-^ to  find  the  value  of «. 

Ml  Given  4/4a+x=2Vb-^x-'Vx  to  find  the  value  o(  x. 

2a— 5 

67.  Given  — =-= —  to  find  the  value  of  x.        Ans.  «=- . 

j^x        ^  ^— * 

Vax^h     ZVax — 26      «   ,   ,        ^        « 

8g«  Given  -=r: = — = to  find  the  value  of  oj. 

Vaai'\-h     3  far +66 

Am.  x= — . 
a 

W.  Given  tl^±ii?^=9  to  find  the  value  of  x.     Ans:  a?=|. 

f4aj+l— 2fa? 

70,  Given  ^«+a?+»^a-a?  ^^  ^  ^^^^  ^^  ^^^^  ^^  ^ 

Va+«— l^a— a? 

,  ^  2a6 

71*  Giv«n  ^ili/^Ili=2  to  find  the  value  of  x.     Ans.  a?=l|. 
X — l''^  af+1 

72.  Given  ^^-^^^^^"^  to  find  the  value  of  a;.    Ans.  «=6, 
f6a;+2     4f6ar+6 

78i  Given  a+6V^T5=c  to  find  the  value  <rf  «. 

Ans.  x=il-^]  — rfi 

— —       ^ft 

71,  Giveni^aj+f'a;— 9=^==  to  find  the  value  of  x. 

Vx-^Q 

Ans.  ar=:25. 

iir  Given  |/T+«V^+12=1  +a:  to  find  the  value  of  a?, 

Ans.  a?=t. 

76.  Given  i/ar+ V5-.i/a?--.f'i=?(--^-J    to  find  the  value  of  i 

^«.  ar=-. 
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n*  Crirett  — - — : — jr — : :  14 : 6  to  find  the  yahie  of  jf» 

6  7 

Am.  «=4. 
7ip4-9  lOic* 18 

78.  Given  5x-\"- -^^•\ — r r-  to  find  the  value  o(x. 

4a:+3  2a;4-3 

Ans.  «=:3. 

79.  Given  VOx— f-J-^rrS  to  find  the  value  of  a?.         Ans.  «=4. 

80.  Given — ^ — : — -— ^— 2ar::S  :4  tofindthe  valueof*. 

4  o 

Ans.  jp=3. 

4x4- 14 

81.  Given  16a?+6  :  t— ^-^ : :  36a?+10 : 1  to  find  tJie  value  of  a?. 

9* +  81 

Ans.  ir=5. 

82«  Given  -^i^ =:=t  to  find  the  value  of  x.    Ans.  x=b{  — = ) . 

«  ^^ 

8Si  Given  — = = — = to  find  the  value  of  ar.   Ans.  af=4. 

Vx-\'2      f^a?+40 

81.  Given  a  VSa:— c=i  Vex-^-fx-^g  to  find  the  value  of  x. 

85.  Given  -■^^f'"-  =-  •  ^^|  to  find  the  value  oix. 
3     61— da;    3     «— 2 

^iw.  a?=— . 

o^   ^.        VS       /      \5       /       84  ,    ^  ^  ,-        ,        . 
89.  Giv«n  — 25^== — o — +OOK  ^  ^^  *^®  ^^®  ^^*' 

Ans.  a;=25« 

*Q«    ^.       3*  81a?«--9  ^      3     2a!'-l     67- 3a;  ^     ^   , 

87.  Given—-— 7- -r-. rr=3a; — -• —  to  find 

2      (3a;— l)(a?+8)  2      ap  +  3  2 

the  value  of  x.  Ans.  x=10. 


88.  Given   A  Wa;*+89a;+374^>^a;*  +  20a;+51 1  zsj/ ^^^t^ 
19  (  J       '^   a;+ 17 

find  the  value  of  x.  Ans.  x=z*Ji 

89«  Given  a;*+2a?=:(a;+o)*  to  find  the  value  of  a;. 


Ans.  x=- 


=2(l^a)- 
M.  Given  a;«+2a;'+a;=(a*+3ar)(a;-l)+16  to  find  the  value  of  «, 


Ans.  a;=4. 
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*th  Given  ^^^ : x^5 : :  « •  7  ^  ^^  ^®  ^^  ^^*   ^^'*''-  :r=5. 
4  8    4 

n.  Gi.en<'+^Xr'>-8«=^-2:r-Hg!=^   to  fiad    tb. 
a— 0  a+o  0 

^«  o^*-  ^"'-  *= 26[2a«  +  (a-6)q * 

•S.  Given  iL4.^+4-+-r-=*  to  find  the  value  of  «. 
oX     vLx    jX     nX 

a4fh+hefh+bdeh+bdfff 

^•'= (pi • 

U,  Giyea  Ig^JJ^- "*  +  ^  =g^  to  find  the  value  of*. 
W,  wirou       jg  13*— 16  9 

Ant.  2=4. 

of  «?.  ^iiM.  «=4. 

„.  Given  !?^-?^+?=^-.^  to  find  the  value  of*. 
w  vriYw     gg        23*— 6^4      21        42 

Ans.  jr=4. 

n   Giyea  t:^—^:=^-i±^-?^=it+—  to  find  the 
W,  uiven    jg    -i4(«_l)-    21  6     ^106  ^ 

ralaectf  *.  -<*«*•  *=*• 

I6«  Given  •? de=bx—<te  to  find  the  value  of  x. 

18a?— 19     lla?+21     9*+ 15  ^    is  j  xi.       i       ^ 
M.  Given  — ^g— 4-  63.4.14=—^"  * 

2a?— 8     8g— 1 

IMt  Given i— =-  •  — t^  to  find  the  value  of  x. 

^^  2  g— 1  2     8«— 2 

2 

*  Thife  b  »  peoalkrify  In  this  OTample.  Anj  qtuntitieB  whaterer,  if  not  in 
the  ratio  offtoforofStoS,  when  sabstitated  for  f  and  f^  will  give  the  same 
answer.    Can  fhe  student  exi^ain  the  reMonr 
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QUESTIONS  INVOLVING  SIMPLE  EQUATIONS 
CONTAINING  ONE  UNKNpWN  QUANTITY. 

QUX8TI0V 

(366.)  1.  What  number  is  that,  the  doable  of  which  exceeds  iti 
halfbjef 

BOLUTIOV. 

Let  x=z  the  number. 

-Then,  by  the  conditions  of  the  question,  we  must  have  the  equation 

3x=zl2j 
jr=4,  the  number  required. 

Another  Solution. 
Let  2x  =s  the  number. 
Then,  by  the  conditions  of  the  question,  we  must  have  the  equation 

3«=6, 

2x=4,  the  number  required. 

QUX8TX0V 

2.  A  person  employed  4  worbnen ;  to  the  first  of  wh<Hn  he  gave 
2  dollars  more  than  to  the  second;  to  the  second,  8  dollars  more  than 
to  the  third ;  and  to  the  third,  4  dollars  more  than  to  the  fourth. 
Their  wages  amounted  to  32  dollars.    How  much  did  each  receive  ? 

80LUTI0K. 

I^t  jr=  the  sum  received  by  the  fourth, 
then«+4=         «        a         u         ^^j^^^ 

«+7=         a        «         tt         second, 
and«+9=  "        •*         •*         first 

By  the  conditions  of  the  question,  the  sum  of  these  must  equal  32 
dollars.    Therefore, 
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4a?=12, 
4?=s  8,  the  6iim  received  hj  the  (bwth, 
«+4=:  7,       "         "         "         third, 
a: +7= 10,      •*«         «         «  second, 

and  aj+9=12,        «««  first 

Q0Be«ieH 

8.  What  two  numbers  are  to  each  other  as  2  to  8 ;  to  each  of 
which  if  4  be  added,  the  sums  irill  be  as  5  to  7 1 

80LUTI0V. 

Let  2x  and  8a;  be  the  numbers. 

Then,  by  the  conditions  of  the  question, 

2«+4:8«+4::6:7. 

Whence,  14«+28=16a:+20, 
8=a?, 

2x=zl%  the  iSrst  number. 
3a;=24,  the  second  number. 

1)UX8TIOK 

4.  A  person  bdng  asked  the  hour,  answered  that  it  was  between  five 
and  six ;  and  the  hour  and  minute  hands  were  together.  What  was 
the  time  ?  ^ 

80LUTI0K. 

Let  0?=  the  time  past  5. 

Then,  mnce  the  minute-hand  goes  12  times  as  fest  as  the  hoar- 
hand,  it  follows,  that  5 +0;  is  12  times  x^ 
,-,  12a;=5+« 
llar=6 
x=fy  of  an  hour  =  27  minutes  16^  seconds,  the  time 
past  5  o'clock. 

QUESTION 

5.  What  number  is  that  to  which  if  1,  5,  and  18,  be  severally 
added,  the  first  sum  shall  be  to  the  second  as  the  second  to  the 
third? 


SU8STX0KS  INYOIiYINa  SIMPLE  SQUATIOira^  BTa       IM 
SOLUTION. 

Let  x=  the  number  required. 

Then,  by  the  conditions  of  the  question, 

x+1  :x+5  :;«+5  :af+18. 
Whose  soludon  gives  d;=3.  « 

QUXSTIOK 

6.  A  shepherd,  in  time  of  war,  was  plundered  by  a  party  of  soldiers, 
who  took  I  of  his  flock,  and  ^  of  a  sheep ;  another  party  took  from 
him  I  of  what  ^^  ^9^  le^?  fti^d  ^  of  a  sheep ;  then  a  third  party  took 
j^  of  what  now  remaned,  and  i^  of  a  sheep.  After  which  he  had  but 
25  sheep  left.    How  many  had  he  at  first  f 

SOLUTION. 

Let  x=  the  number  he  had  at  first. 

Then  7+7=  the  number  the  first  parly  took  away. 

Which,  being  subtracted  from  a:,  gives 

-- — ~=  the  number  remanding. 
4      4 

The  second  party  took  away  |  of  these,  +  ^  of  a  sheep,  which  left 

2/Sx     1\     1        X     I 

3U  "4/     3' ""'  2'"2- 

Of  these  the  third  party  took  one<haIf  +i  of  a  sheep,  which  left 

l/a:_l\_l        X     3 

2I2     2/     2'''''i""4- 

«     3       ^. 
...    --=  25 

ar-3  =  100 
a;=103.  • 

QUESTION 

7.  A  man  and  his^wife  usually  drank  a  vessel  of  beer  in  12  days ; 
but  when  the  man  was  gone,  it  lasted  the  woman  30  days.  In  how 
many  days  would  the  man  alone  drink  it ! 

SOLUTION. 

Let  a;  =  the  number  of  days  it  would  take  the  man  alone  to  drink  it 

Then,  the  man,  in  1  day,  would  drink  -  of  it 

The  woman,  "  "         "        ?t   " 

The  man  and  woman  together  **        1*1   " 
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•  •    12     x^SO 

d«=60 

«=-20y  the  time  it  would  tako  the 
miin  alone  to  drink  it 

QUXBTIOV 

8.  A  person  engaged  to  reap  a  field  ci  35  acrea,  oonaiating  parUj 
of  wheat  and  partly  of  rye.  For  every  acre  of  rye  he  reoeiyed  5 
ahillingB ;  and  what  he  receiyed  for  an  acre  of  wheats  augmented  hj 
one  shilling,  is,  to  what  he  received  for  an  acre  of  rye,  as  7  to  3.  For 
his  whole  labor  he  received  260  shillings.  What  was  the  number  of 
acres  of  each  sort? 

BOLUTIOK. 

Let  x=:  the  number  of  acres  <^  wheat ; 
Then  85— «?=  the  number  of  acres  of  rye ; 
Then  175— 5ap=  the  price  of  reaping  the  rye. 
Bythequestion,8:7::5:l+  the  price  of  reaping  an  acre  of  wlMst. 

But  d:7::5:ll}. 
llierefore,  the  price  <^  reaping  1  acre  of  wheat  is  10}=^:^  shillings. 

And  u        u        u        ,^     .     .     -shaiingH. 

.••  — -  +  176-  5«=260, 
3 

82«  +  625— 15«=780, 

I7ar=266, 

«=15,  the  No.  of  acres  of  wheat 

85— «=20,  "  "  rye. 

QUE8TI0K 

9.  The  hold  of  a  ship  contained  442  gallons  of  water.  This  was 
emptied  out  by  two  buckets :  the  -greater  of  which,  holding  twice  aa 
much  as  the  other,  was  emptied  twice  in  8  minutes ;  but  the  less, 
three  times  in  2  minutes ;  and  the  whole  time  of  emptying  was  12 
minutes.  ^  How  much  did  each  hold  ? 

BOLUTIOK. 

Let  X  =  ihe  number  of  gallons  the  less  held. 
Then  2x=^e  number  of  gallons  the  greater  held. 


QUESTIONS.  201 

4x=  the  gallons  thrown  out  by  the  greater  in  3  minuteii 
.i6ar=r  «  «  «  "  12        •* 

lBx=z  u  u  H  legg    tt    12       " 

V*.    16a?+18a:=34a:=442, 

«=13,  the  No.  of  gallons  the  first  bucket  held. 
2ar=26,  «  «  second    «*       •« 

QUESTIOK&. 

1.  What  number  is  that^  from  the  treble  of  which  if  18  be  sub- 
tracted, the  remainder  is  6 1  Ans,  8. 

2.  What  number  is  that,  the  double  of  which  exceeds  |  of  its  half 
by  40  ?  Ans.  25. 

3.  In  fencing  the  side  of  a  field,  whose  length  was  450  yards,  two 
workmen  were  employed ;  one  of  whom  fenced  9  yards,  and  the  other 
6,  per  day.    How  many  days  did  they  work  ?  Ana,  30. 

4.  A  farmer  sold  13  bushels  of  barley,  at  a  certain  price ;  and 
afterward  17  bushels,  at  the  same  rate;  and  at  the  second  time 
received  36  dimes  more  than  at  the  first  What  was  the  price  of  a 
bushel  f  Ans,  00  cents. 

5.  A  draper  sold  two  pieces  of  doth,  by  one  of  which  he  lost  |6 
more  than  by  the  other :  and  his  whole  loss  was  $5  less  than  treble 
the  less  loss.    What  were  the  losses  sustained  by  each  piece  ? 

Ans,  111,  and  117. 

6.  A  company  settling  their  reckoning  at  a  tavern,  pay  |8  each  ; 
but  observe,  that  if  there  had  been  4  more,  they  should  only  have 
paid  $7  each  ?    How  many  were  there  f  Ans,  28. 

7.  IVo  workmen  received  the  same  sum  for  their  labor ;  but  if  one 
had  received  |15  more,  and  the  other  $9  •  less,  then  one  would  have 
had  just  three  times  as  much  as  the  other.  What  did  they  each  re- 
ceive ?  Ans,  |21  each. 

8.  What  number  is  that,  the  treble  of  which  is  as  much  above  40, 
as  its  half  is  below  51  ?  Ans,  26. 

9.  A  person  has  a  certain  number  of  horses  at  a  livery  stable,  and 
3  times  as  many  at  grass.  He  keeps  15  in  constant  employment ;  and 
his  whole  number  is  7  times  the  number  in  the  stable.  What  was  the 
whole  number  ?  •  Ans,  35. 

10.  Two  men  at  the  distance  of  150  miles  set  out  to  meet  each 
other ;  one  goes  3  miles  while  the  other  goes  7.  How  much  of  the 
distance  does  each  travel  I     Ans.  One  45,  and  tb<  5^the^  inr>  miles. 


v 


202  QU«STIOK& 

11.  A  person  put  oot  a  oertam  gum  at  interaat  for  6l  jeaiS)  at  5 
per  cent  simple  interest ;  and  found  that  if  had  put  out  the  same  sum 
for  12  years  and  9  months,  at  4  per  ceni,  he  woidd  have  receiVed 
$185  more.    What  was  the  sum  put  at  interest  Ans.  $1000. 

12.  From  two  casloB  of  equal  size  are  drawn  quantities,  which  are 
in  the  proportion  of  6  to  7 ;  and  it  appears  that  if  16  gallons  less  had 
been  drawn  from  that  which  is  now  the  emptier,  only  half  as  much 
wou.d  have  been  drawn  from  it  as  from  the  other.  How  many  gal- 
lons were  drawn  from  each  ? 

Ans.  24  gallons  from  one,  and  28  gallons  from  the  other. 

13.  Out  of  a  certain  sum,  a  man  paid  his  creditors  $96  ;  half  of 
the  remainder  he  lent  his  friend ;  he  then  spent  }  of  what  now  r^ 
mained;  and  after  all  these  deductions  had  yV  ^^  ^  money  lefL 
How  much  had  he  at  first  ?  Ans,  $128., 

14.  Six  hundred  persons  voted  upon  a  disputed  question,  which 
was  lost  by  a  certain  nuipbor.  The  same  number  of  persons  having 
voted  again  upon  the  same  question,  it  was  from  some  change  in  cir- 
cunastances  carried  by  twice  as  many  as  it  was  before  lost  by  ;  and 
the  new  majority  was  to  the  former  one  as  8 :  ?.  How  many 
changed  their  minds  ?  Ans.  150. 

15.  A  sportsmao,  keeping  an  account  of  the  number  of  birds  he 
killed,  found  that  each  succeeding  season  he  wanted  50,  in  order  that 
tlie  number  killed  might  bear  the  proportion  of  3  :  2  to  the  number 
killed  in  the  preceding  year.  In  the  fourth  year  he  found  that  he  had 
killed  170  fewer  than  three  times  the  number  killed  in  the  first  year. 
How  many  did  he  kill  the  first  year  ?  Ans.  180. 

16.  Several  detachments  of  artillery  divided  a  certain  number  of 
cannon  balls.    The  first  took  72,  and  ^  of  the  remamder ;  the  next 

'  144,  and  ^  of  the  remainder ;  the  third  216,  and  ^  of  the  remainder ; 
the  fourth  288,  and  ^  of  those  that  were  left;  and  so  on;  when  it 
was  found  that  the  balls  had  been  equally  divided.  What  was  the 
number  of  balls  and  detachments  ? 

Ans,  4608  balls,  and  8  detachments. 

17.  Two  persons,  A  and  B,  start  at  the  same  time  for  a  race  which 
lasted  6  minutes.    Now  after  galloping  4  minutes  at  the  same  uniform 

^     pace  at  which  each  started,  the  distance  between  them  is  ^^^  the 

\    part  of  the  whole  length  of  the  course.    They  continue  to  run  for  1 

minute  more,  at  the  same  speed  as  at  first ;  and  then  ^,  who  is  lasl^ 


v-^ 
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quickens  the  speed  of  his  horse  20  yards  a  mimitOy  and  oomea  in 
exactly  two  yards  before  A^  whose  hone  had  mn  at  the  same  nni* 
fonn  pace  thioughont.    What  was  the  length  of  the  course  t 

Am.  8  mika^ 

18.  A  packet  sailing  from  Dover  with  a  fair  wind,  arrives  at  Calais 
in  2  hours;  and  on  its  return  the  wind  being  contrary,  it  proceeds 
6  miles  an  hour  slower  than  it  went  Now  when  it  is  half  way 
over,  the  wind  changing,  it  sails  2  miles  an  hour  &ster,  and  reaches 
Dover  aooner  ^an  it  would  have  done  had  the  wind  not  changed,  in 
the  proportion  of  6 : 7.  What  were  the  rates  of  sailing  and  the  di»- 
tance  between  Dover  and  Calais  ? 

Ans.  On  its  retain  it  sails  5  and  7  miles  an  hour,  and  the  distance 
is  22  miles. 

19.  A  £tfmer  has  a  stack  of  hay,  from  which  he  sella  a  quantity 
whicli  is  to  the  quantity  remaining  in  the  proportion  of  4  to  5«  Qb 
then  uses  15  loads,  and  finds  that  he  has  a  quantity  left  which  is  to 
the  quantity  sold  as  1  to  2.  How  many  loads  did  the  stack  contain 
at  first?  Ant.  45. 

20.  In  a  naval  engagement,  the  number  of  ships  taken  was  f  more, 
and  the  number  burnt  2  fewer  than  the  number  sunk.  Fifteen 
escaped,  and  the  fleet  consisted  of  8  times  the  number  sunk.  Of  how 
many  ships  did  the  fleet  consist !  Ans.  89. 

21.  At  the  review  of  an  army,  the  troops  were  drawn  up  in  a  solid 
mass,  40  deep,  when  there  were  just  ^  as  many  men  in  fiK>nt  aa 
there  were  spectators.  Had  the  depth,  however,  been  increased  by  ^ 
5,  and  the  spectators  been  drawn  up  in  the  mass  with  the  army,  the 
number  of  men  in  front  would  have  been  100  fewer  than  before.  Of 
what  number  did  the  army  consist  ?  Ans^  180000. 

22.  A  and  JB  playing  at  billiards,  ^  bet  5  dollars  to  4  on  every 
game,  and  found  that  after  a  certain  amount  of  games,  he  had  won  10 
dollars.    Had  JB  won  one  game  more,  the  number  won  by  him  would' 
have  been  to  the  ntunbe?  won  by  ^  as  3  to  4.    How  many  did  each 
win  ?  Aw^  A  won  20,  and  B 14,  or  A  6,  and  ^2 ;  the 

number  of  garnets  remaining  the  same. 

28.  A  besieged  garrison  had  such  a  quantity  of  bread  as  would,  if 
distributed  to  each  at  10  ounces  a  day,  last  6  weeks,  but  having  lost 
1200  men  in  a  sally,  the  governor  was  enabled  to  increase  the  allow- 
ance to  12  ounces  per  day  for  8  weeks.  What  was  the  number  of 
men  at  first  iif  the  garrison  ?  Ans  3200k 


J 
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24.  During  a  panio,  there  was  a  nm  on  two  banken  A  and  B.  B 
stopped  payment  at  the  end  of  3  days,  in  eonsequenoe  of  which  the 
ahum  increasedy  and  the  daily  demand  for  cash  on  A  being  trebled, 
A  finled  at  the  end  of  2  more  days.  But  if  A  and  B  had  joined  their 
oapitalfli  they  might  both  hare  stood  the  run,  as  it  was  at  -firsts  lor  7 
days,  at  the  end  of  which  time  B  would  have  been  indebted  to  A 
$4000.    What  was  the  daily  demand  for  cash  at  ^'s  bank  at  first? 

Am.  12000. 

25.  There  ue  two  nombers  in  the  proportion  of  ^  to  |,  which 
being  increased  respectively  by  6  and  5,  ue  in  the  propcnrtion  of  }  to 
^.    What  are  the  numbers?  Am.  80  and  40. 

26.  A  gentleman  meeting  4  poor  persons,  distributed  60  cents 
among  them :  to  the  second  he  gave  twice,  to  the  third  thrice,  and  to 
the  fourth  four  times  as  much  as  to  the  first.  How  much  did  he 
give  to  each  ?  Am.  6,  12, 18,  and  24  cents  respectively. 

27.  A  fiirmer  has  two  flocks  of  sheep,  each  containing  the  same 
number.  From  one  of  these  he  sells  39,  and  firom  the  other  93 ;  and 
finds  just  twice  as  many  remaining  in  one  as  in  the  other.  How 
many  did  each  flock  originally  contain  ?  Am.  147. 

28.  Four  places  are  situated  in  the  order  of  the  four  letters  A^  B^ 
Cy  D.  The  distance  from  ul  to  2)  is  34  miles ;  the  distance  from  A 
to  £:  distance  from  (7  to  i> : :  2  :  3,  and  \  of  the  distance  from  A  to 
B  added  to  half  the  distance  from  ^  to  2)  is  3  times  the  distance 
from  Bto  C.    What  are  the  respective  distances  ? 

Am.  AB=12,  BC=^4,  and  CZ>=18. 

29.  In  a  mixture  of  wine  and  cider,  half  of  the  whole  +  25  gallooa 
was  wine,  and  ^  of  the  whole  —5  gallons  was  cider.  How  many 
gallons  were  there  of  each  ? 

Am,  85  gallons  of  wine,  and  35  of  cider. 

90.  A  footman  who  contracted  for  £8  a  year,  and  a  livery  suit,  was 
turned  away  at  the  end  of  1  months,  and  received  only  £2  Bs.  4d.  and 
his  livery.    What  was  its  value  ?  Am,  £6. 

31.  A  cistern  into  which  water  was  let  by  two  pipes,  A  and  B,  will 
be  filled  by  them  both  running  together  in  12  hours,  and  by  the  pipe 
A,  alone,  in  20  hours.  In  what  time  will  it  be  filled  by  the  pipe  B 
Blouei  -47W.  30  hours. 

8?.  A  person  has  two  sorts  of  wine,  one  worth  20  pence  a  quart| 
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a^  the  other  12  pence ;  from  which  he  would  mix  a  quart  to  be 
worth  14  pence.    How  much  of  each  must  he  take  t 

Ans.  He  must  take  ^  of  the  first,  and  |  of  the  second. 

83.  A  hare,  50  of  her  leaps  before  a  greyhound,  takes  4  leaps  to 
the  greyhound's  3 ;  but  2  of  the  greyhound's  leaps  are  as  much  as  3 
of  the  hare's.  How  many  leaps  must  the  greyhound  take  to  catch  the 
hare!  Ans.  300. 

34.  Two  pieces  of  cloth  of  equal  goodness,  but  of  different  lengths, 
were  bought,  the  one  for  |5,  and  the  other  for  $6^.  Now,  if  the 
lengths  of  both  pieces  were  increased  by  10,  the  numbers  resulting 
would  be  in  the  proportion  of  5  to  6.  How  long  was  each  piece,  and 
what  was  the  cost  a  yard  t 

Am.  One  piece  was  20  yards  long,  and  the  other  26.  Ck)st,  25 
cts.  a  yard. 

85.  Two  persons,  A  and  £,  hare  both  the  same  annual  income. 
A  lays  by  \  of  his:  but  B,  by  spending  $80  per  annum  more'than 
A,  at  the  end  of  4  years  finds  himself  |220  in  debt  How  much  did 
each  receive  and  spend  annually  f 

Ana,  The  annual  income  of  each  is  |125,  and  ^'s  annual  expendi- 
ture is  llOO,  and  ^s  |180. 

86.  An  egg-merchant  meeting  with  three  customers,  sells  to  the 
first  of  them  half  his  stock  and  1  egg  more ;  to  the  second  he  dis- 
poses of  half  the  remainder  and  2  eggs  more ;  and  to  the  third  half 
of  what  he  then  had  left  and  3  eggs  more ;  and  afterward  discovers 
that  he  has  parted  with  his  who^e  stock.  "What  number  had  he  at 
first?  Ans.  34. 

37.  A  person  disposes  of  turkeys  at  as  many  dimes  each  as  the 
number  he  has,  and  returning  1  dime  finds  that  if  he  had  had  one 
more  to  sell  on  the  same  condition,  and  had  returned  2  dimes,  he 
would  have  received  20  dimes  more  from  his  baigain.  What  num- 
ber did  he  dispose  of?  Ans,  10. 

38.  A  gentleman  bequeaths  his  property  as  follows :  To  his  eldest 
child  he  leaves  |1 800,  and  f  of  the  rest  of  his  properly ;  to  the  second, 
twice  that  sum  and  j-  of  what  then  remained  ;  to  the  third,  three  times 
the  same  sum  and  j-  of  the  remainder,  and  so  on ;  and  by  this  ar- 
rangement his  properly  is  divided  equally  among  his  children.  How 
many  children  were  there,  and  what  was  the  fortune  of  each  ? 

Ans.  5,  and  19000,  the  fortune  of  each. 


Ans. 
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89.  A  aad  B  poeseM  oertain  sains  of  money,  iiieb  that  if  ihsy  gmn 
ta  and  96  respectively,  A  will  be  m  times  as  rich  as  B ;  but  if  they 
gain  |c  and  %d  vespeotiyely,  A  beoomes  posseased  of  n  times  as  much 
as  B,    How  much  money  has  eac^ ! 

^ — ^^ -=B*&  money  at  first 

m— n 

40.  The  crew  of  a  ship  consisted  of  her  complement  of  sailors  and 
a  number  of  soldiers.  Now  there  were  22  sailors  to  every  3  guns 
and  10  more.  Also,  the  whole  nupiber  of  persons  was  5  times  the 
number  of  soldiers  and  guns  together.  But  after  an  engagement,  in 
which  the  slain  were  \  of  the  survivors,  there  wanted  5  to  be  13  men 
to  every  2  guns.    What  was  the  number  of  guns,  soldiers,  and  sailors  ? 

Ana.  00  guns,  6*70  sailors,  and  55  soldiers. 

41.  An  express  set  out  to  travel  240  miles  in  4  days,  but  in  conse- 
((uence  of  the  badness  of  the  roads,  he  found  that  he  must  go  B  miles 
the  second  day,  0  the  third,  and  14  the  fourth  day,  less  than  the  first. 
How  many  miles  did  he  travel  each  day  ? 

Ana.  67,  62,  58,  and  53  miles. 

42.  The  estate  of  a  bankrupt,  valued  at  #21000,  is  to  be  divided 
among  four  creditors  proportionably  to  what  is  due  them.  The  debta 
due  to  A  and  j9  are  as  2:3;  J^s  and  (Ts  claims  are  in  the  ratio  of 
4:5;  and  C%  and  JD^  in  the  ratio  of  6 : 7.  What  sum  must  each 
receive  ?  Ana.  A  $3200,  B  |4800,  C  $6000,  and  D  $7000. 

43.  There  are  two  towns,  A  and  B,  which  are  131  miles  distant 
from  each  other.  A  coach  sets  out  from  A  at  six  o'clock  in  the  mom* 
ing,  and  travels  at  the  rate  of  4  miles  an  hour  without  intermission, 
in  the  direct  road  toward  B,  At  2  o'clock  in  the  afternoon  of  the 
same  day,  a  coach  sets  out  from  ^  to  go  to  ^,  and  goes  at  the  rate 
of  5  miles  an  hour  constantly.    Where  will  they  meet  ? 

Ana.  76  miles  from  A^  and  65  from^B. 

44.  A  waterman  finds  by  experience  that  he  can  with  the  advan<^ 
tage  of  the  common  tide  row  down  a  river  from  ^  to  ^,  which  is  18 
miles,  in  1  hour  and  a  hal^  and  that  to  return  from  B  to  A  against 
an  equal  tide,  though  he  rows  back  along  the  shore,  where  the  stream 
is  only  f  as  strong  as  in  the  middle,  takes  him  just  2  hours  and  a 
quarter.  At  what  rate  does  the  tide  run  per  hour  in  the  middle, 
where  it  is  the  strongest  f  Ans.  2i  miles  per  hour. 
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45.  The  iDgrediento  of  a  loaf  of  bread  are  rioo,  flour,  and  water^  and 
the  weight,  of  the  whole  is  15  Ibe.  The  weight  of  the  rice  augmeuted 
bj  5  lbs«  is  I  of  the  weight  of  ibe  flour,  and  the  weight  of  the  water 
is  I  of  the  weight  of  the  flour  and  the  rioe  together.  What  is  the 
w&ght  of  each!  Jnt.  Bice  2lbai, flour  10^  lbs.,  water  2^ lbs. 

46.  Suppose  two  hands  of  a  watch,  (a)  and  (5),  were  together  on 
Sunday  noon,  and  the  motion  of  each  was  such  that  (a)  moved  rouud 
the  horary  circle  in  one  hour,  and  (5)  in  1^  hour.  When  will  they 
be  together  again  for  the  flrst  timet  An9,  61  hours. 

47.  The  rent  of  an  estate  this  year  is  greater  by  8  per  cent  than  it 
was  last  year.  This  year's  rent  is  (1890.  What  was  the  rent  of  kst 
year!  Ans.tH^O. 

48.  A  merchant  increases  his  capital  yearly  by  20  per  cent.,  and 
takes  from  it  every  year  tlOOO  for  the  support  of  himself  and  &mily. 
After  he  had  carried  on  his  business,  in  this  manner,  for  three  yean, 
he  finds,  after  deducting  the  usual  sum,  #1000,  that  his  capital  has 
increased  $200  more  than  |  of  the  original  sum.  What  was  the 
original  capital?.  Ana.  #30000. 

49.  A  person  has  4  wine  casks  of  diflferent  sizes.  When  he  fills 
the  2d  empty  cask  from  the  first  full  one,  there  remains  in  the  first 

.only  4^  of  the  wine ;  when  he  fills  the  3d  empty  cask  from  the  2d  full 
one,  there  is  left  in  the  2d  only  }  of  the  wine;  but  when  he  attempts 
to  fill  the  4th  empty  cask  from  the  Sd  full  one,  then  only  y^  of  the 
4th  is  filled,  and  if  he  wished  to  fill  the  8d  and  4th  empty  casks  from 
the  first  full  one,  then  these  would  not  only  be  filled,  but  he  would 
have  1 5  gallons  remaining.  How  many  gallons  does  each  of  these  four 
ciisks  contain ! 
Am.  The  1st,  140;  the  2d,  iSO ;  the  3d,  45  ;  and  the  4th,  80 
gallons. 

50.  A  father  leaves  a  number  of  children,  and  a  certain  sum  of 
money,  which  they  are  to  divide  among  them  as  follows :  The  first 
is  to  receive  llOO,  and  a  10th  part  of  the  remainder;  after  this,  the 
second  receives  $200,  and  a  10th  part  of  the  residue  ;  again,  the  third 

'  receives  $300,  and  a  10th  part  of  the  remainder ;  and  so  on.  At  last 
it  is  found  that  all  the  children  have  received  the  same  sum.  What 
was  the  fortune  left,  and  how  many  children  were  there  ? 

Ans.  $8100,  and  9  children. 

51.  What  number  is  that  which,  if  it  be  increased  by  7,  the  square 
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root  of  the  sum  shall  be  equal  to  the  square  root  of  the  number  itaell 
and  1  more  t  .  Am.  9. 

62.  What  must  the  fortune  and  number  of  children  be,  when,  in 
general,  the  first  receives  a  dollafs,  together  with  the  nth  part  of  the 
remainder ;  and  each  succeeding  child  a  dollars  more,  together  with 
the  nth  part  of  the  remainder,  and  it  is  found,  at  last,  that  they  have 
all  received  the  same  sum  t 

Am,  The  fortune,  =:(n— l)'a,  and  children,  =n— 1. 

53«  A  person  wishes  to  make  the  following  payments  at  4  different 
periods ;  one  sum  a  in  /,  a  sum  6  in  m,  a  sum  e  in  n,  and  a  sum  d  in 
p  months.  If  he  wishes  to  pay  his  whole  debt,  a + 5 + <? + ^'i  at  once, 
at  what  period  must  he  do  it !  ,    , 

^«,.?[±»!^+^  months. 

54.  A  master  mason  has  engaged  a  number  of  masons  for  the 
erection  of  a  building.  He  finds,  after  entering  into  a  calculation, 
that  if  he  gave  each  man  m  shillings  a  day,  he  would  daily  expend 
\^^  a  shillings  less  than  was  assigned  for  that  purpose  by  the  estimate, 
and  that  he  would  lose  b  shillings,  if  he  should  give  each  n  shillings. 
How  many  men  did  he  hire,  and  what  was  the  daily  wages  of  each  ? 
^  0  +  6 


Ans, 


The  number  of  nuisons  was 

The  daily  wages -of  each  was j—  shillings. 

55.  If  a  oxen  eat  the  meadow  b  in  the  time  e,  and  d  oxen  eat  the 
equally  good  meadow  e  in  the  time^  and  the  grass  grows  uniformly, 
how  many  oxen  will  eat  a  similar  meadow  g  in  the  time  h  f 

^^^    bdfgh—cujegh^acefg—hcdfg 
befh^bceh 

66.  If  a  acres  of  grass,  together  with  what  grew  on  the  a  acres 
while  they  were  grazing^,  keep  b  oxen  c  weeks,  and  in  like  manner, 
d  acres  keep  e  oxen  /  weeks,  for  how  many  weeks  can  g  oxeit  in  the 
same  way  graze  on  h  acres  1  ^ff^  (bd—ae) 

^^'     .  /  >.     V  .  r,r  J 77  weeks. 

^9{f—^)  +  Kbcd—aef) 

67.  If  a  acres  of  grass,  together  with  what  grew  on  the  a  acres 
while  they  were  grazing,  keep  b  oxen  c  weeks,  and  in  like  manner, 
d  acres  keep  e  oxen  /  weeks,  how  many  acres  will  be  required  to 
keep  g  oxen  h  weeks  ?  adgk{/-^e) 

^^-  h{aef-hcd)  +c/(bd^^  ^^^ 
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RxMARKS. — Problem  55  is  tranalated  from  NemUm^M  Ariikmeiiea 
UmvenaliSj  publiahed  in  Latin,  in  1707. 

Qaestions  56  and  57  are  modifications  of  the  Newton  question 
(55)  but  are  still  more  difficalt  Nomerical  qaostions  of  like  char* 
acter  were  first  published  in  Stoddard's  Pbaotical  AmrnifSTio,  in 
1852. 
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SIMULTANEOUS   EQUATIONS   OF   THE 

FIRST  DEGREE,   CONTAINING  TWO 

UNKNOWN   QUANTITIES. 

(267«)  SmuLTANiouB  EQUAnoKs  are  such  as  must  exist  at  the 
same  time,  the  values  of  the  unknown  quantitiea  in  each  equation 
being  restricted  by  the  other. 

PROBLEM. 
(268.)  To  discuss  the  nature  of  simultaneous  equations. 

DISCUSSIOK. 
Let  «+y=6.     This  equation  can  be  satisfied  by  the  following 
positive  integral  values  for  x  and  y. 

x=il  and  y=5, 
xz=2    «    y=4, 
«=3    "    y=3, 
x=4    "    y=2, 
or,  «=5    «    y=l. 
Also,  if  «=0,  y  must  =  6,  and  if  «=6,  y  must  =  0.    We  might 
assign  negative  values  for  x^  and  the  corresponding  values  of  y  would 
be  obtnned  by  subtracting  the  value  of  x  from  6.    Thus,  «n=— 2, 
y=:e-(-2)=8. 

We  can  also  assign,  for  the  value  of  a?,  any  proper  or  improper 
fraction,  and  tbe  corresponding  value  of  y  must  be  this  value  sub- 

14 
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tiaotod  ftwa  6.  There  ipe,  then,  an  iafinite  nunber  of  Taluea  whiek 
may  be  assigned  to  x  and  y  which  will  satisfy  the  gLvea  egnatinn. 

Suppose,  now,  we  have  3jr-f*2y=14.  In  this  equation,  also,  x  and 
y  may  hare  an  infinite  number  of  values.  But^  if  we  wish  x+y^^6 
and  3x+2y=14  to  exist  at  the  same  time,  or,  in  other  words,  that 
each  of  these  equations  must  be  restricted  by  the  other,  x  and  y  ca:a 
only  have  those  values  which  will  at  the  same  time  satisfy  both  equa* 
tions. 

We  have,  then,  this  problem,  to  find  what  values  of  x  and  y  wiU 
satisfy  x+ff =6^  provided  8jr+dy=rl4. 

If  x=2  and  y=4,  the  first  equation  will  be  satisfied,  and  these  values 
will  also  be  found  to  satisfy  the  second. 

It  will  hereafter  be  found,  that  of  all  valnea  of  x  and  y  which  will 
satisfy  the  first  equation,  x=2  and  y=4  are  the  only  on^  that  will, 
at  the  same  tin^ei  valiflfy  the  secoiid  equation. 

d;-f*y=6  is  called  an  indeterminate  equation  when  it  has  no  other 
equation  to  limit  it  In  like  manner  d;+y+2;=9isan  indeterminiite 
equation,  when  it  has  no  other  equation  to  limit  it  In  general,  that 
equations  may  be  determinate  there  must  he  as  many  equations  as 
there  are  unknown  quantities. 

It  must  be  carefully  observed  that  the.  equations  must  all  be  inde- 
pendent, that  is^  that  no  equation  be  the  result  of  an  addition,  sub- 
traction, multiplicdtiony  or  division  performed  upon  one  of  the  others. 
Thus  « + y = 6,  and  « + y  +  8 = 9  are  not  independent  equations.  The 
same  may  be  said  of  x-\-y=Q,  and  ar+y— 3=3;  a;+y=6  and 
2«+2y=12;  aj+y=6  and  ia;  +  iy=2. 


SLIMIlTATIOir. 


(269«)  Eldonatiok  is  the  process  of  dedneang  fix>m  two  <»  ma§% 
simultaneous  equations,  a  single  equation  containing  one  unknown 
quantity. 

(270«)  Simultaneous  equations  are  of  the  first  degree  when  the 
equation  deduced  from  them  is  of  the  first  degreo,  or  is  a  simple 
equation. 
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BLIMIKATION    BY    SUBSTITUTION. 

(27 1  •)  EHmination  hy  sttbititution  is  findhig  an  expression  for 
the  value*  of  an  unknown  quantity  in  one  equation,  and  sabstitating 
this  value  for  the  same  unknown  quantity  in  another  equation.    . 

PBOBLEM. 
(272*)  To   eliminate    by  substitution  from    two   simultaneous 
eqvatioBa. 

BULE. 
Mnd  an  expresnon  far  the  valine  of  an  unknown  quantity  in  cms 
igfttaiion,  and  substitute  this  eatpression  for  the  same  unknown  quantity 
in  the  other  equation,  and  there  will  result  a  single  equation  contain- 
ing  hut  one  unknown  quantity. 

PROBLEM 

(273.)  1.  Given  \  ^  +*3^=^  (^)  I  to  find  the  values  of  ar  and  y. 
^  ^  f  mx+ny:=d  (2)  y.  ^ 

SOLUTION. 

(8)=  value  of  y  in  (1). 

(4)=(3)xn. 

.._     ,.,^      _  ..      (  value  of  ny  in  (4)  sub- 

"»•+  —r-  =**  (^)=  \  stituted  in  (2). 

bmx-^-nc—naxzzzbd, 

hmx—nax=hd—ne, 

{bm—na)x^=bd'—ne, 

bd^ne 


'6m— na 


(8). 


ahd—acn  ,  .      ., 

ax'=-Y (9)=(8)xa. 


abd—'nac      r  _  /i^\-_i     ^*^"®  ®^  ^  '^  i^) 

hm—na  ^~  (  substituted  in  (1). 


,  abd—na4: 

fty=c — T . 

bm—na 

c     abd—nae 

♦^     b    b^m-^ahn 

etn-'ad 

bm—na 
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PBOBLSM 


«-«'^  lto-lS="(2)}  to  fiBd  the  values  of.  and  y. 


(2) 

SOLUTION. 


102-18y-18y=» 


4ir=51-9y  (8) =(1)  transposed. 

ap=102-18y         W=(8)  X  2. 

/r \      (  ^^uo  of  &r  in  (4)  sabstitated 

— 81y=— 98.  W=(^)  tnuiqposed  and  added. 

y=8.  (7)=(6)-5~81. 

Sinoe,  y=8,  we  haye  instead  of  4«=5l— 9y  the  equation 

4«=51  -  27=24    (8)  =  value  of  9y  substitated  in  (8). 
«=6. 

PROBLEM 

8.  Given   \  -»_rlZ«  {J\  f  *®  ^^  *^®  values  of  «  and  y. 

SOLUTION. 

The  second  of  these  equations  is  not  of  the  first  degree,  but  the 
equation  found  bj  eliminating  will  be  of  the  first  degree.  The  second 
equation  is  in  &ct  the  product  of  «— y=  1  by  3,  for  it  may  be  put  in 
the  form  («+y)(«— y)=8,  and  we  know  that  a;+y=3  from  the  first 
equation. 
We  have  then  to  find  the  values  of  x  and  y  in  the  equations 
a?+y=3  (3). 

a?-y=l  (4), 

xs=zl  +y  (5)=(4)  transposed. 


i+y+y= 

8 

0 

S)=valu( 

iotx 

2y=2. 

V=i. 

«=2. 

PROBLEM 

^  . 

> 

2a?- 
2 

y+14= 

=18(1) 

4.  Given  * 

'  to 

2y+ 
3 

^+16= 

=19  (2) 

^  to  find  the  values  of  t  and  y. 


KLIMINATION. 


21S 


SOLUTION. 

2«— y=:8  (9)=(0  X  2  and  terms  transposed. 

2y -f  d;=9  (4)=:(2)  x  8  and  terms  tranqKwed. 

jr=9— 2y        (6) =(4)  transposed. 
2«=18-4y       (6)^(6)  X  2. 
X8— 4y— y=:8  (7)=  valae  of  2x  in  (6)  sabstitated  in  (8). 

-.5y=— 10. 
y=2. 
af=9— 2y. 
«=9-4. 
«=5. 


KXAXPLS8. 


1.  Given  ^?|?^~?H  toJandthevaluesof«andy. 
(2ar+2y=10, ) 

Jna*  x=%  y=2. 

(  Q^ 9v^  9  ) 

2«  Given  i  ^    .  ^^    ,«  f  *o  fi^d  the  values  of  x  and  y. 

Ans.  «=3,  y=l. 

»•  ®r  |lS;2j=«;}  tofindtheTd»eBof.«.iy. 

:4n8.  a?=4,  y=3. 

(  2*—  y=  1  ) 
4»  Given  ]  ^^  ,  ^  __•  J  f  to  find  the  values  of  x  and  y. 

.^^.  a?=l,  y=l. 

to  find  the  values  of  x 
sndy. 

Ans.  a?=4,  y=ll. 


(  7«-p9y 


fit  Given  « 


6 


8, 


'-1?+^=''-^ 


C  Giren 


„,    ^y-8_^    8y+7 


»•  to  find  the  values  of  ^  and  y« 
Am.  «=4y  y=ll. 


7.  Given  \  !***"^][^""^J  ^  to  find  the  values  of  x  and  y 
C  6«—  2y=  9,  J 


119         137 


I 
I 

J 
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8.  Given  |  h^^/Hi*/  i  to  find  1li«  values  of  x  and  y. 

An$.  '«sd,  9fs=2. 

f  fix     Sv^"1 1    ^ 
9«  Given  J  ^      «      -^  >  *o  ^cl  t^Q  values  of «  and  y. 

jdjuL  ap=s4)  y=3. 

10«  'Given  \  ^       .       ^  J  f  ^  ^^  ^^  values  of  x  and  y. 
(  6«H-4y=2o,  ) 

Ans,  af=2,  y=4. 

ELIMINATION  BY   OOMPAEISOIT. 

(274*)  ELDONATioir  bt  CoMPASisoir  is  finding  an  expres&itvfa 
for  the  value  of  an  unknown  quantity  in  one  equation,  aind  also,  an 
expression  for  the  value  of  tbe  sasie  unknown  quantity  in  anothei 
equation,  and  putting  the  expressions  equal  to  each  other. 

P  B  O  B  L  B  M . 
(27  5.)   To  ^minate  bj  comparison  from  two  simultaneous 
equations. 

BUXiS. 
Mnd  an  expremon  far  the  value  of  one  of  the  un^mown  quantitie9 
in  the  first  equation^  and  put  it  equal  to  an  eapreesion  for  the  value 
of  the  eame  unknown  quaeUUfffmndfrom  ^  eeeond  equation. 

FBOBLBM 

(276.)  1.  Given  {^?]^^^  fl'}  to  find  flie  values  of «  and  y. 

SOLUTION. 

(3)=(1)  transposed. 

(4)=(8)^a. 

(5) = (2)  trani^xMed. 

(7)=  Tahie  cixm  (4}«Dd  In  (6)  equated. 


a  c 

em-'bcy^zan'-ady 
oJy— icys=r<»— on 
{ad—hc)y=zan-^cfn 

The  va'ue  of  x  may  be  obtained  by  equating  the  expreadons  for  the 


BLIMINAHON  BY  OOMPAKISON.  216 

Talue  of  y,  or  it  maj  be  obtained  from  either  of  the  given  equations 
bj  pattiDg  in  it  instead  of  y  its  value  as  found  above.    Proceeding 

by  either  of  these  metiiods,  we  would  find  a?=  ^_ju' 

PROBLEM 

.  (277.)  2.  Given  |  'J^+^Jl^^J  g' }  to  find  the  rdue.  of 
r  and  y. 

SOLUTION. 

100-8y 

4+7y_100~gy 
4    ■"     11 
44+«y=400-12y 
e«y=366 

y=4.  Since  ar=  ^  -^  and  y=4, 

V  4+28     „ 

we  have  *=~7 — =®' 

PBOBLEM 
SOLUTION. 

3TVy=5^—  '«  (3)  =  (1)  transposed. 

— 3Jyy='7«—  69  (4) =(8)  with  signs  changed. 

_8^y=:12— 64:r  (6)=(2)  transposed. 

74?— 69=12— 64a?  (6)=  valueof — 3T^yin(4)and  in  (6)  equated 

ar=l.  Since  d^y=69— 7a;  and  «=1,  we  have 
8^y=69-';r=62 
62y=;:l'r-.  62 
y=l7 

RmfARK. — ^This  solution  shows  that  all  that  is  necessary  in  eliminating  bf 
oomparisoii,  is  to  find  an  e^preasion  for  the  value  of  one  of  the  unknown  quan- 
tities when  affected  by  a  certain  ooefficient,  and  then  find  from  the  other  equa- 
tion an  expression  for  the  same,  and  then  equate  them. 
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KUinNATION  BY  OOMPABISON. 


1.  Giren  "I  ''^y~'^  \  to  find  the  values  of  x  and  y. 


a+b 
2~' 


Jni.  x=—^,  y— 


a-» 
2~* 


•2.  Given  j  "+ 2^-"^'  I  to  find  the  values  of  x  and  y. 
8.  Given  ]  ""^^  I  to  find  the  values  of  a  and  y. 


6c  ae 

Jns.  «=r7-T»  y=: 


A    Given  -1      'y=2*-3y.     I  to  find  the  values  of  «  and  y 
i.  Given  I  i9^_eoy+621J,  J 


( lS«+7y— 341=7iy+43i«, )  to  find  the  vahies  of  « 
0,  Given  ■J  '■ 


2«+iy=l, 


1 


andy. 
An$.  «=— 12,  y=50. 


•.  Given  1  ^*-®4-'y-^*»  I  to  find  the  values  of  ar  and  y. 

-4n».  «=4i,  y=8f . 

»   Given  ^*"''"^~1*'{  to  find  the  values  of*  andy. 

^»M.  «=8,  y=8 

8.  Given  \  **+®y=^^'  I  to  find  the  values  of  x  and  y. 
(  Qx — 13y — 9, ) 


7  +  g     2a?— y_ 


9«  Given 


=3y-  5, 


2  6  ' 


Am.  «=6,  y=8. 

to  find  the  values  of  x 
andy. 


[3«— 1 


+8y-4=15 


10*  Given 


,?yi:^+2<.-8=7i 


Am.  «=8,  y=2. 

*  to  find  the  values  of  a?  and  y. 
Am.  «=:7,  y=6. 


*  Multiply  the  2d  equation  hy  3,  and  equate  the  values  ciBx. 
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BLIMINATION   BY   ADDITION    AND    SUBTR  AMOTION. 

(27  8»)  JEliminatum  by  addition  and  subtraction  is  multiplying 
or  diyiding  two  equations  so  as  to  make  the  coefficients  of  one  of  the 
unknown  quantities  tlie  same  in  both  equations,  and  then  subtracting 
or  adding  these  equations  according  as  the  signs  of  these  terms  are 
like  or  unlike. 

PBOBLEH. 

(279.)  To  eliminate  by  addition  and  subtraction  from  two  simul- 
taneous equations. 

RULE. 

Multiply  or  divide,  if  necessary,  in  such  a  manner  as  to  cause  one 
of  the  unknoum  quantities  to  have  the  same  coefficient  in  both  equor 
Uons;  and  then  add  these  equations  if  the  signs  of  these  terms  are 
unlike^  or  subtract  one  from  the  other  if  the  signs  are  alike, 

PROBLEM 

(280.)  1.  Given  ^^'^^J'^^^^^^ 


SOLUTION. 

acx+bcy=cm  (3)=(1)  x  c, 

acx+ady=an  (4) =(2)  x  a, 

(jK—ad)y=cm—an  (6)=(3)— (4), 

cm — an  .^.      ..     ,^         ,. 

^="6^=^  (6)=(5)-(Jc-a(i). 

The  value  of  x  may  be  obtained  in  the  same  way  by  multiplying 

ihe  first  equation  by  dT,  and  the  second  by  5,  and  subtracting,  or  by 

substituting  in  either  of  the  given  equations  the  value  of  y  as  already 

ff^jd  "^  9td 
found.    By  adopting  either  of  these  modes,  we  would  get  aj= — -^ — ~. 

RsiCABS:. — ^We  should  always  eliminate  those  terms  which  require  the  least 
preparation.  In  the  example  just  given  there  is  no  preference,  as  the  operation 
ean  not  be  shortened,  because  a  and  e,  and  b  i^d  d  are  prime  to  each  other. 
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8.  Giren 


PBOBLXM 
2y_*4i=    ,    +!^   (1). 


4»-V^=24i- 


6 

2*+! 


2 


(2). 


to  find  the  v«lu6fl  of  « 
andy. 


SOLUTION. 

48y-l7ar=155  (3)=0)  X  20,  Ac, 

2y + 30«=  160  (4) =(2)  x  6,  &<s 

48y  +  '?20aj=8840  (5)=(4)  x  24, 

737ar=8686  (6)=(6)-(3), 

a?=6  (7)=(6)^737, 

2y=160  —30a:  (8)=W  transposed. 
.•.2y=160-160=10, 
y=6. 

PBOBLXM 
SOLUTION. 

16«-10y=20        '  (3)=(2)  X  8, 

3U=62  W=(l)  +  («), 

x^2  (6)=(4)-31, 

10y=42-16j:  (6)=(l)  transposed, 
.•.10y=42-32=10, 
y=l. 

XX  A  MP  LB  8. 


1»  Given 


2$  Giren 


6  +  4-®' 
4^6       ^ 


"  to  find  the  ralues  of  x  and  y. 

.47W.  a:=12,  y=16. 


9a?+^=70, 


»  to  find  the  values  of  x  and  y. 

^»«,  a:=6,  y=10. 


(2ar+10=3y  +  l  3 


of  X  and  y. 


uliMr.  a:=3,  y=5. 


ELIIOKATION  BY  ADDITION  AND  SUBTRACmON. 

fa  6      " 
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4*  Given    <  6  +y     3a-f  a? 
[ax+2by=c     ^ 


-  to  find  the  the  values  of  x  and  y. 


/  3a         "^  86 


5m  Given 


'     ,-     3y  +  4^_       Oy  +  38 
^     6ar-4y  lly-19 


to  find  tbe  values  ot 
«andy. 

Ans.  a?=6,  y=5. 

f  8a;+4y  +  8     2X'\-1—y_       y—8 

10  15-      ""  5   '  I  to  find  the  values 


•-  ^*^"  ]  9y+5x-8     a?+y_Yar+6 
[         12  4    "■    11    ' 


of  d?  and  y. 
.iljM.  a?=7,  y=9. 


'6a?+13      8y — 8j?— 6__       Ya?— 3y+l  ' 
-—9  + 


7.  Given  i  ^^^  g^^g 


6 


8 


8     '     4 
values  of  x  and  y. 


+4a? : :  4 :  21, 


8«  Given  ^ 


4a?~84J- 


4y+13j?_12a?+8  "^ 
"  27-6y  "■      3 


^4j-10  6  *' 


to  find  the 

Arts.  x:=z6,  y=4. 

to  find  the  values  of 
jT  andy. 

Ans.  x=*J,  y=5. 


0,  Given 


J  ^  Bar— 3y  +  2       ' 


I  lOar+lOy— 35 


=6- 


54 


I     2«+2y  +  8.  3ar+2y--l' 


to  find  the  values 
of  X  and  y. 

iliM.  a:=6,  y=5. 


10*  Given  < 


4«+3y+ 


24  +  5^y  _  1  Qx* + 12ay  —  Bar + 5y + 28 


2a: -1-1  4a?— 2 

2a:+4-8y+     ^^^^^^g     , 
find  the  values  of  a;  and  y.  ^n5.  a;= 8,  y = 2. 


to 
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JOBOSLLAKBOUS  SXAICTLES  IN  fLUONATIOSr. 


KISCELLANEOUS  EXAMPLES  IN  ELIMINATION 


(28  l.)l- Given 


PROS  LEM 

|+7y=99  (1)  "^ 


|  +  7*=51  (2) 


to  find  the  values  of  x  and  y. 


SOLUTION. 

•(3),(1)X». 
(4)=(2)xY. 
(6)=[(3)  +  (4)J-60. 
(6)=(3>-(6). 

(8)  =yalue  of  y  in  (7)  subetitiiled  in-(5). 


4;+49y=603 
49ar+.y=367 
a?+y=21 
48y=672 
y=  14 
a;+14=  21 
«=7 
The  above  artifice  can  always  be  adopted  wben  ihe  coefficients  of 
X  and  y  in  the  first  equation  are  the  same  as  those  of  y  and  x  in  ihe 
second. 

PBOBLSM 

ri47    147 


2.  Given 


X      y      3       ^  ' 


to  find  the  valnes  of  orand  y 


SOLUTION. 

1     1_^ 

c  "y~21 

17_17_68 

«     y""2l 

73_73 

y=7 

a?""2l"*"y 
1_^     1__1 
*•  i~2l"^7"3' 


(3)  =C1)-M47. 

(4)=(3)xl7. 

(6)=(2)-(4) 

(6). 

(7) =(3)  trans. 


«=S 


SXAMPLBS. 


!•  Givca  i        *^    „  >■  to  find  the  values  of  x  and  y. 
(  i»+y=7  J 

^4iw.  ar=6,  y=4. 
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2«  Given  ]  *       i   Zoo'  !"  ^  ^^  *^®  values  of  x  and  y. 

u4»«.  «=0,  y— d. 
8.  Given   \  ^^^\^^]t'  I  to  find  tlie  values  of  x  and  y. 

^n«,  «s=24,  y=6. 

4«  Given  i  *    .  ,       ,«,'  r  to  find  the  values  of  x  and  y. 

^iw,  «=16,  y=:24. 

$•  Given  J        ,"",«'  r  to  find  the  values  of  x  and  y. 
|»+4y=16, ) 

./liw.  a;=8,  y=2. 

e.  Given  I   ^""t^"^?*'  ]■  to  find  the  values  of  x  and  y. 
(— «+7y=33, ) 

^iw.  a?=2,  y=6, 

7.  Given  -j  ^_^ILlg  f  to  find  the  values  of  a?  and  y. 

Ans.  «=:6,  y=8. 

8.  Given  ]  *t_^^^^i  f  to  find  the  values  of  x  and  y. 


^nt.  d?= 


9«  Given 


19,  Given  H 


2:r 
-+5y=23, 


»  to  find  the  values  of  x  and  y. 

^iM.  a?=— -3,  y=6. 


^-12=1+8. 
6      ■  8  4 


,  to  find  the  Talues  of  x 
andy. 


Am.  «=60,  y=40. 
11,  Given  H*+iy^®»     I  to  find  the  values  of  «  and  y. 


12*  Given  ' 


4«    5y_9 


(i+y-*+2' 


Jnt^  a:=:6,  y=16. 

to  find  the  values  of  x  and  y. 

Ana.  ir=4,  y-=2. 
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IS*  Giren  • 


as—* 

y-3  _„»    ?8-8y 
___80 ^— , 


to  find  the  values  of  x 
andy. 


14,  Giren  <      5  3         ""^"^     10  7    'C 

(  y+2a? :  y— 2a? : :  12a:  +  6y— 3  :  6y  —  12a?— 1,  ) 
to  find  the  ralues  of  x  and  y.  Ana.  a;=l,  y=:4. 


15*  Given 


16+60a?_16ay— 107 
8y-l  ""     6  +  2y    ' 


•2+6y4  9a?  = 


27«"-12y"+38 


3a?— 2y+l     ' 


to  find  the  yalues 
of «  and  y. 


1C«  Given 


|u+6y+  1 

1  ^      161 -16i 
»  Sx z 7- 


Ans.  jr=2,  y=3. 


I 


6a?^4-180— 24y* 
2a?— 4y+3     ' 
16a?     9ay— 110 


to  find  the  values 
ofd?andy. 


4y-l  8y-4   ' 

Am.  a?=9,  y=2. 

17.  Given  1  »y+"='4E^^+«l-*''         I  tofind  the 

( («+7)(y-2)+8=2ay-(y-l)(«+l),} 
values  of  X  and  y.  Am.  «=4,  y=3. 

18.  Given  5  ^V-^y-''=^^^-<^   I  tofindthevalneeof^andy 

[Vy—x'.V2Q-x::Z:2,) 

Am.  jr=16,  y=25. 

I».  Given  P68H-I9a?+Ay=12fa?+1084,)   ^^^^^^^^^ 
IV.  wren  I  ^a?-149J=319f-}y,  J    *«  ""^  "*"  ^"'^ 

of  a:  and  y.  -4nt.  «=— 27|,  y=:136f. 


20*  Given 


3a?+5y=^     ,     .f", 


a*-6« 


aftV 


I  a*a?— — r +(a  +  6+<;)5y=6«a?+(a+26)a5, 
the  values  (^  a?  and  y. 


-  to  find 


a6        _  oft 


.^liM.  a:=r r-,  y= 


MISCELLANEOUS  EXAMPLES  IN  ELIMINATION. 


(  ftca;=cy— 26,  i 

21.  Given  <  ^,      g(c'~6')_25'    ^,    (  tofindUieYaluesofarandy. 

a+25 


22»  Givdn  -^ 


^•*=6?y=-  0 


to  find  Uie  values  of  x  and  y. 

he—ad  he-^ad 


28»  Given 


~r~"^^36'-^*"^"""2~» 

8y+7    6«-3y  4y~9 

10       2y-8  "^      6     ' 


"n6— iimT       me—na 


to  find  the  values  of 
a;andy. 


24*  Given  - 


^iM.  a:=:Y,  y=9. 

i(-*y)+^=i-i|^-(-y)}.' 

3i/ — 54; 
*-2y-JL;— =V(aj+y)-.3(a:-y;, 

^n*,  ar=y,  y=^. 


2 


to  find  the  values  otx  and  y. 
6y+2 


25*  Given  ^ 


12y- 


3«y— 81 


4+- 


11 


X  ,       11 

— =y+ 


+  10a?+18, 


2«__3aj— 6__4a!y+-H^ 
LT    "yT^      6y+27  ' 
flie  values  of  a;  and  y. 


So;  -  to   find 


Ans,  x=z*l^  y=2. 


26«  Given 


<f«  .  ^       8y4-6     8a?— 2 
_+6y     — —  ^ 

6  8  16' 

,    Jn«.  a:=4,  y~3, 
4a:— 2y +  8^18—0?  + 6y_a:__y^l^ 


to  find  the  values 
of  a;  andy. 


2I«  Given  •« 


4     6     7 


-Vt 


X    V    Z    y    X     1 

to  find  the  values  of  x  and  y.  Ana.  a:=18,  y=24. 
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28*  Given 


3.-6    4«+1     «-^    19+y    ^+6 


7y    '     24  6    ~"    42  66y 

12«-16y  +  V^ :  10y-8«+ Y  :  *  93-9ar :  6a?-JjS^ 
to  find  the  values  of  a:  and  y.  Ans.  a:=9,  y=7. 


29*  Oiven 


8a;— 6y     2a?~8y+ll_  y   ,  ,  ,  , 


12 


19 


~+|+H:4a;-|-24::3i:3i, 


to  find  the  valnea 
of  <r  and  y. 


ulnt.  a:=Y,  y=4. 


3y— 2+« 


-=1-1- 


16a.+^ 


»•  Given  ^  11  "      38     » 

3«+2y    y-6_lU+152    8y4-l 


6 


12 


to  find  the  values 
ofarandy. 


Jns.  \ 

(y=9. 


^  .t  ♦it^ 


SIMULTANEOUS  EQUATIONS  OP  THE  FIEST  DEGREE 

COHTAINING  THREE  OR  MORE  UNKNOWN 

QUANTmEa 


FBOBLEK. 
(38  2«)  To  eUminate  firom  three  or  more  simiiltaneocis  equations. 

SOLUTION. 

Let  (A)^  {B)y  and  ((7),  represent  three  simple  equations,  each  of 
which  contains  three  unlmown  quantities,  as  a;,  y,  and  a.  Suppose  it 
most  convenient  first  ir  aliminate  z.  Then,  according  to  one  of  the 
preceding  methods,  eliminate  z  fi*om  {A)  and  (B),  and  there  will 
result  an  equation  which  will  contain  only  a?  and  y  as  unknown  quan* 
tities,  which  equation  designate  by  (2>).  Next,  eliminate  z  from  {A) 
and  ((7),  or  from  (B)  and  (C),  as  may  be  most  convenient,  and  there 
will  result  another  equation,  which  also  will  contain  only  x  and  y  aa 
unknown  quantities.    Call  this  equation  (i7).    We  hav«  now  nfitlfeiBg 
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more  to  do  with  (j1),  (B\  and  (C7),  bat  matt  operate  on  the  rasolt- 
ing  e^wtMMis,  (D)  and  (jB)^  Now,  let  oa  eliminate  y  frota  (D)  and 
(JS\  and  there  will  result  an  equation  (F)  which  will  oootata  oaljr «. 


PHOBZ.XM 


(283.)  1.  Given  <  drr+2y+  7i?=r28  (2),  I  to  find  the  Talnes  of 
C6a?+7y+ll«=5a(3),) 
X,  y,  and  ar. 


14ar  +  21y+86«= 
15ar  +  10y+86«= 


161 
140 


BOLUTIOK. 

(4)=(l)xY. 
(5)=(2)x5. 


«— lly  s 
22«+33y+55;E= 
25«+35y+552= 


=-21 
:  253 


(6)=(6)-(4). 
(7)=(l)xll. 
(8)=(3)x5. 


Sx+  2y  =       7  (9)=(8)-(7). 

3ar-33y  =-63  (10)=:(6)xS. 

=~70  (11)=(9)-(10). 

(12)=(11)^35. 
(18)=(0)  transposed. 
8  (14)=TalQe  of  y  aobatitnted  in  (18). 
(15)=(14)-J-8. 
(16)=  valae8of«andysubstitQtedin(l). 


35y 
y  = 

3a?  = 

X  = 
2  +  6+5z= 

62= 


7-2y 

7-4= 

1 

23 

15 

3. 


P&OBLEM 


2.  Given 


a«+6y  +<»  =«?,    1 
a'a?+6'y  +(?'«=(;',  V  to 
a"«+6"y+c"z=rf",) 


find  the  values  of  a;,y,andir. 


SOLVTJOH. 

Eliminating  as  directed  in  Problem  (2S3),  we  shall  obtain,  after 
amuiging  the  terms  in  the  separate  results, 

''~ab'</'^aTc+a"bcf'^a'bc"^ab"c'  ^a"b'e 
_ad'c"+a'd"e+a"d</'-a'dc"-ad"e''-af'd'€ 
^'~ab'e"  +a'b"c  +a"6c'-«  V  -oftV  ^a"b'e 
ah'd''  •i-a'y'd+a!'bd''^a'bd''^ah''d'^a"Vd 
^"ah'd'  -f  a!b"e  +a"te' -  o'Ac"  - ab"d ^a^Ve 
15 
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If  the  itiideiLt  can  only  raoolleot  these  general  Taliiefli  he  need  onlj 
make  the  proper  labetitations  without  being  compelled  to  go  thiongh 
the  proceaa  of  eliniination. 

The  denominaton  aie  all  alike,  and  do  not  contain  any  of  the  ab- 
lolate  terms.    This  denominator  can  be  formed  as  follows : 

Write  ihe  coefBcients  oi  the  unknown  quantities  as  in- the  problem, 
repeatmg  the  finC  two  rows ;  thus, 

a  b  e 

a'  6'  c' 

a"  6"  «" 

a  b  e 

a'  V  c' 

Omitting  ,  at  the  right  hand  comer  above,  and   ,      . ,  at  die 

left  hand  comer  below,  we  have, 
1st  a 

2d.  a'      V 
Bd.  a"     b"     c" 

b      'c 
.  c' 

The  product  ci  the  terms  in  each  ci  these  lines  will  give  the  post- 
tive  terms  of  the  common  denominator.  '* 

Again,  omitting   ,         at  the  left  hand  comer  above,  and  . ,        , 

at  the  right  hand  comer  below,  we  have 

e 

V    e 

6th.  a"      W     c" 
5th.  a        b 
4th.  a' 

The  product  of  the  terms  in  each  of  these  lines  will  give  the  negative 
terms  of  the  common  denominator. 

We  can  write  the  respective  numerators  from  the  common  denom- 
inator by  chan^ng  a  into  d^  a!  into  d\  and  a"  into  d"  for  the  nu- 
merator in  the  value  of  a;;  6  into  cf,  V  into  cf',  and  b"  into  d"  for  the 
numerator  in  the  value  of  y ;  and  e  into  ef,  c*  into  d\  and  c"  into  d" 
for  the  numerator  in  the  value  of  z. 

It  is  not  necessary  that  the  student  should  [n  practice  make  the 
omissions  which  we  did  above,  for  we  can  get  from 
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a       b       e 
,     of       b'       c' 
a"     6"      c" 
a       b       e 
a'      V      c' 
by  pasaing  downward  to  the  right,  the  terms  ab'e"j  a!b\  a!'be\  and 
by  passing  upward  to  the  right,  the  terms  a*be'\  ab"c'j  a"Ve. 

In  the  same  manner,  by  patting  d  for  a,  d!  for  a\  and  d"  for  a"  we 
should  hare  from  d       b       e 


<p 

b' 

(f 

d" 

b" 

e' 

d 

b 

e 

<r 

V 

e 

by  passng  downward  to  the  right,  (^'c",  <^'6"c,  and  d**bfl  for  {he 
positiTe  terms  in  the  numerator  of  the  value  of  or,  and  by  passing  np« 
ward  to  the  right,  ibd\  db"e\  and  d"Vti  for  the  negative  terms  in 
the  same  numerator. 

In  the  same  way  from     a       d       c 

a'      d'      c' 

a"     d"     c" 

a       d       e 

a!      X      e 
we  can  get  the  numerator  in  the  valne  of  y.    ' 
Also,  from  a       b       d 

a'      V      d' 

a"      6"      d" 

a       b       d 

a'      V      rf' 
we  can  get  the  numerator  in  the  value  of  » 

FBOBLXM 

C  8a?+2y+6a=69, 1 
8.  Oiven  <  4«+  y+82=41,  >  to  find  the  values  of  ^,  y,  and  a; 
(Sar+'^y +22=76,) 

SOLUTIOK, 

Erom                                    3  2     5 

4  13 

8  7    2 

8  2     6 

4  18 
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2,6 
1     3 


we  get  8x1x2  +  4x7x6  +  8x2x3—4x2x2—3x7x3—8x1 

x6  for  the  common  denominator  of  a;,  y,  and  z. 

From  60 

41 

76     7     2 

60    2     5 

41     1     3 

we  get  for  tlie  nmnerator  in  the  ralue  <^  x, 

50x1x2+41x7x5+75x2x3— 41x2x2— 59x7x3— 76x1  x& 

rru  •         •      r«^     •  2003-1778     226     ^ 

These  expressions  simplinedy  give  *=-^^t — .■      =-^=3. 

From  3  60  6 

4  41  3 

8  75  2  . 

3  60  5 

4  41  3 

We  get  for  the  numerator  in  the  value  of  ^ 

3x41x2+4x75x5+8x59x3— 4x50x2-3x75x3^8k41»6=3X62-2787. 

--      .  3162-2787     376     , 

Therefore,  y=:-zzr: — TT^r-=-;^^=6. 


104-110 


Also,  from 


3 

4 
8 


76 

2 

1 

7 


4     1 


60 
41 
76 

60 
41 


We  get  for  the  munerator  in  the  value  of  z 
3x1x75+4x7x50+8x2x41-4x2x75-3x7x41-8x1x59=2533-1033. 


Therefore,  z=- 


2533  —  1033     600 


104-110 


=-^=8. 


75 


4.  Qiven    <  2ap+8y 
(  6a?+7y 


PBOBLEU 

C  3aj— 6y+2=— 32, 


+2=~32,) 

=     16,  V 

-22=     6,  > 


to  find  the  vatoesof  a;,  y  and  «• 


SOLUTION. 


From  3  —6  1 
2  8  0 
6  7—2 
3—6  1 
9      8      0 


—32  -6 

16      8 

,       5      ? 
-32  -6 


16      8      0 


8  —32  1 
2  16  0 
,6  5-2 
8  —32  1 
i      16      OJ 


3  -6  —82 

2  8      16 
'-,and6      7        6 

3  —6—32 
2       8      16 
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"We  get  hj  prooeedi^g  as  before 

(-32x'8x~2-i-16x7xl-t-6x^6»«0HlQ^-C'<-2»-32x7x0^5x8xl) 
""(3x8x-2+2x7xl+5x-6x0H2x-6x-a+3x7x0+5x8xl) 
624-232_  392_ 


y= 


—34-64     —98 
(3xl6x-2+2x6xl+6x-32x0H2x~32x~2+3x6x(H^xl6xl) 

J) 
—86—208     --294_ 

= D~  =^=98-*- 

(3x8x5-i-2x7x— 32-t.5x— 6x16)— (2x— 6x5-i-3x7xl6^5x8>c— 32) 
"^  5 

—8084-1004       196_ 

"5       =z:98""""^- 

FAOBLXX 


5.  Oiyen  <  «+y— ^1^=25,  (2)  >  to  find  the  vilaes  of  o^  y  and  i. 


C  »+y+«=31,  (1) ) 
j  »+y-«=26,  (2)  V  to 
(  ar— y— z=:  9,  (3)  ) 


6.  Oiyen  « 


SOLUTION. 

2«=40  (4)=(l)  +  (8)- 

af=20  (6). 

2255=  6  (6)=(l)-(2). 

z=  3  (7). 

2y=16  (8)=(2)-.(8). 

y=  8. 

FBOBLXM 

'2«-3y+2z=13,  (1)1 

4tf— 2ar=30,  (2)  I    to  find  the  values  of  v,  d^y 
4y+22J=14,  (3)  (      andz. 
6y+3v=32,  (4)J 

SOLUTION. 

7y-2^=     1  (6)=(3)-(l).    . 

12v-6a:=  90  (6)=(2)x8. 

20y  +  12y=128 (7)=(4)x4. 

20y  +  6ar=  38  (8) = (7)  -  (6). 

21y  — 6a?=r     3 (9)=(5)x3. 

41y=  41  (10)  =  (8) +  (9). 

y=    1  (11)- 

2«=  (Ty— 1  (12) =(5)  transposed. 

2a?=  7-1=6  (13). 

ap=  9  (14),  ,  [foirward 
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(15) =(2)  transposed. 
(16). 

(l7)=(16)-4. 
(18)=(d)  transposed. 


4t;=2a?+30 
4t;=  6  +  30=36 
V-  0 
22=14-4y 
2«=14-4=10. 
«=6. 
Note. — ^The  student  should  accustom  himself  to  apply  the  general 
formula  which  has  been  given,  so  that  it  may  be  called  up  at  any 
time.    It  will  often  save  much  labor,  as  will  be  proved  to  be  the  case 
in  some  of  the  following  examples.    There  are  many  curious  proper- 
ties which  belong  to  the  general  formula  for  the  values  of  the  un- 
known quantities  as  deduced  from  three  simultaneous  equations.    But 
we  leave  them  to  be  discovered  by  the  student 

XXAMFLBB. 

r»+y  +z  =29,  ^ 


!•  Given 


«+2y+3z=62, 

h  h  !=■»• 

1a?  +  2y+8«=  14, 
2«— 3y+42=  8, 
8ap+4y— 6«=— 4, 
f&s+cy=a.) 


to  find  the  values  of  a;,  y,  and  g. 
Am,  a:=8,  y=9,  »=12. 

Sto  find  the  values  of  a?,  y,  and  z. 
Am.  «=!,  y=2,  2=3. 


to  find  the  values  of  a:,  y,  and  ss. 

2be      ' 


Ans, 


0?= 


y= 


«=- 


2ae 


4«  Given 


'ax-hby=za\ 
bx^az=z  6% 
ex-\-dv=:c% 


2ab 


to  find  the  values  of  v,  a;,  y,  and  m. 


a«rf+6V-aW« 


Ans,  " 


'      a'd+b'e 
a*d''ha'bc'-ab*e 


aV+6V 
_{a^-ab--bd)bd 

aV+6V      • 
_  (qc  +  ftrf-a')acrf— (6-c)6V 
'""  (a*d4-b*e)d  ' 
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!a?+y=:a,  V  ^ 
x+z^bj  >  to  find  the  values  of  x^  y,  and  z. 

C  x=i{a-^b'^e). 

Ans.   <y=i(a-6+c). 

tz=i{c-a-hb). 

!«-y-«=  6,  J 
3y-— oj— «=:12,  >  to  find  the  values  of  ^,y,  and  2   . 
7z-y-a:=:24,) 

Am.  a:=39,  y=21,  2=12. 

C   «+  y-  «=  8,) 
7»  Given  <  2;e—  y  +32=21,  >  to  find  the  values  of  a?,  y,  and  ir 
(4a+8y-2«=l7,  ) 

Ans.  «=7,  y=6,  «=4. 


'^l+i=A 

»    y     6' 


8.  Given  ^ 


113 

— I — =— ,  V  to  find-  ihe  values  of  x,  y,  and  z. 

X     z      ^ 

Ly    «    i2'J 


Ans.  a?=2,  y=8,  2=4, 

f«+2y+32=l7J 
9,  Given  <  y+22+3a?=13,  >  to  find  the  values  of  a?,  y,  ^nd  z. 
(2+2a?+3y=12,  ) 

^tw.  «=1,  y=2, 2=r.4, 

f  «+o(y+2)=w, ) 
10*  Given  }  ff'hb{x+z)=ny,  >  to  find  the  values  of  a?,  y,  and  /. 
(2+c(a?+y)=^,  ) 

_wt+wcg+jga6— nq—mc6— ^ 
~        l  +  2a6c—6a--c6— ca       * 
_n+jpa5+m5c— jpft—  noc—mft 
""        1 +2a6o— 6a— c6--ca 
_^^ + wi^ + nca  —  mc — ^6a — nc 
1  +  2a6c— 6a— c6— ca 

C      X—  y+  2=30,) 
11.  Given  <    8aj— 4y+22=60,  >   to  find  the  values  of  a;,  y,  and  f; 
(27*— 9y+ 32=64,  ) 

2 
^iM.  0?=-,  y=7,  2=36^. 


-4iw.  ^ 
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12«  Giiren 


10  15  -^  "^""fi"* 

9ar+5y— 2g    2x-^y—Sz1jf+z+3  ,  , 

12  4      -    n     ^*' 

6y+3«     2aj+8y— 2  -  ,  3«+2y  +  Y 

~1 12        +2«_y~l+         -        , 


to 


find  ihe  values  of  a?,  y,  and  z, 

6     6  +  4-"' 

IS.  Oiyen  <  f +7-|=35, 
6     4     3 


Jim.  a?=9,  y=7,  z=3. 

to  find  the  values  of  a;,  y,  and  z. 
Jm.  «=120,  y=s60, 2=12 


-io.=l??^i:li!. 


llx-lOy 


3 


14.  Given  -^  gg+g  — 2y     g— y— 1    }■  to  find  the  values  ofa?,y,  and*. 
3      ''~        2        ' 
3x      rr  y+g+7,  , 

Jtw.  apr=10,  y=ll,  g=12. 
f  8ar-  y+  ir=:16, 1 
15*  Given  <  5a;+3y— 2:f=:16,  >  to  find  the  values  of  x,  y,  and  z. 
C?«+4y-6j=tll,) 

Ans.  a!=z4,  y=2,  g=6. 

C  2d;+4y— 3gr=22,  ) 
16*  Given  <  4a?--2y+6g=18,  >  to  find  the  values  of  x,  y,  and  g. 
-     (6a?+Yy—  g=:63,  ) 

Ans,  x=Sj  y=T,  g— 4. 

r  3ar+2y—  g=20,  ^ 
n.  Given  }  2«+3y+6g=70,  \  to  find  the  values  of  a?,  y,  and  g. 
(    a?—  y  +  6g=41,  ) 

ulfw,  af=5,  y=-6,  g=Y. 

r  7a?+ 12y +42=128,  ) 
18*  Given  <  3a;+  3y+7g=  60,  >  to  find  the  values  of  a^  y,  and  i 
(6a:+     y+6g=  68,  ) 

Jn<.  aj=8,  y=5;  g=3. 

!6«+8y--4g=22,  ) 
4ic--  y+6g=20,  >  to  find  the  vahies  of  a?,  y,  and  d. 
5«+2y-6g=ll,  ) 

Jn*.  a:=3,  y=4,  g=2 


20*  Given 


21,  Given 


22.  GiTeii  H 
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,   ""  'Mo  fi°<i  the  values  of  tL  x,  y,  and  z. 

ir=i<+   14    J 

^»*.  «=26,  fl?=40,  yr=30,  «=24. 

«-  y-  «=-«,  ) 
—  2it+  y--2«=  — a,  >  to  find  the  values  of  ar,  y,  and  «. 
— 3a?— Sy+  2;=— a,  ) 

♦  -4fw.  af^T^ifl,  y=TV*>  2?=^*- 

2a?+  y-22=40/ 


to  find  the  values  of  a?,  y,  z^  «, 
and  ^ 


23.  Given  •< 


4y—  a?+82=35, 
811+    *=13, 

^8x—  y+3*—  «=49, 

.4iw.  a;=:20,  y=10,  ^=5,  «=4,  ^=1, 
tt+w+a?4-y=10, 

tt  +  »  +  «+2=ll, 

«+v+y+2=12, 

^n«.  tt=l,  w=2,  ir=8,  y=4,  2=6. 

'     a?+y 


K  to  find  the  values  of  u ,  v,  a?,  y,  and  & 


24«  Given  - 


8 

y+g 

2 

3y+y— g 

2 


+22=     21, 

— 3j:=— 65, 

=     38, 


*  to  find  the  values  of  ir,  y,  and  z. 


25t  Given 


2(lt  Given 


27*  Given 


Ans.  a;=24,  y=0,  2=6. 
a?+4y  +  i2=32,  ^ 

i«+ Jy4- J2=15,  >  to  find  the  values  of  ar,  y,  and  2. 
i«+iy+i2=12,  ) 

.4a«.  «=12,  y=20,  2=80. 

8a?-.9y+8z=     41,  >  ^    ^   ,    ^ 
-.  5:r+4y+22=-20,  f  to  find  the  values  of  a:,  y^ 

Ans,  a?=2,  y=— 3,  2=1. 

!7ar+6y+22=  79,) 
8a;+7y+92=122,  >  io  find  the  values  of  a:,  y,  nd  & 
ar+4y  +  62=  65,  ) 

Ans,  af=4,  y=9,  2=8. 


234 

28  •  Given 
Ana,  x= 

29t  Given 
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mi/=nx  >  to  find  the  values  of  x^  y,  and  z. 
pzz=qx) 


amp 


anp 


amq 


' ,  y= i  z= = m 

mp-^np+mq        mp-^np+mg        mp-^np+mg 


X  y  a: 
1  1_1 
x^l-'V 


to  find  the  values  of  a?,  y,  and  z. 


Am.  x=z 


2ahc 


2ahc 


«=- 


2ahe 


89«  Given 


to  find  the  values  of  x^  y,  and  z. 


fnx-{-  y-{-mz=zq,> 
»«+»y+    «=r, ) 


.in«. 


1-/ 


1-/ 


m 


i-r  1 


i»    1— » 


1  + 


I 


m 


n 


1— /     1— m^l— » 
r 


i-r  1 


m 


l-»i 


1— 1»      1— 1» 


r 


1  + 


T 


m 


r 


l-» 


1  + 


T 


1-/    i-« 


m 


NoTB.-*Thi8  example  is  the  same  as  Ex.  10,  but  the  answer  is  in  another 
fonn,  indicating  that  it  has  been  solved  in  a  diflTerent  manner.  The  student 
may  observe  that  the  expressions  in  the  brackets  are  identical.  Also,  in  the 
value  of  SB,  the  letters  which  are  not  included  in  the  brackets  are  only  those 
which  occur  in  the  first  equation ;  in  the  value  of  y,  only  those  that  occur  in 
the  second  equation ;  and  in  the  value  of  s,  only  those  that  occur  in  the  third 
equation. 

Because  these  values  are  aymmdricdLf  being  derived  from  symmelkrictd  eqttO' 
tiofUf  we  can,  after  getting  the  value  of  x,  deduce  the  value  of  y  from  it,  and, 
having  the  value  of  v,  we  can,  in  like  manner,  deduce  the  value  of  s.  If  in  the 
value  of  OB^  we  change  each  letter  to  that  which  is  in  advance  of  it  in  the  circles, 
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oc- 


we  shall  get  the  ralue  of  y.  la  like  maimer^  ohaoging  the  letters  in  the  yaloe 
of  y,  we  should  get  the  valae  of  z.  The  quantitiefi  in  the  brackets  would  still 
be  the  same,  though  thus  permuted,  only  the  terms  would  not  ooeur  in  the 
■ame  order. 


^  It »  t*^ 


QUESTIONS   INVOLVING   SIMULTANEOUS 
EQUATIONS   OP   THE   FIRST   DEGREE. 

QUESTION 

(28  4t)  1.  A  man  and  his  wife  could  drink  a  barrel  of  beer  in  15 
days.  Alter  diinkiiig  togedier  6  days,  the  woman  alone  drank  the 
remainder  in  30  days.  In  what  time  would  either,  alone,  drink  a 
IxBrrel! 

SOLUTION. 

Let  ^  =  the  number  of  days  in  which  the  man  could  drink  it, 
Andy=  «  «  a  woman    "        " 

Then  -+-=—. 
«    y    15 

In  6  days  both  drank  i^=f,  leaving  |.    It  took  the  woman  30 

days  to  drink  this  | ;   therefore,  in  1  day  she  would  drink  ^  of 

Hence,  -=  --  ^ 
'  y      50 

y=  50 

X    50       15 
1^  7 
X     150 

«=-^=21f 
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2.  A  nnmber  consistii^  of  2  digits  when  divided  by  4,  gives  a  cer- 
tain quotient  and  a  remaiiider  of  9  ;  when  divided  by  9,  gives  another 
quotient  and  a  remainder  of  8.  Now,  the  value  of  the  digit  on  the 
left  hand  is  equal  to  the  quotient  which  was  obtained  when  the  num- 
ber was  divided  by  9 ;  and  the  other  di^t  is  equal  to  ^  of  the 
quotient  obtained  when  the  number  was  divided  by  4.  What  is  the 
number  ? 

SOLUTION. 

Let  d?  =  the  digit  in  the  tens*  pkce, 

And  y  =        «        "        units'    " 

Then,  in  ooosequenoe  of  our  sjBtem  of  notftion,  Ito+y  mmt  r^ 
resent  the  nmab^  Sinoe  lOx+y  divided  by  4  leaves  a  remainder 
of  3,  if  we  subtract  3  from  10d;+y  the  result  is  exactly  divisible  by  4, 
and  by  the  question  the  quotient  is  l7y. 

Hence,  we  have  the  equation, 

L£ zsitf.    In  UkD  manaeTf  we  get 

lOar+y— 8_ 


9 
10a?-«ty  =3 
10;r+10y  3=80 
77y  =77 

y  =1 

x+l  =8 

X   =z1 

Therefiure,  71  is  the  number,  because  it  is  equal  to  10«*|-y* 

QUESTION 

8.  What  two  numbers  are  there  in  the  ratio  .of  5  to  7,  to  which,  if 
two  other  required  numbers  in  the  ratio  of  3  to  5  be  added,  the  sums 
shall  be  in  the  ratio  of  9  to  13,  and  the  difference  of  these  sums  shall 
be  16? 

SOLUTION. 

Let  5x  and  7^  be  the  numbers  in  the  ratio  of  5  to  7, 
And  3y  and  5y  •«  «  «  3  to  6. 
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Then,  Sar+SytTar+Sy  ::9  :1S 
Or,  63«+30y=e8a?+45y 
2»=6y 
ar=3y 
But  (7«+5y)-.(5a:+3y),  or  2*+2y=lG 

«+  y=S 

IVhanoey  becauM  «=:3y,        3y+  y=8 

4y=8 

y=:2»      But^  ainoe  :r=3y  and 
y=2,  we  ha^e  a;=6* 

Hence,  5x  and  7a;,  or  the  first  two  numbers  are  30  and  42  ;  and  3y 
and  5y,  or  the  other  two  numbers  are  6  and  10. 

QTTESTIONS. 

1.  What  two  numbers  are  there,  the  greater  of  which  is  to  the  less 
as  their  sum  is  to  42,  and  their  dif^ence  is  to  6  ?    Ans,  32  and  24. 

2.  A  peraoik  expends  half  a  orowQ,  or  30  pence,  in  apples  and 
pears,  bujing  hia  apples  at  4^  and  his  pears  at  5  £»r  a  penny ;  and 
afterward  accommodates  his  neighbor  with  balf  his  apples,  and  one« 
tliird  of  his  pears  for  13  pence.    How  many  did  he  buy  of  each  ? 

Ans.  72  apples,  and  60  pears. 

3.  A  farmer  sells  to  one  person  9  horses  and  1  cows  for  $600;  and 
to  another,  at  the  same  prices,  6  horses  and  13  cows  for  the  same  sum. 
"What  was  the  price  of  each ! 

Ans,  The  price  of  a  cow  was  $24,  and  of  a  horse  $48. 

4.  A  farmer  hires  a  ferm  for  $245  per  annum ;  the  arable  land 
beiiig  valued  at  $2  an  acre,  and  the  pasture  at  $1.40 ;  now  the  num- 
ber of  acres  of  arable  is  to  half  the  excess  of  the  arable  above  the 
pasture  as  26  :  9v    How  many  acres  were  there  of  each  ? 

An8,  96  acres  of  araUe,  and  35  of  pasture. 

5.  There  is  a  number  consisting  of  two  digits,  the  second  of  which 
is  greater  than  the  first ;  and  if  the  number  be  divided  by  the  sum  of 
its  digits,  the  quotient  is  4 ;  but  if  the  digits  be  inverted,  and  that 
number  divided  by  a  number  greater  by  2  than  the  difference  of  the 
digits,  the  quotient  becomes  14.     What  is  the  number  1     Ans.  48. 

6.  What  fraction  is  ihaky  whose  numerator  being  doubled,  and  de- 
nominator increased  by  7,  the  value  becomes  | ;  but  the  denominator 
being  doubled,  and  the  numerator  increased  by  2,  the  value  be- 
comes I?  Am.  {. 


V 


L/ 


V 
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Jl,  Two  persons^  A  and  B  cao  perform  a  piece  of  work  in  16  days. 
They  work  together  4  days,  when  A  being  called  o£^  ^  is  left  to 
finish  it,  which  he  does  in  86  days  more.  In  what  time  could  each 
do  it  separately  9  Ans,  A  in  24  days,  and  ^  in  48  days, 

8.  There  is  a  cistern,  into  which  water  is  admitted  by  three  pipes, 
two  of  which  are  exactly  of  the  same  dimensions.  When  they  are 
all  open,  -f^  of  the  cistern  is  filled  in  4  hours ;  and  if  cme  ei  the 
equal  pipes  be  stopped,  ^  of  the  cistern  k  filled  in  10  hours  and  40 
minutes.  In  how  many  hours  would  each  pipe  fill  the  cistern  ? 
Ans.  Each  of  the  equal  ones  in  32  hours,  and  the  other  in  24. 

0.  Some  hours  after  a  courier  had  been  sent  from  Aio  B,  which 
'  are  147  miles  distant,  a  second  was  sent,  who  wished  to  overtake  him 
just  as  he  entered  B ;  in  order  to  do  this  he  must  perform  the  jour- 
ney in  28  hours  less  than  the  first  did.  Now  the  time  in  which  the 
first  travels  17  miles  added  to  the  time  in  which  the  second  travels  56 
miles  is  13  hours  and  40  minutes.  How  many  miles  does  each  go 
per  hour  ?  Am.  The  1st  3,  and  the  2d  7  miles  an  hour. 

10.  A  and  B  playing  at  backgammon ;  ^^  bet  3  dimes  to  2  dimes 
on  eveiy  game,  and  after  a  certain  number  of  games  found  that  he 
had  lost  17  dimes.  Now  had  A  won  3  more  from  J?,  the  number  ha 
would  then  have  won  would  have  been  to  the  number  B  would  have 
won  as  5  to  4.    How  many  games  did  they  play  ?  Ans,  9. 

11.  A  and  B  engaged  to  reap  a  field  of  com  in  12  days.  The 
times  in  which  they  could  severally  reap  an  acre  are  as  2  :  3.  After 
some  time,  finding  themselves  unable  to  finish  it  in  the  stipulated 
time,  they  called  in  (7  to  help  them ;  whose  rate  of  working  was 
such,  that  if  he  had  worked  with  them  from  the  beginning,  it  would 
have  been  finished  in  9  days.  Also,  the  times  in  which  he  could 
severally  have  reaped  the  field  with  A  alone,  and  with  B  alone,  are  in 
the  ratio  of  7  to  8.    When  was  0  called  in  ?      Arts.  After  6  days. 

12.  A  vintner  has  2  casks  of  wine,  from  the  greater  of  which  he 
draws  15  gallons,  and  from  the  less  11 ;  and  finds  the  quantities  r«v- 
maining  to  be  in  the  ratio  of  8  to  3.  After  they  become  half  empty 
he  puts  10  gallons  of  water  into  each,  and  finds  that  the  quantities 
of  liquid  now  in  them  are  as  9  to  5.  How  many  gallons  will  each 
hold!  Ans.  The  larger  79,  and  the  smaller  35  gallons. 

13.  At  an  election  for  two  members  of  parliament,  three  men  offer 
themselves  as  candidates,  and  all  the  electors  give  single  votes.    Th« 
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\ 
number  of  voters  for  the  two  sncoessful  ones  are  in  the  ratio  of  9  to 
8 ;  and  if  the  first  had  had  seven  more,  his  majority  over  the  second 
would  have  been  to  the  majority  of  the  second  over  the  third  as 
12 : 7.  Now  if  the  first  and  third  had  formed  a  coalition,  and  had 
one  more  voter,  they  would  each  have  succeeded  by  a  majority  of  7. 
How  many  voted  for  each  f    Ans,  369,  328,  and  300,  respectively. 

14.  A  wine  merchant  has  two  kinds  of  wine.  If  he  mixes  a  gal- 
lons of  the  first  with  b  gallons  of  the  second,  the  mixture  is  worth  e 
dollars  per  gallon ;  but  if  he  mixes  /  gallons  of  the  first  with  p  gal- 
lons o(^the  second,  the  mixture  is  worth  h  dollars  per  gallon.  What 
is  the  price  of  each  kind  of  wine  per  gallon  ? 

r  Ite  price  of  the  first  kind  i3^"^*>^~y^)^*]    dollars 
"*"'!«««     Becondkind  (-^±^^i^t^  J    gi^n. 

Id.  A  banker  has  two  kinds  of  money ;  it  takes  a  pieces  of  the 
first  to  make  a  crown,  and  b  pieces  of  the  second  to  make  the  same 
amount.    Some  one  gave  him  a  crown  for  e  pieces.    How  many    ^^ — - 
pieces  of  each  kind  did  the  person  receive? 

Ans.  -^ — r^  pieces  of  the  1st  kind,  and  -^ — ~  of  the  2d  kind. 
a-^6    ^  a—b 

16.  What  two  fractions  added  make  f,  and  the  sum  of  whose  nu-     __ 
merators  is  equal  to  the  sum  of  their  denominators  f 

Ans.  I  and  |)-. 

17.  A  purse  holds  19  crowns  and  6  guineas.  Now  4  crowns  and  5 
guineas  fill  ||  of  it    How  many  will  it  hold  of  each  ? 

Ans.  21  crowns,  or  63  guineas; 

18.  $500  was  to  be  lent  out  at  simple  interest  in  two  separate  sums, 
the  smaller,  at  2  per  cent,  more  than  the  other.  The  interest  of  the 
greater  sum  was  afterward  increased,  and  that  of  the  smaller 
diminished  by  1  per  cent.  By  this,  the  interest  of  the  whole  was 
augmented  by  one-fourth  of  the  former  value.  But  if  the  interest  of 
the  greater  sum  had  been  so  increased,  without  any  diminution  of  the 
less,  the  interest  of  the  whole  would  have  been  increased  one-thiid« 
What  were  the  sums  and  the  rate  per  cent,  of  each  ? 

An8.  $100  and  $400,  and  4  and  2  per  cent  respectively. 

19.  Some  smugglers  discovered  a  cave,  which  would  exactly  hold 
the  cargo  of  their  boat ;  viz.  13  bales  of  cotton,  and  33  casks  of  rum* 
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Whiiat  they  were  unloaduig,  a  custom-hoiue  cutter  coming  in  Bighti 
thej  sailed  away  with  9  casks  and  5  bales,  leaving  the  cave  two- 
thirds  full.    How  many  bales,  or  casks  would  it  hold  ? 

Awf,  24  bales,  or  72  casks. 

20.  A  merchant  finds  that  if  he  mixes  sherry  and  Inrandy  in  quan- 
tities which  are  in  the  ratio  of  2  to  1,  he  can  sell  the  mixture^  at  78 
dimes  a  dozen ;  but  if  the  ratio  be  as  7  to  2|  he  must  sell  it  at  79 
dimes  a  dozen.    What  is  the  price  of  each  per  dozen  f 

Ans,  Sherry  81,  and  brandy  72  dimes  per  dozen. 

21.  Round  two  wheels,  whose  eircumferences  are  as  5  to^d,  two 
ropes  are  wrapped,  whose  difference  exceeds  the  difference  of  the  cir- 
cumferences by  280  yards.  Now  the  longer  rope  applied  to  the 
larger  wheel  wraps  round  it  a  certain  number  of  times,  greater  by  12, 
than  the  shorter  round  the  smaller  wheel ;  and  if  the-  laiger  wheel 
turns  round  three,  times  as  quick  as  the  other,  the  ropes  will  be  dis- 
charged at  the  same  time.  What  are  the  lengths  of  the  ropes  and 
the  circumferences  of  the  wheels  ? 

Ans,  The  ropes,  360  and  72  yards ;   and  circumferences  of  the 
wheels  20  and  12  yards. 

22.  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days,  A 
and  C  together  in  9  days,  and  B  and  0  together  in  10  days,  in  how 
many  days  can  each  alone  perform  the  same  work  ? 

Ans.  A  in  14}f  days,  B  in  I7}f  days,  and  (7  in  23^\  days. 

23.  Three  brothers  bought  a  vineyard  for  $100.  The  youngest 
says,  that  he  could  pay  for  it  alone,  if  the  second  would  give  him  ^  the 
money  he  had ;  the  second  says,  that  if  the  eldest  would  give  him 
only  the  ^  of  his  money,  he  could  pay  for  the  vineyard;  lastly, 
the  eldest  asks  only  |  part  of  the  money  of  the  youngest  to  pay  for 
the  vineyard  himself.    How  much  money  had  each! 

Ans.  The  oldest  had  $84,  the  2d  $72,  and  the  youngest  $64. 

24.  Three  persons,  A,  B,  and  (7,  play  together.  In  the  first  game 
A  loses  to  each  of  the  other  two,  as  much  money  as  each  of  them 
had  when  they 'commenced.  In  the  next  game,  B  loses  to  each  of 
the  other  two,  as  much  money  as  they  each  had  at  the  commencement 
of  the  2d  game.  In  the  third  game,  0  loses  to  each  of  the  other  two 
as  much  as  they  each  had  at  the  commencement  of  the  3d  game.  On 
leaving  off,  they  find  that  each  has  an  equal  sum,  namely,  $24.  With 
how  much  money  did  each  commence  ? 

Ans.  A  $39,  B  $21,  and  (7  $12. 


Ans, 
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25.  Tliree  laborere,  A^  B^  and  C,  are  employed  to  da  a  oertain 
pieoe  of  work.  A  and  B  can  do  the  work  in  a  days ;  A  and  (7  in  6 
da^B',  and  B  and  (7  in  e  days.  How  long  would  it  take  each  to  do 
the  W9/k  aloBt^  and  how  long  when  they  all  work  together ! 

A  requires  -         ^  days, 

Crequires^^^^^days, 

26.  A  dstem  oontaimng  210  buckets,  may  be  filled  by  2  p^. 
fiy  an  experiment,  in  which  the  first  was  open  4,  and  the  second  5 
hems,  00  buckets  of  water  were  obtained.  By  another  experiment, 
when  the  first  was  oi>en  7,  and  tlie  other  8^  hours,  126  buckets  were 
obtained.  How  many  buckets  does  each  pipe  discharge  in  an  hour? 
And  in  what  time  will  Uie  cistein  be  filled,  when  the  water  flows  from 
both  pipes  at  once  ?       • 

Ans,  The  first  pipe  diaoharges  15,  and  the  second,  6  buckets  in  an 
hour,  and  it  will  require  10  hours  for  them  to  fill  the  cistern. 

27.  A  person  has  two  horses,  and  two  saddles.  The  better  saddle 
cost  $50,  the  other  |2.  If  he  places  the  better  saddle  upon  the  first 
horse,  and  the  worse  upon  the  second,  then  the  latter  is  wortji  $8  less 
than  the  other ;  but  if  he  puts  the  worse  saddle  upon  the  first,  and  the 
better  upon  the  second  horse,  the  latter  is  wordi  df  times  as  inuoJa 
as  the  former.    What  is  the  value  of  each  horse  f 

Ana.  The  1st  $80,  and  the  2d  $70. 
28«  A  rectangular  field  containing  100  square  tods  less  than 
another,  10  rods  longer  and  5  rods  less  in  width,  is  to  be  planted  with 
trees  in  rows  parallel  to  its  sides,  and  8  rods  apart  and  8  rods  from 
its  perimeter.  -^  of  the  number  of  trees  required  is  ||f  more  than 
}  of  the  number  the  field  would  oontuin  if  the  rows  were  5  rods 
apart.    How  many  trees  are  required  ? 

Am,  2dC  treea. 

29.  A  work  is  to  be  printed  so  that  each  page  ma}^  contain  a  cer* 
tain  number  of  lines,  and  each  line  a  certain  number  of  letters.  If 
each  page  should  contain  8  lines  more,  and  each  line  4  letters  more, 
then  there  would  be  224  letters  more  on  each  page ;  but  if  theiB 

10 


\^ 
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Idionld  be  2  lines  less  on  a  page,  and  8  letten  leas  in  each  line,  then 
each  page  i?ould  contain  145  letten  less.  How  many  lines  are  there 
on  each  page,  and  how  many  letters  in  each  line  t 

Am.  29  lines  in  a  page,  and  32  letten  in  a  line, 

30.  A  coach  set  outfrom  Indianapolis  to  Cincinnati  with  a  certaiii 
number  of  passengen;  4  more  being  on  the  outside  than  witii?a. 
Seven  outside  passengen  could  travel  at  50  cents  less  expense  thaa  /i 
inside.  The  fare  of  the  whole  amounted  to  $45.  But  at  the  end  of 
half  the  journey,  it  took  up  3  more  outside  and  1  more  inside  paasen* 
ger  ;  in  consequence  of  which,  the  whole  &re  was  increased  in  the 
ratio  of  17  to  15.  What  was  the  number  of  passengers,  and  the  fare 
of  each! 

Afu,  There  were  5  inside,  and  9  outside  passengers.  The  fare  of 
each  indde  passenger  was  #4.50,  and  of  each  outside  passenger 
$2.50. 


INIERPRETATION  OF  NEGATIVE  RESULTS. 

THEOBEM. 

(385%)  Whsh  the  value  of  an  unknown  quantity  in  an  equation 
is  found  to  be  negative,  this  result  indicates  that  an  absurdity  is  ixk- 
volved  in  the  enunciatk>n  of  the  problem. 

DBMOKSTBATION. 

find  a  number  which,  added  to  +4,  makes  2. 

Let  X  =  the  required  number. 

Then«+4=2 

a?=-2 

This  result  indicates  that  the  problem  was  incorrectly  enunciated ; 
the  words  added  to  being  used  for  stthtracted  from.  The  problem  ii^ 
however,  worded  correctly,  if  we  consider  the  word  added  in  its  ex- 
tendad  algebraic  sense.    Let  us  word  this  problem  diffeiently : 

I%Md  a  number  to  which  if  4  be  added  the  9um  will  he  2. 

The  result  a;=r— -2  indicates  that  the  problem  is  absurd  in  an 
arithmetical  sense,  but  definite  in  an  algebraic  sense. 
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Let  US  take  another  problem : 

A  father  whose  age  is  42  years  has  a  son  wl^ose  age  is  12.    In  how 
many  years  will  the  age  of  the  son  he  \  that  of  the  father  f 
This  question  gives  the  equation 

.+12=^. 

4 

The  solution  of  "which  gives  ir=— 2. 

This  result  shows  that  the  son's  age  will*  never  be,  in  ihe  future^ 
\  the  father's  age ;  but  that  2  years  ago  the  son's  age  was  |  that  of 
the  fiithor. 

That  part  of  the  question  which  we  have  put  in  italics  should  have 
been,  How  many  years  since  the  age  of  the  son  was  \  thai  of  the 
father  f 

Let  us  take  still  another  example. 

A  man  worked  7  days,  and  had  his  son  with  him  8  days ;  and 
received  for  wages  |2.20.  He  afterward  worked  5  days,  and  had  his 
son  with  him  1  day,  and  received  for  wages  $1.80.  What  were  the 
father's  daily  wages,  and  what  was  the  effect  of  the  son's  presence  t 

Letting  «  =  the  father's  daily  effect,  •  n 

and      y=   **  son's        *•        « 

we  get  the  equations,     7«+3y=220,  }  .  . 
and  6i?+  y=180,^^  '* 
provided  the  daily  effect  of  each  is  productive  of  wages. 

But,  if  the  daily  effect  of  the  &ther  adds  to  the  amount  of  wages^ 
»nd  the  daily  effect  of  the  son  diminishes  the  amount  of  wages^  the 
equations  must  be 

'r«-3y=220, ) 
and  6a?—  y=:180.  j  ^  '' 

If  the  reverse  were  true,  we  should  have 
-7ar+3y=220,  ) 
and  -5a?+  y=180.)  ^  ^* 

Which  of  these  three  couplets  is  the  one  which  belongs  to  this 
problem  9  This  question  may  be  answered  after  we  have  found  the 
values  of  x  and  y  in  each. 

Hie  (1)  gives  «=4p  and  y=— 20;  the  (2),  a;=40  and  y=20; 
and  the  (3),  «=— 40,  y=— 20. 

Now,  the  (3)  results  can  not  be  true,  because  they  make  the  daily 
effect  of  each  diminish  the  amount  of  wages,  while  the  equations  from 
which  these  values  were  derived  oomudered  this  to  be  true  only  of 
the  Other's  daily  eflfoct 
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The  (])  results,  in  like  manner,  indicate  that  the  dail^  efiadt  oi 
the  son  is  to  dimmUk  the  amount  of  wagea^  while  the  ^quatkos  from 
which  they  %ero  derived  considered  both  to  be  prodactiye  (d  wagea* 

The  results  derived  from  the  (2)  oouplet  are  the  obIj  onea  that 
fulfill  the  arithmetical  conditions.  The  form  of  the  (2)  couplet,  also, 
shows  how  the  question  should  be  stated ;  or,  in  other  words,  that 
the  son's  presence  diminished,  each  day,  the  idler's  earnings  bj 
an  amount  equal  to  20  oents. 

We  toay  suppoee  the  father  had  to  allow  his  employer  20  cents 
a  day  for  his  son*s  board ;  or  that  he  was  hindered  one-half  a  day  in 
his  work  every  day  the  son  was  present;  or  that  the  fdther,  out  of  hi? 
own  wnges,  ^requested  the  employer  to  allow  the  aon  20  cents  to 
every  day  the  son  worked. 

Guided  by  such  ideas,  we  are  enabled  g^ieially  to  giv«  an  arith- 
metical ezjdaoation  of  negative  results. 

QUESTIOK8. 

1.  A  man,  at  the  time  of  his  marriage,  was  50  years  old,  and  his 
wife  40.    When  was  he  twice  as  old  as  she  I 

Ans,  30  years  before  marriage. 

2.  What  fraction  is  that  which  becomes  |  when  1  is  added  to  its 
numerator,  and*becomes  f  when  1  is  added  to  its  denominator  ? 

.       -10 

3.  A  man,  when  he  was  married,  was  30  years  old,  and  his  wife  15, 
How  many  years  must  elapse  before  his  age  will  be  thiee  times  his 
wife's  age. 

Ans.  He  was  three  times  as  old  as  she  7^  years  before  their  marriage. 

4.  What  fraction  is  that  which,  if  2  be  added  to  its  numerator,  its 
value  is  zero ;  but,  if  6  be  added  to  its  denominator,  its  value  is  infinite  ? 

5.  What  fraction  is  that  which,  if  3  be  added  to  its  numwal(HV  its 
value  is  nothing;  but^  if  4  be  subtracted  from  its  ddiiominator,  its 
value  is  1 1 

Arts.  — -. 

6.  A  laborer  working  for  a  gentleman  durii^  12  days,  having  with 
him,  the  first  7  days,  his  wife  and  son,  who  ooedsion  an  ^[pense  to 
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him,  received  $4.80 ;  he  afterward  woriced  8  days,  during  5  of  which 
bin  w^  and  son  were  with  him,  and  rocdred  tS.OO,  What  were  the 
wages  of  the  laborer  per  daj,  and  aba  the  expense,  per  day,  of  hia 
wife  and  son  ? 

Atis,  His  daily  wages  50  cents,  and  expense  of  wife  and  son  20 

ooita. 
¥.  Two  men,  A  and  j9,  commenced  trade  at  ^  same  time ;  A  had 
S  times  as  mnch  money  as  ^;  A  gained  $400,  and  B  $150 ;  now. 
A  has  twice  as  much  money  as  B.    How  much  had  each  at  first! 
Ans.  A  was  in  debi9SW>,  and  B  $100. 

8.  A  man  worked  10  days,  his  wi&  4  days,  and  his  son  8  days, 
and  their  wages  amounted  to  $11.50  ;  at  another  time,^e  worked  9 
days^  his  wife  8  days,  and  his  son  6  days,  and  their  wages  amounted  to 
$12.00 ;  a  fihird  time,  he  worked  7  days,  his  wife  0  days,  and  his  son 
4.  days,  and  their  wages  amounted  to  $9.00.  What  were  the  daOy 
wages  of  each  ? 

Ans,  Husband's  daily  wages,  $1.00 ;  vnh%  0 ;  and  son's,  50  cents, 

9.  The  sum  of  two  numbers  is  120,  and  their  difference  is  160 ; 
what  are  the  numbers  ?  Ans,  140  and  —20. 

10.  What  number  Is  that  whose  ^  part  exceeds  its  ^  pt^rt  by  12  ? 

Ans.  -144. 


GENERAL  DISCUSSION  OF  CERTAIN  RESULTS  OBTAINED 
IN  THE  SOLUTION  OF  SIMPLE  EQUATIONS. 

FBOBLSK. 
(286.)  To  mterpret  the  result  0=0. 

SOLUTION. 

Let  US  endeavor  to  solve  the  problem : 

Given  ■{  >  to  find  the  rtdues  of  x  and  y. 

^+x=ae  (2),J 

^+a=Ba«  (8)=(l)xa 

0=0  (4)=(2)-(8) 
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The  (])  results,  in  like  manner,  indicate  that  the  dail^  eSadt  oJ 
the  son  is  to  dimkUsk  the  amount  of  wages,  while  the  ^quatiooB  £nnn 
which  thej  %ere  derived  considered  both  to  be  prodactiye  (d  wage& 

The  results  derived  from  the  (2)  oouplet  are  the  obIj  onea  that 
fulfill  the  arithmetical  conditions.  The  form  of  the  (2)  couplet,  also, 
shows  how  the  question  should  be  stated ;  or,  in  otiier  words,  that 
the  son's  presence  diminished,  each  day,  the  idler's  earnings  by 
MQ  amount  equal  to  20  oents. 

We  toay  suppose  the  father  had  to  allow  his  employer  20  oenf 
a  day  for  his  son's  board ;  or  that  he  was  hindered  one-half  a  day  ' 
his  work  tvery  day  the  son  was  present;  or  that  the  father,  out  of  1 
own  wnges,  ^requested  the  employer  to  allow  the  ^on  20  cents 
every  day  the  son  worked. 

Guided  by  such  ideas,  we  are  enoUed  g^ierally  to  give  an  a 
meticai  ezjdaoation  of  negative  results. 

QUSSTI0K8. 

1.  A  man,  at  the  time  of  his  marriage,  was  50  years  old,  a 
wife  40.    When  was  he  twice  as  old  as  she  ? 

Ans,  30  years  before  Tnar 

2.  What  fraction  is  that  which  becomes  |  when  1  is  add 
numerator,  and*becomes  f  when  1  is  added  to  its  denominat 

Ans 

3.  A  man,  when  he  was  married,  was  30  years  old,  and  1 
How  many  years  must  elapse  before  his  age  will  be  thif 
wife's  age*  ^ 

Ann.  Ke  was  three  times  as  oM  ns  she  7 1  years  before  tm 

4.  What  fraction  k  ibat^^i|^^  Im  tuld^d  to  i(j|  7 
value  is  xgto  ;  but,  if  i  be  d^^^^^piKltninatof,  ita  vni 
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.7.  Two  persons,  A  and  ^  can  perfonn  a  piece  of  work  in  16  days. 
The  J  work  together  4  days,  when  A  being  called  o£^  ^  is  left  to 
finish  it,  which  he  does  in  36  days  more.  In  what  time  could  each 
do  it  separately  f  Ans,  A  in  24  days,  and  ^  in  48  days. 

8.  There  is  a  cistern,  into  which  water  is  admitted  by  three  pipes, 
two  of  which  are  exactly  of  the  same  dimensions.  When  they  are 
all  open,  ^  of  the  cistern  is  filled  in  4  hours ;  and  if  one  ik  the 
equal  pipes  be  stopped,  {  of  the  cistern  is  fill^  in  10  hours  and  40 
minutes.    In  how  many  hours  would  each  pipe  fill  the  cistern  ? 

Ana.  Each  of  the  equal  ones  in  32  hours,  and  the  other  in  24. 

9.  Some  hours  after  a  courier  had  been  sent  from  ^  to  ^,  which 
are  147  miles  distant,  a  second  was  sent,  who  wished  to  overtake  him 
just  as  he  entered  JB ;  in  order  to  do  this  he  must  perform  the  jour- 
ney in  28  hours  less  than  the  first  did.  Now  the  time  in  which  the 
first  travels  17  miles  added  to  the  time  in  which  the  second  trayels  56 
miles  is  18  hours  and  40  minutes.  How  many  miles  does  each  go 
per  hour  f  Ans.  The  1st  3,  and  the  2d  7  miles  an  hour. 

10.  .^  and  B  playing  at  backgammon ;  .^  bet  8  dimes  to  2  dimes 
on  every  game,  and  after  a  certain  number  of  games  found  that  he 
had  lost  17  dimes.  Now  had  A  won  3  more  from  B,  the  number  he 
would  then  have  won  would  have  been  to  the  number  B  would  have 
won  as  5  to  4.    How  many  games  did  they  play  ?  Ans.  9. 

11.  ^  and  B  engaged  to  reap  a  field  of  com  in  12  days.  The 
times  in  which  they  could  severally  reap  an  acre  are  as  2  : 3.  After 
some  time,  finding  themselves  unable  to  finish  it  in  the  stipulated 
time,  they  called  in  (7  to  help  them ;  whose  rate  of  working  was 
such,  that  if  he  had  worked  with  them  from  the  beginning,  it  would 
have  been  finished  in  9  days.  Also,  the  times  in  which  he  could 
severally  have  reaped  the  field  with  A  alone,  and  with  B  alone,  are  in 
the  ratio  of  7  to  8.    When  was  C  called  in  ?     Ana.  After  6  days. 

12.  A  vintner  has  2  casks  of  wine,  from  the  greater  of  which  lie 
draws  15  gallons,  and  from  the  less  11 ;  and  finds  the  quantities  re- 
maining to  be  in  the  ratio  of  8  to  3.  After  they  become  half  empty 
he  puts  10  gallons  of  water  into  each,  and  finds  that  the  quantities 
of  liquid  now  in  them  are  as  9  to  5.  How  many  gallons  will  each 
hold  ?  Ans.  The  larger  79,  and  the  smaller  35  gallons. 

13.  At  an  election  for  two  members  of  parliament,  three  men  offer 
themselves  as  candidates,  and  all  the  electors  give  single  votes.    The 
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ntunber  of  voters  for  the  two  saccessful  ones  are  in  the  ratio  of  9  to 
8 ;  and  if  the  first  had  had  seven  more,  his  majority  over  the  second 
would  have  been  to  the  majority  of  the  second  over  the  third  as 
12 : 7.  Now  if  the  first  and  third  had  formed  a  coalition,  and  had 
one  more  voter,  they  would  each  have  succeeded  by  a  majority  of  1. 
How  many  voted  for  each  f     An$.  369,  328,  and  300,  respectively. 

14.  A  wine  merchant  has  two  kinds  of  wine.  If  he  mixes  a  gal- 
lons of  the  first  with  b  gallons  of  the  second,  the  mixture  is  worth  e 
dollars  per  gallon ;  but  if  he  mixes  /  gallons  of  the  first  with  g  gal- 
lons o^^the  second,  the  mixture  is  worth  h  dollars  per  gallon.  "Wliat 
is  the  price  of  each  kind  of  wine  per  gallon  f 

{a+b)ep^(f-hff)bh  ^ 


Ans, 


The  price  of  the  first  kind  is 

«      «      «     secondkind  (^+%/-(/+^)^ 


dollars 

per 
gallon. 


16.  A  banker  has  two  kinds  of  money ;  it  takes  a  pieces  of  the 
first  to  make  a  crown,  and  b  pieces  of  the  second  to  make  the  same 
amount.  Some  one  gave  him  a  crown  for  e  pieces.  How  many 
pieces  of  each  kind  did  the  person  receive? 

Ans.    ^  ^^  pieces  of  the  1st  kind,  and    ^  ^.  ^  of  the  2d  kind* 

16.  What  two  fractions  added  make  f,  and  the  sum  of  whose  nu- 
merators is  equal  to  the  sum  of  their  denominators  f 

Atm,  \  and  \\. 

17.  A  purse  holds  19  crowns  and  6  guineas.  Now  4  crowns  and  5 
guineas  fill  ^  of  it    How  many  will  it  hold  of  each  9 

A'M,  21  crowns,  or  63  guineas; 

18.  $500  was  to  be  lent  out  at  simple  interest  in  two  separate  sums, 
the  smaller,  at  2  per  cent,  more  than  the  other.  The  interest  of  the 
greater  sum  was  afterward  increased,  and  that  of  the  smaller 
diminished  by  1  per  cent.  By  this,  the  interest  of  the  whole  was 
augmented  by  one-fourth  of  the  former  value.  But  if  the  interest  of 
the  greater  sum  had  been  so  increased,  without  any  diminution  of  the 
less,  the  interest  of  the  whole  would  have  been  increased  one-third. 
What  were  the  sums  and  the  rate  per  cent,  of  each  ? 

Ans.  $100  and  $400,  and  4  and  2  per  cent  respectively. 

19.  Some  smugglers  discovered  a  cave,  which  would  exactly  hold 
the  cargo  of  their  boat ;  viz.  13  bales  of  cotton,  and  33  casks  of  rum* 


^_- 
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Whilst  they  were  unloadiBg,  a  cu3tom-house  cutter  comiDg  ia  sights 
thej  sailed  away  with  9  casks  and  5  bales,  leaying  the  cave  two- 
thirds  full.    How  many  bales,  or  casks  would  it  hold  ? 

Am.  24  bales,  or  72  casks. 

20.  A  merchant  finds  that  if  he  mixes  sherry  and  Inraudy  in  quan- 
tities which  are  in  the  ratio  of  2  to  1,  he  can  sell  the  mixture^  at  78 
dimes  a  dozen;  but  if  the  ratio  be  as  7  to  2,  he  must  sell  it  at  79 
dimes  a  dozen.    What  is  the  price  of  each  per  dozen ! 

Ans.  Sherry  81,  and  brandy  72  dimes  per  dozen. 

21.  Roand  two  ^rtieels,  whose  eircnrnferences  are  as  5  to  ^3,  two 
ropes  are  wrapped,  whose  differenee  exceeds  the  difference  of  the  cir^ 
cumferences  by  280  yards.  Now  the  longer  rope  applied  to  the 
larger  wheel  wraps  round  it  a  certain  number  of  times,  greater  by  12, 
than  the  shorter  rovod  the  smaller  wheel ;  and  if  the-  laiger  wheel 
turns  round  three,  times  as  quick  as  the  other,  the  ropes  will  be  dis- 
charged at  the  same  time.  What  are  the  lengths  of  the  ropes  and 
the  circumferences  of  the  wheels  f 

Ans.  The  ropes,  360  and  72  yards ;   and  circumferences  of  the 
wheels  20  and  12  yards. 

22.  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days,  A 
and  C  together  in  9  days,  and  B  and  C  together  in  10  days,  in  how 
many  days  can  each  alone  perform  the  same  work  ? 

Ans.  A  in  14;|'dap,  B  in  l7ff  days,  and  C7itt  23 ^\  days. 

23.  Three  brothers  bought  a  vineyard  for  |100.  The  youngest 
says,  that  he  could  pay  for  it  alone,  if  the  second  would  give  him  \  the 
money  he  had ;  the  second  says,  that  if  the  eldest  would  give  him 
only  the  ^  of  his  money,  he  could  pay  for  the  vineyard;  lastly^ 
the  eldest  asks  only  \  part  of  the  money  of  the  youngest  to  pay  for 
the  vineyard  himself.    How  much  money  had  each? 

Ans.  The  oldest  had  |84,  the  2d  |72,  and  the  youngest  $64. 

24.  Three  persons,  A^  B,  and  (7,  play  together.  In  the  first  game 
A  loses  to  each  of  the  other  two,  as  much  money  as  each  of  them 
had  when  they' commenced.  In  the  next  game,  B  loses  to  each  of 
the  other  two,  as  much  money  as  they  each  had  at  the  commencement 
of  the  2d  game.  In  the  third  game,  C  loses  to  each  of  the  other  two 
as  much  as  they  each  had  at  the  commencement  of  the  3d  game.  On 
leaving  ofi^,  they  find  that  each  has  an  equal  sum,  namely,  $24.  With 
how  mucli  money  did  each  commence  ? 

Ati8.  A  139,  B 121,  and  (7|12. 


Ans. 
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25.  Tliree  laboren,  A,  By  and  C^  are  employed  to  do  a  oertam 

pieoe  of  iproric    A  and  B  can  do  the  work  in  a  dajB ;  A  and  (7  in  6 

daTs;  and  B  and  C7  in  e  days.    How  long  would  it  take  each  to  do 

the  -WQik  alofiu,  and  how  long  when  they  all  work  together  ? 

2ab€ 
^  requires  ^^^_^,  days, 

i?  requires  ^^^^^  days, 

Crequires^^^^^days, 

^i?,and  (7require^_^^_^^  days. 

20.  A  cistern  contttmng  210  buckets,  may  be  filled  by  2  pipes, 
fiy  an  experimfiot,  in  which  the  fifst  was  open  4,  and  the  second  6 
henzB,  80  bucbets  of  water  were  obtained.  By  another  experiment, 
when  the  first  was  oyea  7,  and  tlie  other  8|  hours,  126  buckets  were 
obtained.  How  many  buckets  does  each  pipe  discharge  in  an  hour  ? 
And  in  what  time  will  the  cistein  be  filled,  when  the  water  flows  from 
both  pipes  at  once  ?       • 

Ans.  The  first  pipe  discharges  15,  and  the  second,  6  buckets  in  an 
hour,  and  it  will  require  10  hours  for  them  to  fill  the  cistern. 

27.  A  person  hais  two  horses,  and  two  saddles.  The  better  saddle 
cost  $50,  the  other  |2.  If  he  places  the  better  saddle  upon  the  first 
horse,  and  the  worse  upon  the  second,  then  the  latter  is  wortii  $8  less 
than  the  other ;  but  if  he  puts  the  worse  saddle  upon  the  first,  and  the 
better  upon  the  second  horse,  the  latter  is  worth  8}  tiroes  as  inaoJb 
as  the  former.    What  is  the  value  of  each  horse  f 

Ans.  The  1st  $80,  and  the  2d  %10. 

28*  A  rectangular  field  containing  100  square  tods  less  than 
another,  10  rods  longer  and  5  rods  less  in  width,  is  to  be  planted  with 
trees  in  rows  parallel  to  its  sides,  and  8  rods  apart  and  3  rods  from 
its  perimeter.  ^  of  the  number  of  trees  required  is  ^}}  more  than 
I  of  the  number  the  field  would  contain  if  the  rows  were  5  rods 
apart.     How  many  trees  are  required  ? 

Am,  200  treea. 

29.  A  work  is  to  be  printed  so  that  each  page  maj^  contain  a  cer* 
tain  number  of  lines,  and  each  line  a  certain  numbe^r  of  letters.  If 
each  page  diould  contain  3  lines  more,  and  ench  line  4  letters  more, 
then  there  would  be  224  letters  more  on  each  page ;  but  if  there 

16 


J 
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"dioiild  b«  2  lines  less  on  a  page,  and  8  letters  leas  in  each  line,  then 
each  page  ivoald  contain  145  letters  less.  How  many  lines  are  there 
on  each  page,  and  how  many  letters  in  each  line  f 

Avi.  29  lines  in  a  page,  and  32  letters  in  a  line. 

30.  A  coach  set  out' from  Indianapolis  to  Cincinnati  with  a  certaiit 
number  of  passengers;  4  more  being  on  the  outside  than  witlva. 
,     Seven  outside  passengers  could  travel  at  50  cents  less  expense  thaa  /4 
xl     inside.    The  fare  of  the  whole  amounted  to  $45.    But  at  the  end  of 
half  the  journey,  it  took  up  3  more  outside  and  1  more  inside  passen- 
ger ;  in  consequence  of  which,  the  whole  hie  was  increased  in  ihe 
ratio  of  17  to  15.    What  was  the  number  of  passengers,  and  the  fare 
<tf  each? 
Afu,  There  were  5  inside,  and  9  outside  passengers.    The  fare  of 
each  inside  passenger  was  $4.50,  and  of  each  outside  passenger 
$2.50. 


INTERPRETATION  OF  NEGATIVE  RESULTS. 

THEOREM. 

(385^)  W&xir  the  value  of  an  unknown  quantity  in  an  equation 
is  found  to  be  negative,  this  result  indicates  that  an  absurdity  is  in- 
volved in  the  enunciation  of  the  problem. 

DSMOKSTBATIOK. 

Find  a  number  which,  added  to  +4,  makes  2. 

Let  a  =  the  required  number. 

Then  «+ 4=2 

ar=-2 

This  result  indicates  that  the  problem  was  incorrectly  enunciated ; 
the  words  added  to  being  used  for  subtracted  fnym,.  The  problem  i% 
however,  worded  correctly,  if  we  consider  the  word  added  in  its  ex- 
tendad  aJgebtalc  sense.    Let  us  word  this  problem  diffexently : 

Fvkd  a  number  to  which  if  4  be  added  the  sum  will  be  2. 

The  result  2r=— -2  indicates  that  the  problem  is  absurd  in  »id 
arithmetical  sense,  but  definite  in  an  algebraic  sense. 
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Let  us  take  another  problem : 

A  fiither  whoee  age  is  42  jears  has  a  son  wl^oee  age  is  12.    In  haw 
many  years  vnU  the  age  of  the  son  he  \  that  of  ih$  father  f 
This  question  gives  the  equation 

^  +  12=--^. 

TTie  sohition  of  irhich  gives  ir=— 2. 

This  result  shows  that  the  son's  age  will  never  be,  in  the  future, 
^  the  father'jB  age ;  but  that  2  years  ago  the  son's  age  itraa  {  that  of 
the  fiithor. 

That  part  of  the  question  which  we  have  put  in  italics  should  have 
been,  Sow  many  years  since  the  age  of  the  son  teas  ^  that  of  the 
father  f 

Let  us  take  still  another  example. 

A  man  worked  7  days,  and  had  his  son  with  him  8  days ;  and 
received  for  wages  $2.20.  He  afterward  worked  5  days,  and  had  his 
son  with  him  1  day,  and  received  for  wages  $1.80.  What  were  the 
Other's  daily  wages,  and  what  was  the  e£fect  of  the  son's  presence ! 

Letting  d;  =  the  father's  daily  effect,  •  \ 

and      y=:   «  son's        "        ** 

we  get  the  equations,     7«+3y=220,  >  .  . 
and  6a:+  y=180,  V  '^ 
provided  the  daily  oiTcct  of  each  is  productive  of  wages. 

But,  if  the  daily  effect  of  the  fiither  adds  to  the  amount  of  wages^ 
rad  the  daily  effect  of  the  son  diminishes  the  amount  of  wageS|  the 
equations  must  be 

7«-3y=220, )     . 
and  6a?—  y=180.  P  '* 

If  the  reverse  were  true,  we  should  have 
-'7*+3y=220, ) 
and  -5a;+  y=180. )  ^  ^' 

Which  of  these  three  couplets  is  the  one  which  belongs  to  this 
problem  ?  This  question  may  be  answered  after  we  have  found  the 
ralues  of  x  and  y  in  each. 

The  (1)  gives  «=40  and  y=— 20;  the  (2),  a;=40  and  y=20; 
and  the  (3),  «=— 40,  y=— 20. 

l^ow,  the  (3)  results  can  not  be  true,  because  they  make  the  daily 
effect  of  each  diminish  the  amount  of  wages,  while  the  equations  from 
which  these  values  were  derived  considered  this  to  be  true  only  of 
the  Other's  daily  ^fect 
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The  (1)  results,  in  like  manner,  indicate  tkat  the  daily  eflkft  Ox 
the  son  is  tD  dinmiik  the  amouirt  of  wage%  whUe  Ute  «qiiatk»iB  from 
which  they  irete  denied  consideied  both  to  be  productive  of  wag«& 

The  results  derived  from  the  (2)  couplet  are  the  only  onea  that 
fulfill  the  arithmetical  conditions.  The  form  of  the  (2)  couplet,  also, 
shows  how  the  question  should  be  stated ;  or,  in  other  words,  that 
the  son's  presence  diminished,  eadi  day,  tiie  fiitiier*s  earnings  by 
an  amoimt  equal  to  20  cents. 

We  may  suppose  the  father  had  to  allow  his  employer  20  cents 
a  day  for  his  son's  board ;  or  that  he  was  hindered  one-half  a  dAj  in 
his  work  erery  day  the  son  was  present;  or  that  the  falher,  out  <rf  hip 
own  wnges,  ^requested  the  empkyer  to  allow  the  ^on  20  cents  for 
every  day  the  son  worked. 

Guided  by  such  ideas,  we  are  enabled  gttierally  to  give  an  arith- 
metical explanation  of  negfttivo  results^ 

QUESTIONS. 

1.  A  maiD,  at  the  time  of  his  marriage,  was  50  years  old,  and  his 
wife  40.    When  was  he  twice  as  old  as  she  f 

Ans,  30  years  before  marriage. 

2.  What  fraction  is  that  which  becomes  |  when  1  is  added  to  its 
numerator,  and 'becomes  f  when  1  is  added  to  its  denominator  ? 

Jns.  -^. 

3.  A  mail,  when  he  was  married,  was  30  years  old,  and  his  wife  1 5. 
How  many  years  must  elapse  before  his  age  will  be  thiee  times  his 
wife's  age. 

Ans.  He  was  three  times  as  old  as  she  *I^  years  before  their  marriage. 

4.  What  fraction  is  that  which,  if  2  be  added  to  its  numerator,  its 
value  is  zero ;  but,  if  6  be  added  to  its  denominator,  its  value  is  infinite ! 

Am.  — ;-. 
—6 

5.  What  fraction  is  that  which,  if  3  be  added  to  its  mimerator,  its 
Tidue  is  ifeothing;  but,  if  4  be  subtracted  from  its  ddBominatf^,  its 
value  is  1  f 

A  -^ 

Ans.  — -. 

6.  A  laborer  working  for  a  gratleman  durii^  12  days,  lamng  widi 
him,  the  first  1  days,  his  wife  and  son,  who  ooeaaon  an  expense  to 


0S9SBAL  DISCCSSIOir,  SIC.  246 

him,  reoeired  14.60 ;  he  aflerwAid  woiked  8  days,  during  d  of  which 
fail  Wife  and  son  were  with  him,  aiid  raoeiTed  $8.0(K  What  were  the 
wages  of  the  laborer  per  d^,  and  aba  the  expense^  per  day,  of  his 
wife  and  son  1 

Atu,  His  daily  wages  50  cents,  and  expense  of  wife  and  son  20 

cents. 
T.  Two  men,  A  and  B,  commenced  trade  at  ibe  same  time ;  A  had 
d  times  as  mnch  money  as  j9/  A  gained  $400,  and  B  $160 ;  now. 
A  has  twice  as  much  money  as  B,    How  much  had  each  at  first! 
Ans.  A  was  in  debt  $300,  and  B  $100. 

8.  A  man  worked  10  days,  his  wift  4  days,  and  his  son  8  days, 
and  their  wages  amounted  to  $11.50  ;  at  another  time,^e  worked  9 
days,  his  wife  8  days,  and  his  son  6  days,  and  their  wages  amounted  to 
$12.00 ;  a  Uiird  time,  he  worked  ?  days,  his  wife  6  days,  and  his  son 
4<  days,  and  their  wages  amounted  to  $9.00.  What  were  the  daily 
wages  of  each  f 

Am,  Husband's  daily  wages,  $1.00 ;  wife'si  0 ;  and  son's,  50  cents* 

9.  The  sum  of  two  numbers  is  120,  and  their  difference  is  160 ; 
what  are  the  numbers  ?  Ans.  140  and  —20. 

10.  What  nnmber  Is  that  whose  J  part  exceeds  its  |  pwt  by  12  f 

Ans.  -144. 


^IM   »  >l  »       ■ 
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GENERAL  DB90USSI0N  OP  CERTAIN  RESULTS  OBTAINED 
m  THE  SOLUTION  OF  SIMPLE  EQUATIONa 

PROBLSH. 
(286«)  To  interpret  the  result  0=0. 

SOLUTION. 
Let  us  endeavor  to  solve  the  problem : 


Given 


-  to  find  the  vidues  of  x  and  y. 


I  ^+x=ae  (2), 

^+«w«  (3)=(l)xa 

0=0  (4)=(2)-(8) 
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HiBDoe,  we  aie  uiuihie  to  obtain  the  niuM  oix  and  y« 
By  looking  at  the  seoond  eqaation,  we  see  that  it  is  not  independent 
of  the  fint)  ii  being  the  fint  multiplied  bj  a. 

We  have,  then,  only  j^ — =c  to  find  the  values  of  x  and  y. 

We  hare  already  shown  that  when  there  are  two  unknown  quan- 
tities and  but  one  equation,  the  values  of  x  and  y  are  indeterminate, 
or,  in  other  words,  that  there  are  an  infinite  number  of  corresponding 
values  of  x  and  y,  which  will  satisfy  (he  equation. 

Again,  let  2x+as«+ia+^+l^ 

This  equation,  also,  reduces  to  0=0.  This  ought  to  be  the  casei 
because  2x+B=:2x-h<h  or  2d;=2«,  or  «=«,  is  an  indeterminate  equa- 
tion, since  x  may  be  any  quantity  whatever. 

Bencif  the  result  0=0  is  a  sign  i^indeterminaHon,  trndwhen  obtained 
Jrom  two  Hmultansous  equations^  indicates  that  there  is  hut  one  conr 
dition.   When  the  values  of  x  and  y  are  indeterminate,  it  is  eustomaiy 

to  indicate  it  by  «=--  and  ^=^- 

PROBLEM. 

(287t)  Find  a  number  such,  that  if  9  be  add^d  to  8  times  the 
number,  and  this  sum  be  divided  by  6,  the  quotient  will  be  equal  to 
18  augmented  by  12  times  the  number,  and  this  sum  divided  by  9. 


soLuvioir. 

Let« 
Then 

=  liie  required  number, 
we  have,  by  the  co^iditions  given, 
Bx+9     13  + 12a; 
6              9 

(1) 

'!r2a:+81  = 

=78  +I2x 

(2)  = 

=(1) 

X54. 

I2x—I2x=:ls  —81 
81  —78  =l2X''12x 
3  =0 
This  result  is  an  absurdity,  and  indicates  that  the  conditions  of  tlis 
question  are  incompatible  or  contradictory. 
The  conditions,  we  have  seen,  g^ve 

72a?+81=72a:  +  78. 
This  may  assume  the  form 

72«+78  +  3=72«+78. 
This  equation  can  be  satisfied  only  on  the  condition  d:i^O ;  but  8 
does  not  equal  0,  and  therefore  the  equation  is  impossible. 
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PROBLEM. 
(288.)   To  interpret  a? =^. 

SOLUTION. 

We  maj  oonfiider  that  Q0=-  when  a=0,  and,  also,  oo=y  when 
/  u  0 

1 

6=0.    Then,  x=--t  becomes  2=^>  wlien  both  a  and  (  ara  both 

6 
equal  to  0. 

But  »=-=— 4-r=-x-.=-. 

I    a     b    a     1     a  ,- 

b 
Now,  if  we  make  a  and  6  eaoh  equal  to  0,  we  have  «=r* 

We  see  by  this  that  we  can  get  «=^  aud  ^=r  from  the  same 
1 
equation,  »='r,  hj  making  both  a  and  6  equal  0 ; 

1 

Hence,  ^  is  equivalent  to  -,  or,  in  other  words,  is  sometimes  a 

aymbol  of  indetermination,  for  we  have  already  shown  that  ~  is 

Boxnetinies  a  sign  of  indetermination.    In  vanishing  fractions  the  value 

t^f  rr  it  determinate. 

PBOBLSK. 
(389«}  To  interpret  x=zO .  oo . 

SOLUTION. 
SjsMwg  Msr.m  X  ^,  and  making  both  a  and  b  equal  to  0,  we  get 

af=Ox-,  or«=0.oo. 
0 

B«t  «sc  X  -7  is  the  same  as  ^=ti  or,  when  a  and  b  are  both  equal 
too,  «=-. 
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We  Bee,  then,  that  0 .  oo  is  equivalent  to  -. 

PBOBLEH.      . 
(290»)  To  interpret  :r=  od  — -  od. 

SOLUTION. 

Let  «= — 1^. 
a    b 

I^  in  this  equation,  both  a  and  S  are  0,  we  have 

1     1 
»=-— ,or  af=oo-Qo. 

But  7= — T  ifi  the  same  as 
a     0 

ft— a 

Which  equation  beoomes,  when  a  and  b  are  each  equal  to  0^ 
_0-0 

0 
or,  :r=:-. 

0 

We  see,  then,  that  oo  —  oo  is  eqiuvaleiit  to  -• 

PROBLBM. 
f291.)  Two  couriers  traveled  on  the  same  road;  when  one  was 
dlAHie  other  was  at  B.    When  were  ihej  together  t 

SOLUTIOK. 

Let  J  '  I      repreaenithe 

^x  JtS 

road  and  the  given  places.  This  problem  is  stated  in  very  general 
language,  and,  therefore,  embodies  many  conditions.  It  will,  however 
be  found  not  to  be  so  general  as  the  algebraio  ibnnula  to  wliioh  it 
gives  rise. 

To  obtain  this  formula  let  us  take  one  of  the  mauy  cases  which 
may  occur,  viz.,  that  the  faster  traveler  was  at  A  when  fte  other 
was  at  Bj  and  that  they  were  together  at  2>. 

d * 1— 

Let  a  =  the  distance  from  AU>  B;  m  =  the  nuiaber  of  miles  the 
faster  traveler  went  per  hour ;  and  n  ==  the  number  of  ndlei  the  other 
went  per  hour. 


Let  «=3^i>,  and  y^BD. 

We  have  then  —  the  number  of  hours  that  it  took  the  faster  cour« 

ier  to  t*o  Ibe  dfatmee  a  mA  ^wm  tii*  ««mUv-  ^  houia  it  took  the 
'        n 

otlMT  to  go  the  disUmee  y.    ginee  thea^  tin^  must  beequal|  wehave 

m    n 
But  «~ys:a 
ne  Boiutien  of  these  equationa  gives 

am. 


49         y        A 

Whence,  — .  or  -= 

m       n    f»— n  > 

These  results  are  applicable  to  a  great  number  of  separate  snpposi- 
tioBs,  or  we  may  eonsidet  them  wa  the  solution  of  the  general 
problem. 

In  order  *to  adapt  these  results*  to  all  the  supposable  cases,  we  must 
fiist  eetabfish  certain  couTentional  signs. 

When  m  is  a  positiye  quantity,  we  shall  consider  that  the  traveler 
who  went  m  miles  per  hour,  went  eastward,  or  to  the  right ;  but  when 
9»  is  a  Begati?e  quantity,  we  shall  consider  that  he  went  Westward,  or 
to  the  left  We  shall,  also,  attach  the  same  ideas  to  n.  When  z  is 
a  positiTe  quantity,  we  shall  considet  that  D  is  eastward,  or  to  the 
right  of  A ;  but  when  it  is  a  negative  quantity,  we  shsdl  consider  that 
D  is  westward,  or  to  the  left  of  A.  Also,  we  shall  consider  D 
as  eastward  or  westward  from  B,  according  as  jr  is  positive  or 
ne^^ativcL 

When  —  or  ~  is  positive,  we  shall  consider  the  travelers  ww^ 

4*  ft 

together  after  they  were  at  A  and  B,  but  when  —  or  -  is  negative, 

that  they  were  together  before  they  were  at  A  and  £.    But  how  shall 
we  establish  the  meaning  of  +a  and  —a,  since,  according  to  the 
above  ideas,  the  distance  a  would  have  a  different  sign  according  as 
we  refer  it  to  ^  or  jS  ? 
We  shall  let  the  point  A  rule;  and  shall  call  AB,  or  a,  positive 
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when  P 18  to  the  right  of  A ;  and  AB^  or  o^  negative  when  Bia  to 
the  left  of  A.    Thus 

it *■ 

i i 

We  shall  eotifflder  AB  in  the  first  equal  to  +0^  hut  in  the  second 
Jne  equal  to  —a. 

With  oonventional  ideas,  we  can  make  a  partacular  problem  out  of 
each  of  the  following  suppositions,  and  the  corresponding  values  de- 
duced lirom  the  above  formulas  will  he  the  conect  results  for  each 
partioiilar  supposition. 

1st.  When  m=+2,  »=+l,  and  a=+3,  we  get  a:=+6,  and 

y=  +  3,-=+3,  and  ?!=  +  3. 

2d.  Whenm=— 2,  n=— l,and  a=+8,  weget  «=+6,  y=+3, 

—=-8,  and  ?^=-^3, 
m  n 

8d.  Whenm=+2,  n=— 1,  anda=+8,  weget«=+2,  y=— 1, 
^=+l,and^=  +  l. 

4th.  When  m=— 2,  n=  +  l,  and  a=+8,wegeta?=+2,y=— 1^ 
~=-l,  and  ?="-l. 

5th.  When  m=  +  2,  n=  + 1,  and  a=:  —8,  we  get  «=  —6,  y=  —8, 

X  V 

—=-.3,  and  -=— 3. 
m  » 

6th.  When  m=— 2,n=— l,and  a=:^9^  we  get  «=— 6,  y=— 8, 

X  V 

—=+3,  and  ^=  +  3. 

7tlu  Whenm=  +  2, n=— l,anda=— 3,wegeta?=— 2,  y=  +  l, 

m  n 

81h.  When  m=— 2,»=+l,and  a= — 3,  we  get  «=— 2,  y=  +  l, 

— =  +  1,  and?=  +  l. 

In  the  first  four  suppositions  B  is  east  of  A^  and  in  the  last  four,  B 
is  west  of  A, 

'  '       '  ' 

In  the  first  two  suppositions  the  couriers  were  together  at  2>,  in  the  ^ 
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1st  3  hours  afUr  they  were  at  A  and  £,  and  in  the  2d  3  hefort.  In  the 
next  two  suppositions  they  were  together  at  D\  in  the  3d  1  hour  itfkar 
tbej  were  at  A  and  B^  and  in  the  4th  1  hour  hefwt. 

jy  B    D'"        A 

In  the  next  two  suppoaitions,  they  were  together  at  D'^  in  the  5th 
8  hours  befcre  they  were  at  A  and  B^  and  in  the  6th  3  hours  after. 
In  the  next  two  suppositions  they  were  together  at  D",  in  the  7th  1 
hour  before  they  were  at  A  and  B^  and  in  the  8th,  1  hour  after. 

9th.  When   m^i+Cj   »=+c,    and    a=+rf,  we  get  «=+oo, 

y=+oo,  — =+00,  and -=+00. 
01  -       ft 

10th.  When  mr:z'^ej  n=-^c^  and  a=+(^  we  get  »=+  oo, 
ys+QO,  — =—  00,  and -=—00. 

llih.  Whenm=  '\'e^n=—e^  and  a=  +i,  we  get  «=  +  .  V^—^t 

m     ^2c'         n     ^2c 

if  if 

12th.  Whenm=— c,n=  +c,  anda=  +i,  we  get  «=  +  g,  ^=""2* 

«  d       ^y         d 

— =— T-%and-=— ;r-. 
m        2c*        n        2c 

\      13th.  When  «ii=+c,  n=+c,   and  a=— rf,  we  get  af=— 00, 
y=— 00 , — =—00 ,  and  -=—  00. 

Uih.  When  misz-^e^  n^—Cj  and  a=— I,  we  gel  jte=— 00, 

y=—  00,  — =+00, and  -=+  00. 

d  d 

16th.  When  m=  +c,  n=  — c,  and  a=  -tf,  we  get  «^— j»  y=  +  ^i 

«  d        .  y         d 

— =— — -,  and  -=—--. 
m        2c'         n        2c 

if  if 

16th.  Whenm=— c,n=+c,ancla=?— rftW^getJ[=— ,.y=+j, 

X         d       .y    ^d 
— =+r-,  and-=+— , 
m        2c'         n       %(i 


A  D""       5 


In  the  9ih  supposition  the  couriers  will  b^  tc^iher  ht  a  point  la- 
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finitely  dbtant  to  the  east  of  A  and  B  in  an  infinite  number  of  hourg 
from  the  time  they  w'ere  at  A  and  B,  In  the  10th  supposition  thej 
were  together  at  the  same  place  an  infinite  number  of  hours  before 
they  were  at  A  and  B.  The  reverse  of  these  results  is  found  in  sup- 
positions 13  and  14.  To  say  that  two  couriers  were  together  an  in- 
finite number  of  hours  ago,  is  the  same  aa  saying  they  nevw  were 
together,  and  to  say  they  will  be  together  in  an  infinite  nnmbtf  of 
hours,  k  the  same  as  saying  they  never  will  be  together. 

It  should  be  remembered  that  in  the  ISth  and  14th  that^  is  east 
ofA 

It  will  be  seen  that  to  obtain  these  infinite  results,  we  have  consid- 
ered 0  at  one  timja  as  +0,  and  at  another  ~-0.  We  started  out  with 
the  idea  that  the  position  A^  or  that  of  the  &ster  traveler,  should  rule 
the  sign  of  a.  But  when  both  travel  equally  fast,  there  seems  to  be  a 
difiSculty.  To  remove  this,  we  consider  m  disregarding  its  sign  aa 
greater  than  n  by  an  infinitely  small  quantity.  Hence,  m— n=+0 
mA  — mx/»= — 0. 

In  suppositions  11,  12,  15,  and  16,  the  couriers  were  together  at 
2>"",  a  point  midway  between  A  and  B^  B  being  the  east  point  in  11 
9fA  12,  and  the  west  point  in  14  and  15.    In  these  four  suppositions, 

d  d 

the  number  of  hours  was  the  same,  —  hours.     +—  indicating  that 

they  were  together  —-  hours  d/ler  they  were  at  A  and  B^  and  -r—  that 
they  were  together  —  hours  he/ore  they  were  at  A  and  B. 

,      17th.  When  m=  +c,  n=  +0,  and  a=  +i,we  got a?=  -f  <^,  y=  +0, 

X  d  .y  0 
— =+-,  and^=+-. 
m         e  n        0 

18tk  When  i»=— c,«=— 0,  and  a=  -f  rf,  we  get  x=  +(i,  y=  +0^ 

X  d  y  0 
— = — ,  and  -=— -. 
m         e         n        0 

19tiu  Whenf»=+c,  n=— 0,anda=:+<if  weget{r=+(f,y=— 0, 

— =+-,and£=+-. 

20th.  When  w=  — c,  »=  +  0,  and  a=  +ti,  we  get  x^  +rf, y=  —0, 

X         d         y        0 

~= ,  and  -=— -. 

»         c'        n        0 
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21st,  When  m=  +c,  n=  +  0,  and  a=  — rf,  we  get  x=  — rf,  yzz  —6, 

— = — ,  and  -=— -. 
m         en        0 

22d,  When  »»=  — c,  »=  —0,  and  a=  — (f,  we  get  a?=  — rf,  y=  ~0, 

— =+7,and-=+-. 

23d.  Whenm=+c,n=— 0,  and  a=:— (f,weget  y=— ti,  ^=+0, 

— =--  and?^=-.-. 
i»         c'        n        0' 

24th.  When  m=  —  c,  n=  +  0,  and  o=  — rf,  we  get  «=  — <f,  y  =a  +  0, 
«         rf       ,  y        0 

In  these  results  we  get  =-=  +-,  and  -=— -.    Bat£ is  att  tte^ 

fore  indetenninate,  because  -= — .  and  —  is  either  4-  -  o»  — . 
n    m         m  c  c 

n=  +0  indicates  that  the  courier  who  was  at  B  stood  still  with  his 
Iboe  to  the  east,  and  n=— 0  that  he  stood  still  with  his  &ce  to  the 

west 

26th.  When m=  +0, n=  +0,  and a=  +rf,  we  geia?=  -f  j:, 9=:^  +^, 

0  0 

a?       .  0       ,y    0 
—=  +  --,  and  i=:-^. 

2«th  When m=r— 0,  «=— 0,  and  a=  f  df,  we  get  ar=  -f  t,  y=  -hr* 


«         0       .y        0 

— =— -,  and  -=— -. 

27th,  When  «»=+0,  n=— 0,  and  o=  +{f,  we  get  x=z  +-,y=— _, 


*     . ^    ^y    . ^ 

_=4-^,and>=4-5. 

'  0  0 

28ih.  When  m= —0,  n= + 0,  and a=  +rf,  we  get  «==  +5,  y= — r, 
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29tlL  When  m=  +  0,  n=  f  0,  and  o=  — rf,  we  get  «= — --,  ^ = •"K* 
0  0 

iL=4andy=-?. 
m         0         »        0 

80th.  When  m=  —0,  »= — 0,  and  a=  -^rf,  we  get  «=  — -,  y=  — - 


X         0       -  y        0 
m         0'        »        0         . 

Slat  Whenm=4-0,n=— O,ando=— rf,wegeta:=— -,y=+jr, 
0  0 

n%         0'        9»        0 

S2d.  When m=— 0,  n=  +0,  and az=:^d^  we  get  j?=~-, y=  +-, 
?  0 

m         0'        n        0 

These  results  are  peculiar,  and  are  not  indeterminate  in  the  sense 
usually  attached  to  the  word  indeterminate,  since  its  technical  mean- 
ing is  that  there  is  an  infinite  number  of  values  which  will  satisfy  the 
giyen  conditions.  But  there  is  an  absurdity  in  asking  when  they 
were  together  if  there  was  a  distance  between  them  and  each  stood 
still.  We  should  obtain  the  same  results  if  at  the  same  time  a  was 
made  -f  0  or  •— 0,  and  then  they  would  be  the  true  symbols  of  indeter- 
mination. 

I^  in  the  first  eight  suppositions,  we  put  +  0  instead  of  4-  3,  and  —0 
instead  of  —3,  we  g^  «=+0  or  «=— 0,  y=+0  or  y=— 0, 

>-»-=: +0  or  — =— 0,  which  results  are  easily  inlBlrpreted. 

K,  in  the  second  eight  suppositions,  we  put  a=+0  or  a=:^0^  we 

0.  0  .0  O.arOa?         0 

get  rr^ :+~  or  *=--,  y=+~,ory=^-, and -= +-,  of-==^-, 

which  vm  tnie  symbols  of  indetermination,  showing  that  they  wpre 
always  together  and  always  will  be. 
If,  in  the  third  eight  suppositions,  we  put  a.?=  +0.  or  «=3— 0,  we 
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get  j?=4-0  orir=:— 0,y=+0  ory=— 0,  — =4-0  or — =  — 0,aiid 


m 


i#  0        t/  0 

-=  +T  or  -=— -r,  which  results  are  easily  int 

We  have  then  made  64  suppositions,  all  of  which  admit  of  a  (iiiAT> 
interpretation  except  eight,  which  embodied  an  absurdity. 

These  suppositions  and  results  show  that  algebraic  formulas  are  far 
more  extensiye  than  the  particular  problem  from  which  they  may  be 
derived. 

EXAMPLES. 

1.  Given  |  ^^^Z^q  [  to  find  the  values  of  ^  and 

Ans.  x= 

2»  Given  j       .  «  _o*  f  *®  fi"*^  *^*  Tuloes  of*  and  y, 


A  0  0 


Ans.  «=-,  y=-- 


St  Oiven 


0 

r  2«-  y=l,  ^ 

-  to  find  the  values  of  x  and  y. 


3a?+  y=9^ 
L  8a?-  y=4l 

.^iw.  No  value  can  be  found  that  will  at  Ihe  same  time  satisfy  all 
the  equations* 

(2a?-  y=l,  1 
„  "7  '  >  to  find  the  values  of  ar  and  y. 

Sx+  y=9,  f  ^ 

8«-  y=8,  J 

-4iw.  aj=2,  y=8.    ExpUdn  these  results. 
(   «+  y+  «=3,  ) 
!•  Given  <    a?—  y—  «=1,  ^  to  find  the  values  of  a?  and  y. 
(2af+2y+2«=l, 


Ans.  «=-,  v=—  00,  «=  +  00. 


!a?+y4-2«=     2, 1 
ar+y+2«=     1,  V  to 
a:+y+2«=-l,  ) 


(•  Given  ^  a?+y+2«=     1,  ^  to  find  the  values  of  «,  y,  and  s. 

J  0         0         0 
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• 


NoTs. — ^The  results  in  the  last  two  examples  were  obtained  by  the 
checker-boaitl  process,  and  show  that  -  is  not  always  a  symbol  of  in- 
Jeiarmination,  for  in  these  examples  the  equations  are  incompatible. 


SIMPLE   INEQUATIONS. 

(292*)  An  inequation  is  that  which  denotes  that  one  algebraic  ex- 
pression is  greater  or  less  than  another.  Thus  a>(,  and  e<C^d  are 
inequations,  which  denote  that  a  is  greater  than  5,  and  that  c  is  less 
than  d. 

(293 •)  Two  inequations  subsist  in  the  same  sense  when  the 
sign  of  inequafity  has  the  same  position  in  bodu  Thus  a>&  and 
e>«?  are  inequations  in  the  same  sense ;  so  also,  are  a<&  and  c<J. 

(894.)  Two  inequations  subsist  in  a  contrary  sense  yhen  the  sign 
of  inequality  has  not  the  same  position  in  both.  Thus  a>&  and  e<^d 
are  inequations  in  a  contrary  sense ;  so  also,  are  a<6  and  e'^d. 

THSOBE^j^ 

(90&»)  The  addition  C9  snbtraotion  of  an  equation  to  of  from  an 
inequation  results  in  an  inequation  in  the  same  sense. 

THEOREM. 

(296«)  Hie  addition  of  two  inequations  which  subsist  in  the 
same  sense,  results  in  an  inequation  in  the  same  sense* 

THEOREM. 

(297  •)  The  subtraction  of  an  inequation  from  another  which 
exists  in  the  same  sense,  does  not  necessarily  result  in  an  inequation  in 
the  same  sense. 

DEMONSTRATION. 

Subtracting  4>3  from  8>5,  we  get  4>2  which  is  true. 

But  if  we  subtract  8>5  from  4>3,  we  get  — 4>— 2,  which  is 
not  true  according  to  the  conventional  idea  sometimes  attached  to 
negative  quantities,  that  they  are  less  than  nothing. 
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Bat  tliis  inequation  is  still  true  if  we  limit  the  reasoning  to  negatiro 
quantities,  for  —4  ia  evidently  a  greater  negative  quantity  than 
—2.    A  debt  of  4  dollars  is  greater  than  a  debt  of  2  dollars. 

On  tbe  other  hand,  we  say  that  a  maa  who  is  in  debt  2  dollars,  and 
has  nothing,  is  worth  more  Uian  the  man  who  is  in  debt  4  dolUiaand 
has  nothing. 

Hence  considered  in  the  light  of  wealth  —2  is  greatei  than  —4, 
or  in  other  words,  —2  comes  nearer  being  a  positive  quantity  than 
—4  does.  Again,  let  us  subtract  8>2  from  11  >9,  ana  we  have 
d<7,  an  inequation  which  subsists  in  a  contrary  sense.  Let  w  put 
flicse  inequations  in  a  different  form : 

9  +  2>9 
and     2  +  6>2 

Subtracting  we  get  —4>0>  dropping  equal  quantities  from  both 
sides.  But  we  have  just  seen  that  this  inequation  must  subaist  in  a 
contrary  sense,  that  is  -— 4<0.  This  shows  —4  must  be  considered 
less  than  nothing. 

We  can  also  prove  this  as  follows : 

Since  3<7      it  follows  Uiat 

3-7<7-7 
-4<0 

THSORKK. 
(!298*)  The  multiplication  or  division  of  an  inequation  by  a  posi- 
tive quantity^  results  in  an  inequation  in  the  same  sense. 

THBOBEM. 
(890*)  The  multiplication  or  divisioQ  of  an  inequation  by  a  ntig»- 
tive  quantity,  results  in  an  inequation  in  a  contrary  aenae. 

DEMONSTBATION. 
Let  <i>ft.    Now  if  we  multiply  tkis  by  —  c,  we  get  — ««<— ^. 
because  the  greater  a  negative  quantity  is  numerically  tbe  Ims  ii  id 
considered. 

Thus,  4<5  gives,. by  moltiplyi&g  by  —6,  -24>— 30. 
SJnce,  multiplying  by  -— 1  is  equivalent  to  changing  signs,  we 
derive  the 

COROLLARY. 

MHien  the  signs  in  both  members  of  an  inequation^  mre  changed^  ih$ 
sign  of  inequality  must  be  reversed. 

17 
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llftQB  duuigng^  the  signs  in  ^a-^b^e>d^m^  we  get 

TH'JBOBJBK. 

(300.)  When  both  members  of  an  inequation  are  positive,  they 
may  be  raised  to  the  same  power,  and  the  result  will  be  an  inequatioa 
existing  in  the  same  sense. 

THKOBKK. 

(301.)  When  both  members  of  an  inequation  are  positive,  the 
4ame  root  of  each  may  be  extracted  and  the  result  will  be  an  inequft* 
tion  existing  in  the  same  sense. 

PROBLXX 

(802.)  Find  the  limit  to  the- value  of  x  in  the  inequation 
»*-^>X+5  (1). 


BOX'ITTIOK. 

21j:-28>2af  + 15         (2)=(1)  X  8 

19a;>d8  (3)=(2)  transposed. 

x>  2  (4)-(3)^19. 

XZAMPLES. 

I.  Given  d;+i«+i011  to  find  the  limit  of  x.        Ans.  «>6. 
i.  Given  dd;+ 7a;— 80>10  to  find  the  limit  of  x.      Ans.  x>4. 


«*--6*    a*— 6* 
8.  GiTen     ^_,    >"-:r—  ^  finid  ^^  liniit  of  «. 


Ans.  ar>2J. 


6rf    ^    3« 

4«  Given  ^+8x— 5>16  to  find  the  limit  of  x.        Ans.  a;>6. 

S.  Given  Yir— 1>84  to  find  the  limit  of  x.  Ans.  x>5. 

(4:r— 6<2:r+4,    ) 
C»  Given  -J       LA^^a^n    f  to  find  an  integer  value  of  «. 

Ans.  jr=4. 


7»  Given  -< 


ax  a* 

bx  ^ 


to  find  the  limit  of  x. 

*  ^«.  x>a  and  «<&. 
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8«  Prove  &at  a*+h*  ig  equal  to,  or  greater  than  2ah,  according  as 
a  and  h  are  equal  or  unequal. 

9«  Prove  that  a*-f  1  is  equal  to,  or  greater  than  a*+a,  according 
as  a  is  equal  to  1,  or  i%  a  positive  quantity,  that  difTers  from  1. 

lOt  Ptove  that  a*  +  l<a*+a  when  a  is  a  negative  integer,  or  an 
improper  fraction,  that  differs  from  —1. 

lit  Prove  that  a* +  !>«*+«  when  a  is  a  negative  proper  fraction. 

12»  Prove  that  -r+->2  when  a  and  b  are  both  positive  or  botih 
0    a 

negative. 

IS*  Prove  that  v+-<2  when  a  and  6  are  not  both  positive  oi  bcth 

negative. 

11«  Prove  that  a— 5>(Va— f'?),*  when  a>ft,  and  both  are  con« 
sidered  positive. 

lit  Prove  that  -z — r»> r-  when  a  and  b  are  unecuaL    . 

a*  +  6'     a+6  ^ 

!<•  Prove  that  -7+'^> — 1—  when  x  and  y  afe  unequal 

IT.  Given  i    ,3  •  •  ^  f  *<^  ^^  *^^  ^°*^*  ®f  ^* 

18«  Prove  that  a'  +  6*+c*>a5+ac+ftc  when  a,  6,  and  c  are  n;?*,  iJl 
equaL 

19.  Prove  that  f^8  +  3f^2>f'6+f^F. 

29t  Prove  that  t  .  ^  ,  />^  a^^d  <Tt  -^  being  the  least,  and  j  \Hc 

greattsat  of  the  fractions,  -,  -y,  and  ^. 

21*  Prove  that  «y2f> (a? +y— «)(«+«— y)(y+«—«)  w\3ii  ^,  y,  uAtt 
i;  are  not  all  equaL 

22«  A  shepherd  being  asked  ik^  number  of  his  sheep,  replied,  that 
double  their  number  diminished  by  7  is  greater  than  29,  and  triple 
their  number  diminished  by  5  is  less  than  double  their  number  in* 
creased  by  16     What  was  the  number  of  his  sheep  ? 

Asm,  19  or  20. 
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23«  A  m&rkei  woman  baa  a  number  of  oranges,  such,  that  tnple  the 
nmnber  iarreased  bv  2,  exceeds  doable  the  number  increased  bj  61 ; 
and  5  times  the  number  diminished  by  70,  is  less  than  4  times  the 
number  diminished  bj  9.    How  many  oranges  has  she  f 

Ans.  60« 

24«  The  8«m  of  two  whole  Aumben  is  25 ;  if  the  gieater  be 
divided  by  the  less,  the  quotient  will  be  greater  thaa  8 ;  and  if  the 
less  be  divided  by  the  greater,  the  quotient  will  be  greater  than  ^. 
What  are  the  numbers  f  Ans.  20  and  5. 

Ik  What  whole  miunber  is  that  which,  if  doubled  and  dimnii«hifid 
by  6,  is  greater  than  24 ;  but,  if  tripled  and  diminished  by  6,  is  less 
than  double  the  number  increased  by  10  ? 

Am.  Theie  ia  no  such  whole  number, 

M«  The  sum  of  two  whole  numbers  is  82,  and,  if  the  greater  be 
divided  by  the  less,  tlie  quotient  will  be  less  than  5,  but  greater  than 
2.    What  are  the  numbers  t  Ans.  24'and  8. 

27«  Twice  a  certain  number,  increased  by  7,  ia  not  greater  than  19 ; 
and  thrice  the  same  number,  diminished  by  5,  is  not  less  than  IS. 
What  is  the  only  number,  whetlier  whole  or  fractional,  that  will 
satisfy  these  conditions  f  An9»  6. 

28t  Four,  added  to  five  times  a  whole  number,  is  greater  than  19, 
added  1x>  twice  the  number ;  and  4»  subtracted  from  five  times  the 
r umber  is  less  than  4  added  to  4  times  the  number.  What  is  the 
num' -jr?  Ans.  6  or  7. 


Aiu,  »:sz4. 


2}«  Given  ■}  ^.^^^    .  ,«  f  to  find  x  in  whole  numbers. 

(  6ir+7>8a;+13,  ) 

Aiu,  at 
hftrs.  Atj(,  «— 6 


CHAPTER  XL 
QUADRATIC  EQUATIONS.* 

(303*)  Quadratic  Equations  are  divided  into  Pure  Quadratiei 
md  Affected  Quadratics. 

PURE   QUADRATICS. 

(304*)  A  pure  quadratic  equation  is  one  in  wliich  the  unknown 
quantity  appears  in  but  one  term,  and  is  affected  by  the  exponent  2, 
or  by  a  fractional  exponent,  which,  when  reduced  to  its  lowest  terms, 

hag  2  for  its  numerator;  as,  a?*=9,  x^=zi^  and  x^  ®=:16. 

(305  •)  Every  pure  quadratic  equation  can  b«  reduced  to  the 
form  x*=a\  in  vhich  a*  may  represent  any  quantity,  whether  rfeal  or 
imaginary,  positive  or  negative.  Thus,  xf =4  is  the  same  as  (arl)*=4, 
whith  beo<aneB  (a)'=24,  or  «'=4,  by  putting  x  fcr  «i. 

'   FBOB  LEM. 
(306.)  To  solve  a  pure  quadratic  equation. 

SOLUTION, 

Since  every  pure  quadratic  equation  can  be  reduced  to  x*=a\  we 

have  only  to  find  the  solution  of  this  equation. 

Taking  the  square  root  of  both  members,  We  have  x=z  oca. 

We  do  not  place  the  double  sign  before  x,  because  we  seek  only 

the  plus  value  of  x. 

AHOTHXB    aOLUTION. 

By  transposition,  ic*=o*  becomes  ic*— a*=0,  which,  being  factored, 
gives  («— a)(a;H-a)=0. 

It  is  evident  that  this  equation  will  be  satisfied  by  putting  either 
fiictor  equal  to  zero, 

'  — 1 , , , ;.#       ■ 

*  Quadratic  equations  are  also  called  equations  of  the  second  degree. 
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.'.  «— a=0 

or    flf+a=0 
whicii  being  aolved,  give  x=a  and  x=:—a. 

ScB^uuif. — These  eolutions  show  that  a  pure  quadratic  equation 
may  be  eatiffied  by  substituting  for  the  unknown  quantity  two  values 
whidi  are  numerically  equal  bat  of  opposite  signs. 

PBOBLlll. 

i»07.)  Given   «•— 17=180— 2**  to  find  the  values  of  «. 

BOLUTIOK, 

^•-l7=130-2«*, 

Sa^=147, 

«•=  49, 

«=ifc7. 

XZAMPLES. 

1*  Given  4jf*+6=a^+8  to  find  the  values  of  «•    Ans.  «==fcl. 
2»  Given  dj:'+3=fl:'+6  to  find  the  values  of  x. 

Ans.  x=dtiVQ. 
S.  Given  or'-f  aft^Sje"  to  find  the  values  of  x.    Am.  x^di^Vak, 
4*  Given  3«*  +rf=fta:* +c  to  find  the  values  of  x.  


Jns.  x=±if^. 

Ans,  «=db8. 

7.  Given  4a:'— 8^*=1  to  find  the  values  of  x.       Ans.  x^dtf. 

'x. 

Ans.  ar=±^m 


2*     2      ^     3 
5«  Given  -r  +  o="5"+5  *^  ^^^^  ^®  values  of  x, 
4      3       8      2 


C»  Given  r-=— ^r-  to  find  the  values  of  x.  Ans.  «=db3. 

9         2x 


8t  Given  3ic*— 4=-— ^r-  to  find  the  values  of  «. 
6«*  f» 


PBOBLEM 


— ^^—        2a' 
<308.)  1.  Given  ap+V'a'4-«'=i7=  (1)  to  find  the  values  of  4L 

^a'+ic* 
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SOLUTION. 


gt^q'-fa?'  +  a'+a?'=2a'  (2)=(1)  xfa*+«*. 

a? f^a«+a^=ra'-««  (8)=(a)  trampoeoi 

aV+a;*=a*—2aV  +  .r*  (4)=(3)". 
SaV=:a* 

9«*=3a*     _  (1).      _ 

3ar==baf^3^  (8)=f^C5^). 

PROBLEM 

2.  Given  j/^,  +  6«-j/^-6«=6  (i)  to  find  the  valuea  of  Jt     ^ 

SOLUTION. 


|/-^+6'=|/-J-6«+ft  (2)=(1)  transposed. 

6*=  25j/^-6«  (4)=(8)  transpoied. 


56* 


(7)=(G)  trftnsposedi  Ao^ 


26&' 
2a. 


«=±?^6  (10)  =  ^(9). 


BXAMPLXS. 


I,  Given -+t5^—^=^  to  find*.  -dn«.  it=±*'2a6-*'. 

Z  X  b 

ab 


2,  Given  -^= — =6  to  find  x.      Ant.  «=±-t— -V26+1. 
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4.  Given      .  ] -+ ^=i=^  ^^'-       , 

-    /j;„„__i I =*^  to  find*.    Am.x=±i. 

T.  Given  (g+a)*=  "''"       to  find  «. 

(*-«)*  ^w.  «=±(2a'+2a*+y)*. 

8.  Given  ^-^^Jl^.^ft  to  find  *.  ^»*.  *=±-6+i- 

g+V^o'— g* 

».Gi,«.1^^^:=^=|tofi»<i'- 


fa'-«'+t^6*+«' 


7      ,O.GiT«ut:!i±^+J^^=l/|t»find..    An.r=.±iVab-b^. 

yx 


SIMULTANEOUS  EQUATIONS. 

PROBLEM 

(3O90  1.  Given  J  ^_^,^  f     and  y. 


SOLUTI O  N. 


From  the  proportion,  ^e  get  a:r  -  ay = 6a: +ly  which  becomes,  by 
lubstituting  -  for  y  as  obtained  from  xy=c\ 


X 

^_?i'=te+ft^  (1). 

X 


(._6)^=c>+6)  (2)=(l)XA*o. 

„,=^H^)  (3)=(2)^(«-6^ 


a — 0 


=^V^6  ^'^-'^'^- 
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PBOBLIM 

f.  Given   j  ^""^"^fl  S'f  to  find  the  values  of  «  and  y, 

80LUTI0K.- 

Tbk  problem  may  be  solved  without  reducing  the  equations  to  the 
general  form  of  pure  quadratics. 

««-2«y+/=  86  (3)=(l)-(2), 

a?-y=±6  W=W«)- 

^=±9  (6)=(l)-(4). 

y=±8  (6)=(2)-^(4). 

XZAMPLX8. 

!•  Gtrai  i^+y-y'-^-^'l  to  find  tiie  values  of  «  and  y. 

Am.  a;=db6y  and  y=zdt9. 

t«  Oiven  \   ../.''     r  to  find  tiie  values  of  x  and  y. 
(ar+4y*=181,    ) 

Ans.  j;=db9y  and  y=:db5. 

$•  Oiven  -j  ^^JlZfl    *  f  ^  ^^  *^  values  of  a;  and  y. 

^fi«.  d;=db5y  and  y=db4. 

!•  Given  i       .   '    *'    '   '  >■  to  find  the  values  oC. «  and  y. 
(a!y+y*=126      J  .  ''  ^ 

^Ans.  a:=±16,  and  y=ri=6. 
f  •  Given  i       +«*y— ^  >      j.  ^  f^  j.^^^  values  of  «  and  y. 

— i  j/        ^ 


^iw. 


y^g(^-^)./ ^ 


n      ^  na+nb--mb 

6*  -Given  -j         j   "    '   '  f-  to  find  the  values  of  x  and  y. 

Ans.  it=db3,  and  y==fc2. 

7.  Given  i    ,  ,  ^""n-'  f  to  find  thevalues  of  x  and  y. 
( y  +«y=24, ) 

Ans.  d;=db2,  and  y=:db4, 
S.  Given  |  J^^^J^^^^J'  f  to  find  the  values  of  x  and  y. 

^n*.  «=  ±  1,  and  y=  ±4. 
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(  X*  4-x  \/,rv^ 208  )  * 

9t  Given  •{  »,—r~    -./^..o  f  to  £nd  the  values  of  brandy. 

'      ^iw.  ir=±8,  andy=ifc27. 
f  <*^  _i_ '»••/— ft  n   ) 
lOt  Given  ]    ,  ,      ^«/  f  to  find  the  values  of  ;r  and  y. 

'  -4jm.  a?=i:6,  and  y=±7. 


QUESTIONS   PRODUCING   PURE   QUADRATICS. 

QUESTION 

1.  There  are  two  numbers  in  the  proportion  of  4  to  5,  the  diffarenoa 
of  whose  squares  is  81.    Wliat  are  the  numbers  ? 

SOLUTION. 

Let        4x  =one  of  the  numbers, 
then      6x  =the  other  number, 
.'.  25«*— 16aj*=81, 
9a:*=81, 

«  =±3, 
4x  =d:12,  one  of  the  numbers, 
6x  =±15,  the  other  number. 

QUESTION 

2.  What  two  numbers  are  those  whose  sum  is  to  the  greater  as  10 
to  Y ;  and  whose  sum  multiplied  by  the  less  produces  270 1 

SOLUTION. 

Let        lOo;  =  their  sum, 
then        *Ix  =the  greater  number, 
and  Sx  =ihe  less  ** 

.-.     80a;'=270, 

a^=9, 

X  =db3, 

'!x=dz2l,  the  greater  number, 

8«=±  9,  the  less  « 

QUESTIONS. 

1«  What  two  numbers  are  those  whose  difference  is  to  the  (|;reater 
as  2  to  9,  and  the  difference' of  whose  squares  is  128  t 

Ans,  ±18,  and  ±14, 
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^.  What  three  numbei's  are  tliose  which  are  in  the  proportion  of  ^, 
},  and  j,  and  the  sum  of  whose  squares  is  124  ?        * 

Ant.  dbl2,  ±16,ftnd±18. 

3.  A  merchant  bought  a  piece  of  cloth  for  $324  ;  and  the  number 
of  dollars  he  paid  for  a  yard  was  to  the  number  of  yards,  as  4  to  9.  How 
many  yards  did  he  buy,  and  what  was  the  price  per  yard  1 

Ans.  27  yards,  at  $12  a  yard. 

4.  A  detachment  from  an  army  was  marching  in  regular  column 
with  5  men  more  in  depth  than  in  front.  The  front  was  afterwards 
increased  by  845  men,  and  by  this  movement,  the  detachment  was 

.  drawn  up  in  5  lines.    How  m$ny  men  were  in  the  detachment  t 

Ans.  4560. 

5.  Two  partners,  A  and  B,  divided  their  gain,  $60,  of  which  B 
took  $20.  ^'s  money  had  been  in  trade  4  •  months,  and  if  50  be 
divided  by  the  number  of  dollars  A  had  in,  the  quotient  will  give  the 
number  of  months  that  j^s  money,  which  was  $100,  had  been  in 
trade.  How  much  money  had  A  in  trade,  and  how  long  had  jB's 
been  in  trade. 

Ans.  A  had  $50,  and  ^s  had  been  in  trade  1  month. 

6.  A  and  B  invested  some  money  in  speculation.  A  disposes  of 
his  bargain  for  $11,  and  gains  as  much  per  cent  as  B  invested;  B*s 
gain  was  $36,  and  the  gain  upon  ^'s  investment  was  4  times  as  much 
per  cent,  as  upon  ^s.    How  much  did  each  invest  ? 

Ans.  A  invested  $5,  and  B  $120. 

7.  A  dog  started  in  pursuit  of  a  hare  which  was  7  rods  ahead  of 
him,  and  after  running  20  rods,  he  observed  that  the  hare  struck 
off  at  right  angles  to  her  former  course.  He  then  changed  his  course 
so  that  he  might  overtake  her  without  another  tack.  How  far  did  the 
dog  run,  provided  he  can  10  rods  a  minute  and  the  hare  8,  in  the 
same  time  ?  -  Ans.  25  rods. 

8.  What  two  numbers  are  those  wkoie  difference  multipliad  by 
the  greater  produces  40,  and  by  the  less  15 1      Ans.  db8  and  ikS. 

9.  What  two  numbers  are  those  whose  difference  multiplied  by 
the  less  produces  42,  and  by  their  sum  133  t 

Ans.  :±:13  and  :±:6. 

10.  A  man  bought  a  field  whose  length  was  to  its  breadth  as  8  to 
5.  The  number  of  dollars  that  he  paid  for  1  acre  was  equal  to  the 
number  of  rods  in  the  length  of  the  field ;  and  13  times  the  number 
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of  rods  round  the  field  equaled  the  number  of  doUan  that  it  ooet 
What  was  the  length  and  breadth  of  the  field! 

Am.  Length,  104  rods ;  breadth,  65  rods* 

11.  A  stack  of  hay,  whose  length  is  ti>  its  breadth  as  5  to  4,  and 
whose  fadght  is  to  its  breadth  as  7  to  8,  is  worth  as  many  cents  pr* 
cubic  foot  as  it  is  feet  in  breadth;  and  its  whole  yalue  is  224  times  as 
many  cents  as  there  are  square  feet  upon  the  bottom.  What  are  the 
dimensions  of  the  stack  ? 

Ah8,  Length,  20  feet;  breadth,  16  feet;  and  height,  14  feet 

12.  One  number  is  m*  times  as  much  as  another,  and  their  product 

is  n\    What  are.  the  numben  t  .        .  «    .  i» 

Am,  ±mn  and  =c— . 
m 

13.  What  two  numbers  are  those  which  are  in  the  ratio  of  8  to  5, 
and  whose  product  is  860 1  Am.  db24  and  =bl5. 

14.  What  two  numberB  are  those  whose  sum  is  to  their  difference 
as  9  to  1,  and  the  difference  of  whose  squares  is  128 1 

An9.  dzlB  and  dil4. 


AFFECTED.  QUADBATIOS. 

(310»)  An  ArTKCTKn  Quadratio  EquAnoH  is  one  which  con- 
tains the  unknown  quantity  in  but  two  terms :  its  exponent  in  one 
being  double  that  in  the  other,  and  the  least  exponent  being  either 
one,  or  a  proper  fraction  whose  numerator  is  one ;  as, 

*5^'k^1x=2l;  (a— fty+(c+rf>r=e+/;  «+3«*=8;  4x» +5«»  =  13; 

«*  +  2a?T'^=3;  x+iVxz=1]  Vx+3Vx=d,  Ac. 

RmfARgj— Yarioiis  plana  may  be  adopted  for  asoertaining  the  values  of  the 
anknown  qtuntitjr  in  an  aifected  quadratic  equation. 

In  order  that  the  most  expeditious  mode  of  solution  may  be  adopted,  special 
regard  must  be  had  to  the  peculiarities  of  the  problem.  An  aptness  in  observ- 
22g  the  elements  of  a  problem  which  indicate  its  best  solution  can  only  be  ob- 
tained by  practice. 

'    rhe  studenti  by  a  coreftil  study  of  the  illustrative  solutions  which  follow,  will 
be  able^  it  is  hoped,  to  solve  all  the  problems  that  are  appended  to  them. 

-1        -      1        —      1 
*  The  student  should  bear  in  mind  that  ^x=zx^ ;  \/x^x^ ;  \/x:=x\ 

&c,  and  t'i?=«':  V^=»^="»  >'  \/iJ^=^x^j  isc 
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PBOBLSM 

!•  Giren  «•— 2«=— 1  (1)  to  find  the  ralues  of  a?, 

SOLUTION. 

«*-2ar+l=0  (2)=(1)  transposed. 

ar-lrtrfcO  (8)=f(2). 

Taking  ihej^ui  ralue  of  zero,  af— 1=  +0,  or  af=l, 
«        «*   mt»ti«    «        «     a?--l=-0,or«=l. 
This  solution  shows  that  x  has  two  values  whioh,  in  this  oase,  are 
identical.    This  fiict  may  be  better  illustrated  by  the  following 

80LUTIOH. 

««-2«+l=0  (2). 

(a?— 1)(«— 1)=0  (3)=(2)  fiictored. 

This  equation  may  be  satisfied  by  placmg  either  of  the  Unomlal 
factors  equal  to  zero.    Whence,  we  obtain  the  two  simple  equationsi 

ir-l=0 

;or  «— 1=0 

Whose  solutions  give  jr=li  or  a?=l* 

PBOBLBM 

2.  Given  «"— 2aa;+a*=:&*  (1)  to  find  the  values  of  «; 

SOLUTIOir. 

a?-a=±ft  (2)=*^(r). 

x=sa:hh. 
Whence,  we  find  that  x  has  two  values ;  viz.,  a-^b  and  *— A. 
The  same  result  may  also  be  obtained  by  the  following 

SOLUTION. 

Since«'—2ad;+a*=(a?— a)*.  Equation  (1)  transposed, 
becomes  (a:— o)'— 6'=0  (2) 

(a?— a+ft)(a?— a— ft)-0  (3)=(2)  factored. 

This  equation  may  be  satisfied  by  putting  either  of  the  above  fu> 
ton  equal  to  zero.    Whence,  we  obtain  the  two  simple  equations, 

«— a— 6=0 
or  a?— a+6=0 
Whose  solutions  give  a;=a+6  or  x=a^b,  the  same  as  before. 
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SZAMPLS8. 

!•  Given  «•— 4a?+4=0  to  find  x.  Ans,  a?=2,  or  2. 

2*  Given  «*  +  2jr+l=0  to  find  x.  Am.  af=— 1,  or  —1. 

3f  Given  a?'+4«+4=0  to  find  x.  Ans,  «?=— 2,  or  ^2. 

4*  Given  a?*  +  6a?+9=0  to  find  x.  Am.  «=— 3,  or  —3. 

St  Given  d;*— 6j;+9=0  to  find  x.  Am.  a;=3,  or  3. 

6f  Given  «"— 8af+16=t:0  to  find  x.  Ans.  a?=4,  or  4. 

7.  (Hven  a?*+8«+16=0  to  find  a?,  Ans.  3?=— 4,  or  —4. 

8t  Gif«i«*+10«+25=0  tofindaf.  Ans.  a?=— 5,  or  — 5. 

9f  Given  jb*— 10d;+25=0  to  find  a;.  .ii».  x=z5j  or  5. 

10«  Given  «*— 12a?+86=0  to  find  x.  Ans.  *=6,  or  6. 

11.  Given  «*+12a?4-86=:0  to  find  x.  Ans.  «=.— 6,  or  —6. 

12.  Qiwn  «'  +  14«+49=0  to  find  x.  Ans.  a?=— 7,  or  — 7, 
18«  Given  «•— 14a?+49=0  to  find  x.  Ans.  a?=7,  or  7 
11«  Given  «'+16a:+64=81  to  find  x.  Ans.  a?=l,  or  —17. 

15.  Given  «•— 18aj+81=100  to  find  x.        Ans.  aj=:19,  or  —1. 

16.  Given  a:'+20a?+ 100=64  to  find  x.    Ans.  «=— 2,  or  —18. 

17.  Given  a:'r=22x— 121  to  find  x.  Ans.  a;=ll,  or  11. 
18«  Given  «*— 169=24a?— 144  to  find  a?,      Ans.  a;=2&,  or  —1. 

19.  Given  4«'— 4a:H-l=4  to  find  x.  Ans.  «=li,  or  —J. 

20.  Given  4«*— 8a?+4=9  to  find  x.  Ans.  a;=2J,  or  —J. 

21.  ^av^n  25a:'— 20a?+4=16  to  find  x.  Ans.  a?=li,  or  — f. 

22.  CRven  2a:'— 2ar+l=a:'+9  to  find  x.  Ans.  a?=4,  or  —2. 

23.  Given  4a;*— 4a:+4=3a?'+26  to  find  x.  Ans.  x=1,  or  —3. 

24.  Given  6a:*— 6a:+9=6a:'  +  l  to  find  x.  Ans.  a:=4,  or  2. 

25.  Given  9a^— 8a:+16=8a:*  +  25  to  find  x.    Ans.  x=9,  or  —1. 

26.  GivenSa:'- 12a:+9=a:*  +  36tofijida?,  ^n«.  a:=4i,  or  — If 

*   21 .  Given  100a:'— 36a: +4= 19a:" +  49  to  find  the  value  of  «. 

Ans.  a:==l,  or  — f. 

28.  Given  a:*— 4a:+l  =— 2a:+9  to  find  x.      Ans.  a?=4,  or  —2. 

29.  Given  4a:'  +  9a:+16=:4— 7a:  to  find  x.    Ans.  «:=— 1,  or  —8. 
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SOf  Given  Si;'— 6a?+4=4«*--2ar+16  to  find  tlie  value  of  «• 

Am.  a:=:6,  or  —2.. 
81.  Given  9ar*  +  12a?— 25==5a?'+4a;— 4  to  f?nd  the  v«lae  of*. 

Ans.  «=:1|,  or  — 8|. 
S3.  Given  26a:*  +  20a;— 81:?=9i?*  +  4a?— 4  to  find  the  mine  of  « 

.4n«.  a?=l|,  or  — 2J 

33.  Given  «*— 2a»H-a'=6  to  find  ar.  -4n*.  x=:a±Vh. 

31.  Given  ia!'  + Jar— 9=— ^  to  find  x.      Ans.  af=7j,  or  — lOJ. 

35.  Given  -^ — =i  to  find  x.  Ans.  «=5,  or  —3. 

'  ar— 2a?+l . 

36.  Given  ^a;*+a?+16=:16«'  to  find  ar,    ^iw.  af=l^,  or  — f|. 

37.  Given  -;r+o+7=12  to  find  a?.  ^iw.  «=— Jd=6f^8. 

9      3     4 

38.  Given  —= h^=0  ^  "^d  a?.  Ans.  «=<— ,  or*^—. 

P       9      ^  V  ^ 

-  VW 

39.  Given  C2;'--2ca?|^J=(fa?*— edf  to  find  x.         Ans.  «=-=: =. 

VczpVd 

—'  vfnn 

10.  Given  ma;'+«i»=2»M:V»  +  naj' to  find  ar.   Ans.  x=-=z =. 

Vmzp  Vn 

41.  Given  <i&r*—2a?(a+ft)V'a6=(tf--6)*  to  find  the  vaJne  of  «l 

a  +  6=bf'2a'  +  26' 


^jw.  aj=- 


i^a6 


42.  Given  aa;'  +  6*+c'=a*+26c+2(6— c)arf^a  to  find  the  value  of  a?. 

.  h—edca 

Ans.  aj= = — • 

Va 

43.  Given  «*— a?=— j^  to  find  the  value  of  ar.      Ans.  x^\^  tr  \. 

44.  Given  «*— 10a;=— 25  to  find  ar.  ^4im;  a!=6,  or  6. 

(311«)  In  order  to  solve  the  following  problems,  the  student 
should  be  familiar  with  the  modes  of  eliminating  radicals,  and  should 
also  be  able  at  sight  to  detect  the  squares  of  binomials. 

PROBLEM 

1.  Given  i/f±^+2i/-^=6'i/-4-  (l)tofind  the  values  of*. 

f      X  ^  x-\-a        ^  x-\-a  ^  \ 
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SOLUTIOK. 

i±5+2/I=5.        (2)=(l)x|/^ 

Hie  atndMilBiiglit  not  be  able  to  aee  that  the  left  band  member  of 
ihiB  equation  fa  a  perfect  sqaare,  and  not  obeenring  thisi  the  solntioii 
would  be  m«eb  more  difSoult  for  him*  Let  na  endeavor  to  render 
this  tad  more  ^>parent 


,+?+2V^=*' 

(8)=(8)  diTidad. 

iVf+H' 

(4)=(3)  anaoged. 

l+4/L±6 

(«)=♦'(*). 

l^»=-i/| 

(l=.:*)-=i. 

a 

«= 


(i=Fr 


PBOBLBM 


f.  Given  4L-^=::1+^^^^  to  find  the  values  of  «. 


Am.  2=8,  or  f» 


80LUTX0V. 


Sinoe,  8«-l=(|/3«+l)(i^8a?-l), 

whenos   ♦'8^-1=1 +i^?^, 
2f^8ap=4+f'8«— 1,   • 

8ar=9, 

«=3.  

Bat  how  is  the  value  |  obtained!  By  putting  f^8jr+l,  which  if 
uted  in  rednciqg  the  fraction  in  the  first  member  of  the  equation,  equal 
toiero. 
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♦^30?= -1, 
3Jt=l, 

But  if  we  attempt  to  verify  the  given  equation   by  sobstituting  | 

for  the  value  of «,  we  obtain  -=1  +-. 

2  2 

Is  this  a  true'  equation  t    It  seems  not ;  for  hj  dropping  -  from 

both  members,  we  obtain  0=1,  an  absurdity. 

Are  we  then  to  conclude  that  fl;=:|  is  not  true! 

In  substituting  ^  for  x,  we  assumed  that  f^3«=:  +  !» whereas,  we 
learn  from  the  equation 

that  V3x=i-1. 
If  we  substitute,  keeping  in  mind  the  fiiot  thatf^SjT  must  be  taken 
equal  to  —1,  we  shall  obtain 

0  —2 

0  2 

5=0,  or  0=0, 

from  which  we  learn  that  x=\  is  a  true  value  ctx. 
From  this  solution  we  may  infer  the  following 

PRIKOIPLB. 

Any  expretnon  containing  ike  unknown  quanity  that  wiU  divttU 
both  the  numerator  and  the  denominator  of  any  fraction  in  the  equor 
tionj  being  placed  equal  to  zero^  will  give  as  many  values  of  the  ten- 
known  quantity  of  ike  given  equation  as  the  unknown  quantity  m  the 
equation  thus  formed  has  values. 

Since,  a  &ctor  of  the  kind  referred  to  in  this  prindple  may  by  mul- 
tiplication become  common  to  both  members  of  the  equation,  we  ob- 
tain the  following 

PBIirOIPLB. 

Any  expression  containing  the  unknoun^  quantity  thai  will  divide 
both  members  of  an  equation^  being  placed  equal  to  zerpy  will  form  an 
equation  of  which  every  value  of  the  unknown  quantity  will  alsQ  be 
m  value  of  the  unknown  quantity  in  the  given  equation, 

18 
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BXAMFLEB. 

1,  Given  •  ^""^=1  -h  to  find  the  values  of  x. 

Am.  x=:5^  or  |. 

2.  Given  J^Z^  =<■  ^^^""    to  find  the  values  of  x. 

Vax-^b  ^ 


^n«.  «=-(&+-—,  I ,  or  — 


S.  Given  V04+t'— 8ir=-=i=-  to  find  the  values  of  x. 

1/4+0! 

Ans.  af=3,  or  —4. 

4,  Given  V«"+«*— 2ar=-?=^  to  find  the  values  of  x. 
Va+x 

a(o-l) 
Ans.  «=-^^- — ^,  or  — 


•,  or  —a. 


5,  Given  ^±^±^^^^^=6  to  find  the  values  of  a?. 

a+af 


a 


^»'-  *=-«±26=P^26-** 


PBOBLkH 


(312.)  1.  Given  j^'^^'.^gj' |  to  find  die  values  of*  and  y. 

BOLOTIOH. 

»'+2*y+y'=«'  (3)=(i)'- 

4*y=4a«  (4)=(2)x4. 

«'-2«y+y*=»'-4^ (5)=(3)-(*)- 

g-y=;±yg'-4a'  (6)=*'6. 

2a=»±V»'-4a'  (7)=(6)+(l). 

2y=»:T:  V*'-4tt'  (8)=(l)-(6). 

y=|(»q:f«*-4«'). 

FBOBLXH 

2.  Given  |  JZ^'-Vm  I   *°  ^°*^  *^®  ^"''^®'  **^  *  '"**  ^* 
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SOLUTION. 


«'+iry+y'='Sr  (3)=  (2)-^(l). 

«»-2«y+y«=l  .  (4)=  (1)\ 

8;ry=6  (5)=  (3)-(4). 

«y=2  (6)=  (6)-j-3, 

«*+2ay+y'=9  ('?)=  (3)  +  (6). 

x+y=±3  {^)=^^0y 

2i:=4,or-2  (9)=  (8)  +  (l). 

2y=2,or-4  (10)=  (8)-(l). 

a;=2,or-l  (11)=  (9)~2. 

y=l,  or  -2  (12)=(10)^2. 

RbiUbk. — ^Different  ariifioes  may  be  employed  in  eliminatrngone  of  the  nn- 
known  qaantlties  in  the  following  eqnationfl.  The  student  should,  however,  be 
oareftil  not  to  ^d  the  value  of  one  of  the  unknown  quantities  in  one  equation^ 
and  gabstitute  it  in  the  dtl^er,  for  an  equation  would  then  arise  which  he  is  not 
yet  prepared  to  solve. 

EXAMPLES. 

It  Given  \         ~    (•  to  find  the  values  of  of,  and  y. 

Am.  «=2,  or  1 ;  y=:l,  or  2. 

2t  Given  \       ^"~_  ^  {•  to  find  the  values  of  a?,  and  y. 
(     «y=lo ) 

Ans.  «=6,  or  3 ;  y=3,  or  5. 

3,  Given  \         ^  ^^^  [  to  find  the  values  of  a?  and  y. 
I     a?y=26o  ) 

Ans,  ^=19,  or  14 ;  y=14,or  19. 

4«  Given  •<    « J^^Zqa  \  ^  ^^  ^®  values  of  x  and  y. 

Ana,  «=a,  or  —1 ;  y=l,  or  -^^ 

5i  Given  j  ^  ~  «Zft  [  ^  *^^  ^^  vahws  of  a?  i^d  ^ 


■4W 


«= 


2     '»'         3a 

'86  +  6— «• 


,=-|_±i/: 


2         '  r  8a 


6*  GAvm  j  _r,  ^^5  f  to  find  th^  valujes  <rf#  l^id  y 

Ans.  »=2,  or  1 ;  y=l,  or  2. 
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7.  Omn  ^J^^"^^^^  to&adihertluMotxtmdy. 


8,  Given  {^[[[jJ^J}  to  find  the  vdua  of  »  and  y. 

Jns.  «=27,  or  8 ;  y=8,  or  2T» 

9.  Oiven  i  *  ""^."    I  to  find  tie  values  of  a;  and  y. 

\  a;»+y«=6  J 

-4;a  «=2,  fflp  —1 ;  y=l,  or  — t. 
!••  Given  ]  ^T^«Z^  [  ^^  ^'^^  *^®  values  of  d?  and  y. 


y=-ia±it'2» 
!!•  Given  j*i^^/<j.    \t  f  to  find  the  values  of  aj  and  y. 


Ans.  x=2^  or  2 ;  y=:2|  or  2. 


Am.  «=4,  or  1 ;  y=l,  or  4. 


12,  Given  )  **+y*— ^  V  to  find  the  values  of  «  and  y 

An9.  «=4,  or  1 ;  y: 

IS.  Given  \  **— y*=2    t  to  find  the  values  of  a;  and  y. 
(  a?l-yl=26  ) 

An$.  jr=9,  or  1 ;  y=l«  or  0* 

14.  Given  \  **+y*=^  J.  to  find  the  values  of  x  and  y. 

(«  +y  =6  I 

^iM.  a;=4,  or  1 ;  y=:ly  or  4. 

15.  Given  \      ""     ^.  }•  to  find  the  values  of  «  and  y. 

(a;  +y  =5) 

Am.  07=34,  or  1 ;  y=ly  or  4ii 


(,P*+y*=(**+y*)«) 

17,  Given  )  **+y*=3  I  to  find  the  values  of  «  and  y. 
(     «V-=2) 


It.  Given  V,«        i       i     f  to  find  the  values  of «  and  y. 

^ti«.  jr=4y  or  4 ;  y34,  or  4. 


Ans.  a?=256,  or  1 ;  y=5l,  or  266. 
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18.  Given  )  «*— y*-2    f  ^  find  the  values  of «  and  y. 

Ai 


Am,  ^=6561,  or  1 ;  y=:lt  or  656L 

19f  Given  ■{  *'""^'""*  }•  to  find  the  values  of  «  and  y. 

Ans.  a;=256y  or  1 ;  y^l,  or  256. 


(313«)  Eveiy  affected  quadratic  equation  can  be  reduced  to  the 
foli6wing  form : 

«»±^=±^, 

In  which  A  and  B  may  represent  any  quantities  whatever,  whether 
real  or  imaginaiy,  whole  or  fractional. 

PBOBLEIC. 
lb  solve  s^:tAx=:dzB. 

SOLUTION. 
First,  let  «s  examine  the  case  in  which  ^  is  an  even  whole  number. 
Putting  A=i2ct^  and  £=:b,  and  using  the  plus  signs,  since  the  princi- 
ple upon  which  the  solution  depends  is  the  same  as  when  A  and  £ 
are  both  mtnus^  or  dther  one  plus  and  the  other  minus,  we  have 
«'+2<u;=&.  (1) 

We  see  by  the  principles  of  binomial  squares  that  the  first  mem- 
ber of  (1)  would  be  a  perfect  square  if  it  were  increased  by  a*.    Let 
us  then  add  a'  to  the  first  men^r,  and,  to  preserve  the  equsJityl  we 
must  also  add  it  to  the  second  member.    We  then  have 
«*  +  2ap+a»=a*  +  6  (2) 

Extracting  the  square  root,  x+a=z:h^a^'{-b 


This  problem  may  also  be  solved  in  the  following  manuer : 
By  transposition  (2)  becomes  (x+ a)*— (a* +6)= 0  (3) 

Considering  a*+b  as  the  square  of  V'a'+ft,  the  left  hand  member 

of  (3)  is  the  difference  of  two  squares,  and  consequentiy  may  t«  ho- 

t(Hred  thus:  _     ^ 

(«+o— Va»+6)(ic+a+  V'a«+ft)=0 
This  equation  may  be  satisfied  by  putting  either  factor  equal  U 

xero,  whence  result  the  two  simple  equations : 

and  «+a+V'a*+ft=0 
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The  fint  of  tLese  simple  equations  gi?es 


Aad  the  ieooBd,       x^^a—Va^-^-h^  the  same  as  beforo. 

SZAMPLS8. 

1.  Given  «*  +  8«=48  to  find  x.  Am.  a?=4,  or  —12. 

J.  Given  aj*+4jr=140  to  find  x,  Ans.  ar=:10,  or  —14. 

8«  Given  jb*— 6;e=— 8  to  find  x.  Ans.  a;=4,  or  +2. 

|«  Given  «*+8j:=33  to  find  x.  Ans.  a?=8,  or  —11. 

S«  Given  d^— 10«=— 21  to  find  x.  Am.  «=7,  w  3. 

6«  Given  «'+8j?=66  to  find  x.  Ans.  «=5,  or  —13. 


7.  Given  3^—2px=q  to  find  x.  Ans.  x=zp:tVp*+g. 

g«  Given  a:*  +  12i;=108  to  find  x.  Ans.  a?=6,  or  —18. 

9»  Given  a?*- 14af=51  to  find  x.  Ans.  af=l7,  or  —3. 

M«  Given  «*— 8x=48  to  find  x.  Ans.  «=:12,  or  —4. 

11«  Given  «"  +  10ap=— 24  to  find  x.  Ans.  «=— 4,  or  —6.. 

It,  Given  a:'+16a?=— 66  to  find  x.  Ans.  a?=— 6,  or— 11. 

(314i)  Equations  of  the  form  d;"di2<M;''=:db5,  n  being  integral, 
are  affiocted  quadratics,  and  should  be  solved  as  the  preceding  ex* 
amples. 

In  aach  equations,  if  we  consider,  primarily,  that «"  is  the  unknown 
quantity,  as  we  shocdd  do,  the  above  equation  becomes  of  the  gBieral 

form,  which  we  have  already  discussed;  for,  putting  y=«*,  y'=x% 
and  substituting  these  values,  we  get  the  equation, 

y'd=2ay=±i 
which  is  the  general  form  referred  to. 

The  student  should  observe  that,  in  some  of  the  following  exam- 
ples, a;* ==bV^9  when  n  is  an  even  number,  should  be  taken  with  the 
minus  agn,  in  order  to  verify  the  equation. 

PROBX^Eli 

1.  Given  «  }-8aH^=48  (1)  to  find  the  values  of  x. 
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SOLUTION. 

0+arl+16=:64  (2)=(1)  ^th  16  added  to  ftoih  members. 

a*+4=db8  (3)i=V(2). 

xi=z4,  or  —12       (4)=(3)  transposed.. 
a?=16,orl44       (6)=(4)\ 
The  equations  (4)  and  (5)  show,  that  in  attempting  to  rmfy  Ae 
original  equation  with  16,  that  xi  must  be  taken  equal  t0  4 ;  but^ 
when  attempting  to  verify  it  with  144,  xi-  must  be  takmi  equal  to 
—12,  and  not  +12. 
Let  us  solve  another 

PROBLEM 

2.  Given  »— 6ari=:— 8  (1)  to  find  the  values  of  x, 

SOLUTIOir. 

«— 6a* + 9 = 1  (2) = (1)  with  9  added  to  both  memb>  « 

a*-3=d=l  (3)=f(2). 

a?i=4,  or  2  (4) =(8)  transposed. 

«=16,  or  4  (5)=(4)'. 

In  this  example,  in  verifying  the  values  of  x;  for  af=16,'api  must 
be  taken  equal  to  4 ;  and  for  a;=4,  xi  must  be  taken  equal  to  2,  and 
this  is  just  what  the  student  would  be  likely,  to  do. 

We  learn  from  these  solutions  that,  in  verifying  equations,  the 

values  of  «•,  (n  being  even,  as  in  the  above  problems,)  must  be  care* 
fully  observed. 

EXAMPLES. 

.  !•  Given  a?+2a4=8  to  find  xi.  Ans.  iri=2,  or  —4. 

2t  Given  a?+6arJ=16  to  find  xi.  Ans.  xi=2,  or  — 8» 

3.  Given  a?+4ari=12  to  find  xi.  Ans.  a?J=2,  or  —6. 

i.  Given  a?— 8ari=48  to  find  xi.  Ans.  ari=:12,  or  —4. 

5.  Given  «+10a?i==3  to  find  xi.  Ans.  arJ=— 5i:2V7. 

6.  Given  a*+12ii=13  to  find  xi.  Ans.  ari=l,  or  —13. 
7f  Given  ari+14a?i=16  to  find  xi.  Ans.  a;i=l,  or  —15. 
8.  Given  xi+iexiz^ll  to  find  xi.  Ans.  iri=l,  or  —17. 
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f«  Given  ;c7V  +  l&rTiT=19  to  find  the  values  of  xrij. 

Am,  arrt?=l,  or  —19. 

10.  Given  «-f-20V«=21  to  find  Vx.  Am.  f«=l,  or  —21. 

11.  Givea  Vx^+22  V«=28  to  find  Vx.    Ant.  V«=l,  or  —28. 
It.  eivw  fjr+24  V^=25  to  find  V^.      ^»«.  V^=l,  or  —25. 

(31ft«)   Hie  eohiiion  of  these   examples  may  be  somewhat 
abridged  by  omitting  the  formality  of  completing  the  sijoare. 

PROBLEM. 

Given  or*— 6^+19=18  (1)  to  find  the  values  of  op. 

SOLUTIOK. 

x'^Qx^z-^e  (2)=(1)  transposed. 

i'-&r+9=8  (8)=(2)  with  9  added  to  both memben. 

ar-8=±f3     '    (4)=f(3). 

xz=zBdzVi  (5)=:(4)  tramq>06ed. 
Equation  (5)  may  be  written  iomiediately  from  (2) ;  since  x  is 
found  to  be  equal  to  half  the  eoeffideni  </  x  tatm  wUk  a  eomtrary 
9ign^  PLUS  or  mNns  ihs  Mquare  root  of  ths  known  term  after  it  hoe 
been  inereaeed  hff  the  equare  ^  half  the  coefficient  ^  X.  To  prove  this 
fiiot  to  be  general^  let  us  assume  the  four  general  equations : 

«*+2a«=6 
«■— 2a«=6 
«*  +  2a«=— 6 
«*— 2aaf=— 6 
A  solution  of  these  four  equations  gives  the  fdlowing  values  of  9, 
respectively : 

x=    a±f^?Il6 
From  an  examination  of  these  four  equations  and  the  values  of  die 
unknown  quantity  in  each,  we  derive  the  following 

BULE. 
When  an  affected  qtiadratic  equation  is  reduced  to  the  form 
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s^dt2ax=::hh.  ike  value  of  the  unhwwn  quantity  may  1$ found  ly 
pitting  it  equal  to  half  the  coefficient  ^  ite  first  pweer  taken  with  a 
contrary  sign^  plus  or  minus  the  square  root  of  th6  knmffn  tfrm 
after  it  has  been  added  to  the  square  of  half  the  coefficient  qf  thefint 
power  of  the  unkhown  quantity. 

BEMARK.-^The  stadent  should  apply  this  rule  in  the  solution  of  the  foUowing 
examples  after  they  are  reduced  to  the  proper  form, 

EXAMPLES. 

!•  Given  «*—6jf+ 19=11  to  find  x.  Ans.  «=2,  of  4. 


2.  Given  «* + 6&r =c'  to  find  x.  Ans.  a?  = — 3h±VW + c'. 

X    a    2  ~— 

S«  Given  -+-=-  to  find  the  valaes  of  jr.    Ans,  «=ldrKl.  -a\ 
a    X    a 

3^      2  2*r 2  — 

1.  Given  —-+-—=«+ — - —  to  find  x.  Ans.  ar=2±2f2 

2      oX  3 

S.  Given  «*+12«— 16=92  to  find  x.  Ans.  a?=6,.or  —18. 

6«  Given  ;i:'  +  6jk+4=59  to  find  x.  Ans.  fl;=5,  or  —11. 

7«  Given  «'—8jr+ 10=19  to  find  x.  Ans.  «=9,  or  —1. 

8f  Givena:*— 124r+30=3  tofindor.  Ans.  ie=9,  orS. 

9«  Given  a^  +  6a;=27  to  find  x.  Ans.  x=z3^  or  —9. 

10*  Given  aB'+d2ar=360  to  find  x.  Ans.  jr=5,  or  —9. 

11.  Given  «•— 8i;=14  to  find  x.  Ans.  x=z4±V30. 

12»  Given  2«*+8«— 20=70  to  find  x.  Ans.  ar=5,  or  —9. 

ISt  Given  4«*— 8«+6=326  to  find  x.  Ans.  x=zlO,  or  —8. 

11«  Given  ar+6ap^=27  to  find  x.  Ans.  fl?=9,  or  81. 
15«  Given  Vx^4  Vx=9  to  find  x.          Ans.  af=497±  136^13. 

16.  Given  af—8i<^=14  to  find  ar.  ^iw.  ar=46=b8VdO. 

(916«)  Every  affected  quadratic  equation  may  be  reduced  to  the 
form  cs^do2ax=i:hb^  in  which  c,  a^  and  b  are  whole  numbers  or  surds. 

The  simplest  case  of  this  general  form,  which  is  when  e=l,  has  a** 
leadf  been  treated  oC 

PROBLEM 

1.  Given  c3^+2ax=h  (1)  to  find  the  values  oix. 
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SOLUTIOK. 

cV+2aca:=ftc  (2)=(l)xc. 

/•V+2acaj+«'=a'  +  6c  (3)=(2)witha*aadedtol)othmoml)erB. 

ai+a=±V^^Tbc       (4)^(3). 

cg=— a±ya'  +  fec(5)=(4)  transposed. 

x= (6)=(6)-T-(?. 

PROBLEM 

2.  Oral  «*— 8ir=40  (1)  to  find  the  values  otx. 

SOLUTION. 

As  the  coefficient  of  « is  odd,  this  equation  is  not  of  the  requaite 
fonn,  but  hi  all  such  cases  it  may  be  made  so  by  multiplying  by  2. 
3»»-6a?=80  (2)=(l)x2. 

4«'-12a:=160  (3)=(2)  X  2. 

4»»— 12ir+9=I69  (4)=(8)  "^^  square  completed. 

2«-3=zbl3  (5)=*^(4). 

2a;=16,  or  —10  (6) =(6)  transposed. 

a;=8,  or  -5  (';r)=(6)-f-2.  ' 

EXAMPLES. 

1.  Given  3«*  +  2a?=85  to  find  x.  Am.  ar=5,  or  — 6|. 

2.  Given  3a;*+4a?=340  tofind  a?.  Am.  ar=10,  or  —  llj. 

8.  Given  6a^  +  6a?=63  to  find  x.  Ans.  ar=3,  or  — 4^. 

4.  Given  3a:*— 14a:=— 15  to  find  x.  Ans.  a:=d,  or  1|. 

5,  Given  4aj'— 6a?=108  to  find  x.  Ans.  a?=6,  or  —44^ 
6t  Given  3«*— 2jr=66  to  find  x.  Ans.  a;=5,  or  — 4J. 
7.  Given  15a;*— 622ar=— 6384  to  find  x.  Ans.  a;=22A,  or  18|. 

%.  Given  — + 19=16j  to  find  x.       Ans.  «=9,  or  -llf. 

3       6  

118=t:*^13724 

9.  Given  118a?— 2Ja:*=20  to  find  x.       Ans.  «= ^. 

10,  Given  Ya:*- 20a;=32  to  find  a?.  Ans.  a:=4,  or  — 1+. 

11,  Given  6a:'  +  4ar=273  to  find  x.  Ans.  «=7,  or  -7}. 

12,  Given  ato*— 2a?(a+ft)Va6'=(a-5)*  to  find  x.  

^       a  +  6±i^2a*  +  26' 

Ans. = % 

Vah 
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(317.)  The  student,  after  solving  the  examples  in  the  last  article, 
is  presumed  to  be  fully  acquainted  with  the  principles  c^  their  Bolutioii, 
and  is,  therefore,  prepared  to  omit  some  of  the  intermediate  equations. 
The  general  form, 

ca;*db2aa:=db6, 
may  be  divided  into  the  four  following  equations  :* 

ca:»-f2ajp=6, 

cx*—2ax=b, 

ca;*  +  2aa:=— 6, 

ce*— 2(M?=— 6, 
whose  solutions  give,  respectively,  the  following  values  for  xt 

x= , 


a±^a^+bc 


^a±Va^-be 


x= . 

c 

A  comparison  of  these  values  with  the  equations  from  which  they 

are  derived,  gives  the  foljiowing 

BULE.  .         . 

When  an  affected  quadratic  equation  is  reduced  to  one  of  tlve  four 
forms  indicated  hy  the  general  equation,  ea^d^2ax=zd^b,  the  values  of 
the  unknoum  quantity  may  he  found  hy  putting  it  equal  to  half  the 
coefficient  of  x,  taken  with  a  contrary  sign,  plus  or  minus  the  square 
root  of  the  product  of  the  known  term  hy  the  coefficient  of  oj",  after 
this  product  has  heen  increased  hy  the  square  of  half  the  coefficient 
of  X,  and  then  dividing  the  whole  hy  the  coefficient  qfx*. 

Rbxabk. — ^In  the  following  examples,  when  reduced  to  the  proper  form,  *b^ 
gfcadent  shotild  write  immediatelj  the  values  of  a^  being  guided  by  the  rale  /.;a' 
given.. 

PROBLEM. 

Given  Sa?*— 80=4a:+2  to  find  the  values  of  x. 

SOLUTIOK. 

8a!»— 4a:=32 

ar=— ^r=4,  or  -2|. 
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SZAMPLB8. 

1«  Given  «"— 7«=:--8^  to  find  the  values  of  «.  Jm.  «=6|,  orf 
>•  Given  2x'^iar+7=— 5  to  find  4?.  Ans.  a;=a,  or  2. 

t«  Given  3«*  +  4«— 7=88  to  find  x.  Am.  a?=5,  or  — d|, 

!•  Given  11«"— 100*=— 201  to  find  x.        Am.  ap=3,  or  6^. 

5«  Given  —  +  20«=3«*— 80  to  find  x.       Am.  oprzlO  or  — 2|. 

«    5 
•,  Given  -+-=5^  to  find  x.  Am.  9=25,  or  1. 

7.  Giveft  21c*~  1616«= -20748  to  find  «.  ^im.  jr=60|,(Mrl6f. 

^    ^.        18ar«     180»8i?         .»,««.,.:, 
8«  Given  — -  +—57 — =  —4728  to  find  x. 

.^lAt.  d;=— 25||,  or  —52. 
§•  Given  4g^^9x=z5a^^255i—Sx  to  find  the  values  of  x. 

Am.  15|,or  —  16f 
!••  Given  (4a«-9cir)a!"+(4aV+4aW)«=- («;•+«•)•  to  find 


the  values  of  x.  Am.  4?=- 


II.  Given  6j^  -f-2«=14  to  find  x.  Am.  x= 


2a±Sd^ 
-l=fcf85 


6 

It.  Given  82a«-c"^'  +  4a»+«c^*  (ac*-2)«=a'c*+"««    to  find  the 

8a"^* 
values  of  «r  -4n*.  «=4a*-*,  or j— . 

(3 1 S.)  Lot  us  now  examine  the  general  equation  ea^±:ax=  d=5,  in 
which  a  is  an  odd  number.  It  is  evident  that  the  rule  given  in  the 
last  article  is  also  applicable  here,  but  in  order  to  avoid  multipljing 
the  equation  by  2,  or  in  case  tiiis  should  not  be  done,  to  avoid  firao- 
tiC!:s,  we  seek  another  mode  of  solution. 

PROBLSIC. 

Giren  ea^-^ax^h  to  find  tiie  values  of  x. 

BOLUTIOK. 

B  we  multiply  this  equation  by  4c,  we  shall  have 
4cV+4«»=4ftc, 
4cV+4«ag+a'=a'+4ftc, 

2ex+a=±Va^+4bc^ 
2cx=:—a±ya*-{'ibe, 
'-a±Va*+4be 
'"=  2^  • 
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.    This  mode  of  eolation  is  found  in  the  j5ya  OtmUa^  a  Hindoo  Treat- 
ise on  Algebra,  which  has  been  translated  bj  Mr.  Colebrooke* 

PBOBLXM. 

Oiren  2d;*— 5«=117  (1)  to  find  the  ralaes  of  x. 

SOLUTION. 

ie«»-40a;=986         (2)=(l)  X  8. 
16a!»—40«+ 25=961. 
4«-6=±31. 

4a:=6±81=3S,or-2C. 
a:=9,  or  —6 1. 

EXAMPLBS. 

■  !•  Given  «■— 34=Ja:  to  find  ar.  Am.  ar=6,^or  — 6|, 

2«  Given  «*+8a:=72  to  find  a?.  -4iw.  «=- 


2 

t«  Given  5a:'+'=4  to  find  ar.  Ana.  «ac|,  cr  -^1. 

If  Given  2a^^x=2l  to  find  as.  Aiu.  j;=:8|,  or  —8. 

5«  Given  a«'— at=c  to  find  «.  ^n#.  «= . 

2a 


C.  Given  s^-^px=zq  to  find  ».  Ans,  x^— — -^ ?, 

2 

7.  Given  8«*  +  6x=42  to  find  x.  Ans.  ar=8,  or  --4|. 

8.  Given  «*+6a:+4=22— a?  to  find  x.  Ans.  x=2,  or  —9. 
9*  Given  «■— 6}x=18  to  find  x.                  Ans.  «=8,or  —2Ji 

10.  Given  «"— 3a?=10  to  find  x.  Ans.  a?=5,  or  —2. 

11.  Given  6aj*— -=^8  to  find  a;.    •  Ans.  a:=4,  or  — 3|^. 

2 

12t  Given  4af*+«»=39  to  find  x,  Ans.  af=729,  o'(-t-)  • 

(319«)  This  mode  of  solution  may  be  abridged  by  omHting  the 
intermediate  equations.  The  relation  of  the  unknown  quantity  to  the 
known  terms  of  the  general  equation  a^'±iax:=z'±h^  may  be  observed 
by  solving  the  following  equations : 

€3^-^-0X^=1^ 

ex*^ax=b^ 
ce'~aa;=:— (. 
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Hid  raluM  of  jT  in  these  four  equations  are 

*= ¥c ' 


^= 27—' 


a=fcf^a»_46c 

«= . 

2c 

B^  a  comparison  of  these  yalues  with  the  equations  from  which 
they  are  derived,  we  ohtain  the  following 

RULE. 
Whm  an  afftcied  quadratic  equation  is  reduced  to  one  of  the  forms 
indicated  by  the  general  equation 

ca^zhaa^^^dohy 
the  wedue  of  the  unknown  quantity  may  he  found  by  putting  it  equal 
to  the  coefficient  of  x,  taken  with  a  contrary  sign  plus  or  minus  the 
square  root  of  the  square  of  the  coefficient  of  t^  after  it  Im  been  added 
to  four  times  the  product  of  the  coefficient  of  «"  by  the  known  term^ 
and  dividing  the  whole  by  tunce  the  coefficient  of  «". 

PROBLEM. 

Given  8a^— 7a:=— 34  to  find  the  values  of  x. 

fiOLUTION. 


^±4^— 1039 
^= 16— 

EXAMPLES. 

1,  Given  ex^-^x=92  to  find  x.  Ans.  a;=4,  or  — 3f. 

2»  Given  Sa:*— 7af=165  to  find  ar.  Ans.  ar=5,  or  —4  J 

3.  Okrm  3«*--3a?+6=61  to  find  x.  Ans.  a;=i,  or  |. 

4.  Given  lljx— 3ia;»=— 41J  to  find  x.  Ans.  a?=— 21^,  or  SJ. 

5.  Given  9iaj»— 90Jar=— 196  to  find  x.  Ans.  ar=6^,  or  3 J. 

d  b 

6«  Given  (wZa?— aca:*=5ca?— W  tofind  x.         Ans.  af=-,  or  — -. 

ae         ^   ^        ,  c=fclV  +  4ac 

7.  Given  (a  +  6)a:'=ica;H — —^  to  find  «.  Ans.  x=    ^(aA-b) — ' 
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8.  Given  V9x  +  4.=r^  tp  ^J^.  Ajis.  ar=  1,» ,  or  — f 

9*  Given  ax^-'bx-{-c=cx*-\-2e  to  find  the  value  of  x. 

Ans.  x= J^ \ 

2(a— c) 

lb.  Given  ^i+~(a-ft)(2c+arf)|=(a4-6)-|'-(a«-6Vtofinc 
tHe  values  of  x.  Ans.  x=z    f"^  ,^,  or  ,,  ^     » 

IL  Given  aftx'H = ^ to  find  the  values  c^.x 

c  c  c 

.  2a— 5  3a4-26 

Ans,  ar= ^,or— — :f- — . 

ac  be 

3^'     21x 27782 

12.  Givw  80*+-^+ j2 =1869^— 3a:*  to  find  the  values 

of  ^-  -4««.  a?=— 46,  or  24}. 

(320«)  It  is  frequently  advisable  io  consider.several  terms  as  one 
in  the  solution  of  ajQfected  quadratics  involving  radicals  . 

PROBLEM. 

Given  VxTT2  +V«+12=6  to  find  the  values  of  x. 

SOLUTION. 

If  we  put  y=Var+12,  y*  will  equal  j^x+12. 
.'.    y»+y=6, 

y=— ^— =2,or-3, 


and    y'=  Vx-]- 12=4,  or  9, 
ar+12=16,or81, 
a?=4,  or  69. 
In  verifying  the  value  ic=:69,  we  must  take,  as  the  solution  indicatds, 
y=Va?+ie=— 3. 


EXAMPLES. 


1.  Given  y'^+lO— V«+10=2  to  find  x.     Ans.  x=6^  or  —9. 

2.  Given  y'«+21+V«+2r=12  to  find  x.  Ans.  a?=60,  or  285, 
t.  Given^2«+6  +  \/2a;+6=6  to  find  x.  Ans.  af=6,  or  37|* 
!•  Given  a?+  f^^T6=2+3VV+6  tofindar.  Ans.  af=10,  or  --2, 
5»  Given  a?+6=f^a?+6  +  6  to  find  «.  ^n*.  a?=r4|  or  —I. 
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••  Giveii«+16— 7i^«+16=10— 4Va?+Wlto«iid«, 

Am.  a?=9,  or  —It. 

7.  Given  y5Ta+ 6  Vx+a=2b*  to  find  of  at. 

Am.  a:=6*— o,  or  166*— a. 

(321.)  It  ia  Bometimos  adfisaUe  to  oompleto  the  squwe  wiUkwI 
<;f«'iacing  tl  a  equation  to  any  of  the  forms  g^yeAtboTO. 

PBOBLBM. 

Oiven  — --  -f — =8  to  find  the  raluea  of  x. 

81       18  » 

BOLUTIOir. 

Ckdding  ]  to  both  memben  of  the  equation,  and  we  haf« 

Six 

2x 
-=«,or-4. 

2^=18,  or  — &a. 
ar=9,  or  —18. 


SZAMPLKS. 


«"     4« 


I,  Given  _-.-^+6=:0  to  find  x.         Am.  ar=9(l±2  V— 1> 
81^    18 

sc'     4x      1 
It  Given  o|~gY'*'2¥~^  **^  ^^  *'  ^"**  *~^'  ^'  ^* 

>•  Given  -jg-+  -7-+*=^  *<>  ^^  ^*    -^»*«  *=-"li»  or  — 6f. 

!•  Given  — — —=—32  to  find*.  Am.  aj=162,  or  76. 

^x*  ^&*      ft^ 

5«  Given  -^  —  4(mj  +  86'=0  to  find  x.  Am.  x=z — ,or  -. 

•   Given  — — 4«=7  to  find  ar.  Am.  xz=:lO^^  or  — 1|. 

.     _       aV      8Ha?    126*    ^ .    ^  i-         ^  66f       26j 

J.  Given -n- 5-  +  — j-=:Otofind«,    -4»w.  ar=— r-,or-A 
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4^     8x 
8«  Given  -70  +  07=^1  ^  ^^  *•  -^^-  *='>  ^'  —Hi* 

PROBLEM. 

(322«)  Given  ai^+x=b  to  find  the  value  of  x^  b  being  the  pro- 
duct of  two  consecutive  whole  numberSb 

SOLUTION. 
Bj  the  conditions,  we  have  by  putting  a  equal  to  the  least  of  the 
consecutive  numbers  «•  +«=:6=a(a-»- 1) 

A  bare  inspection  of  the  last  equation  shows  that  one  value  of  a?  is 
a,  but  to  get  both,  we  complete  the  squai^ 

a?=a,  or  —  (a+l). 
From  which  we  observe  that  in  an  equation  of  the  form 
^•+«=6=a(a+l), 
X  has  a  positive  and  a  negative  value,  the  positive  value  being  equal  to 
the  least  of  the  consecutive  numbers,  and  the  negative  one  equal  to 
the  other.    If  the  equation  were  d;*— a:=(=a(a+l),  the  values  of  x 
would  be  found  to  be  the  same  with  opposite  signs,  namely, 
«=— a,or  a+l. 
Scholium. — Since,  a'+a+i=a(a+l)+J,  we  conclude  that  the 
product  of  any  two  positive  ^consecutive  numbers  increased  by  }  is  a 
perfect  square,  therefore, 

H=my. 

12i=(3i)'. 
20J=(4i)«. 
&c.      &c, 

PROBLEM. 

Given  «*+«=:20  to  find  x. 

SOLUTIOir. 

x+i=±4i: 

ar=4,  or  —6.  ^ 

We  might  write  immediately  the  value  of  x  thus 
«=— |db4^=4,  or  —5, 
or  decide  its  values  by  the  principle  mentioned  above. 

19 
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EXAMPLES. 

!•  Giren  a:'+«=2  to  find  the  value  of  x.  Ana.  «=!,  or  —2. 

2.  Given  «•— a?=6  to  find  the  value  of  x.  Am,  5;= —2,  or  3. 

S.  Given  «*-f  «=12  to  find  the  value  of  «.  Am.  a;=3,  or  —4. 

4.  Given  «*--a?=20  to  find  the  value  of  x.  Am.  «=  —4,  or  6, 

5.  Given  «*+«=80  to  find  the  value  of*.  Am.  ar=6,  or  —6. 
C«  Given  a:'— ir=42  to  find  the  value  of  a?.  Am.  «=— 6,  or  7. 
7.  Given  «'+a:=:66  to  find  the  value  of  rr.  Am.  x=7,  or  —8. 
8«  Given  jB'^a;=72  to  find  the  value  of  jp.  Am.  «=— 8,  or  0. 
9.  Given  «*+ar=90  to  find  the  value  of  or.  Jim.  «=9,  or  — 10. 

10«  Given  «■— a?=110  to  find  the  valueof  a?.  Am.  ar=— 10,  or  11, 

!!•  Given  0:*+ 0^=132  to  find  the  value  of  a;.  Jn«.  a;=ll,  or  — 12. 

12«  Given  aj*—a;=306  to  find  the  value  of  «.  Am.  «=— l7,or  18. 

(323.)  The  student  is  not  always  limited  to  the  modes  >f  solu* 
tion  which  have  already  been  given. 

PBOBLEU. 
Given  cu;*+(a;=c  to  find  a;. 

SOLUTION. 

Any  two  terms  can  be  made  a  square  by  adding  to  them  the  squaiB 
of  the  quotient  arising  from  dividing  one  of  the  terms  by  twice  the 
square  root  of  the  other.    Hence,  aa^-\-hx  will  become  a  square,  if 

we  add  to  it  the  square  of =,  or =  which  is  --. 

2a;V'a.        2Va  ^ 

Adding  —  to  both  sides  of  the  given  equation,  we  have 


4a 


ax'+hz-h—zzie-^  ---=-— . 

4a  4a        4a 


i?-x     4-                      XI.         w-       *        .  y4ac  +  b^ 
Extracting  square  root,  we  have  xVa-\ ==d= = — . 

'  2^a  2Va 

Z;iX+h=±V4ac  +  b\ 


2ax='^b±V4ae4'b\ 


^h±:V4ac-{-b* 
2a 
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aV 
BaifATtg- —  a«*+^Jrwill  become  a  square  when  —^r-  is  added  to  it. 

That  is,  hx+ax^+'-^j'i  or  -^+cu*-\-hx  is  a  perfect  square.  So  also, 

will  cur* +6^  become  a  square  when  2xVahx  is  added  to  it  ^xVabx 
is  obtained  by  considering  cu^j  and  &r  as  the  first  and  last  term  of  the 
square,  and  finding  the  middle  term  which  is  equal  to  twice  the  pro- 
duct of  the  square  roots  of  the  other  two.  Hence,  two  terms  being 
given,  we  can  find  three  terms,  any  one  of  which  being  added  to  the 
given  terms  will  produce  a  square.  The  first  one  is  the  only  available 
one  in  the  solution  of  quadratics. 

BZAMPLE8. 

!•  Given  3a:"+4a?=7  to  find  x.  ,  Ans.  ar=l,  or  — 2J. 

2.  Given  5a^+^=22  to  find  x.  Ans.  9=2,  or  —2^. 

(334«)  Ptoblems  of  a  tpecial  character  may  sometimes  be  solved 
by  modes  .different  from  any  that  have  been  given.  A  few  are  given 
as  a  matter  of  curiosity. 

PROBLEM. 

Given  3a^+4a:=— 1  (1)  to  find  the  value  of  as. 

BOLUTION. 

3«'+4«+l=0  (2) =(1)  transposed. 

.  If  the  coefficient  of  ^  were  4  instead  of  3,  the  first  member  of  this 
equation  would  be  a  perfect  square.  In  order  to  render  it  so,  let  us 
add  X*  to  both  sides,  and  we  have 

4a:"  +  4a?+l=a:'. 
2a?+l=ifc:a?. 
2«:pa?=:— 1. 
«or3j?=— 1. 

«=--l,  or  —J. 

BXAMFLBS. 

!•  Given  3ir" + Bx=  — 4  to  find  x.  Ans.  x= —2,  or  — |. 

2.  Given  i6a:*  +  8«=r— 1  to  find  x.  Ans.  «=— i,  or  —J. 

8«  Given  16«'  +  16iP=— 4  to  find  «.  Ana,  «=— |,or  —J. 

4«  Given  12«*  +  8a?=  — 1  to  find  a?,  Ans.  af=— ^,  or  — |. 

5«  Given  12a:*+16a?=— 4  to  find  x.  Ans.  a?=— 1,  or  — i 
6.  Given  8a:'— 12ir3c— 4   to  find  a?.  -4>m.  «=!,  or  ^^ 
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(325«)  The  atndent  should  ohecrve  carefully  the  aolntioii  here 
given  of  the  equation  32^+10x=—B,  not  because  the  plan  given  is 
toe  best^  but  that  he  may  be  able  to  solve  in  a  similar  manner  the 
examples  which  follow,  which  are  intended  to  give  him  a  foretaste  of 
a  principle  which  is  employed  in  the  solution  of  cubic  equations. 

PROBLEM. 

Given  Zaf-^lOxsz^B  to  find  the  value  of  «• 

SOLIFTZOH. 

8a!»+10«+8=0        (1). 
Adding  1  to  both  members  of  (1),  makes^  the  last  term  of  the  first 
member  a  square. 

Thus,     Sjf'  +  lOaf+Orrl         (2). 
Adding  now  s^  to  both  members  of  (2),  makss  the  first  term  of  the 
fint  member  a  square. 

Thus,    4«"  +  10«+9=«^  +  I. 
By  examining  the  first  member,  we  see  that  it  would  be  a  perfect 
square  if  the  middle  teifn  were  12«  instead  of  lOo;.    But  we  can  make 
it  12^  by  adding  2x  to  both  members,  which  being  done,  not  only 
renders  the  first  member  a  perfect  square,  but  also  the  second  one. 
Thus,     4«*  +  12jJ+9=«»+2a?+l,  * 
2jf+3==fc(«-»-l), 
a:=-2,-H. 

EXAMPLES. 

1.  Given  3«"-f  8a:=— 6  to  find  «•  Ans.  «=— 1,  or  —If. 

2.  Given  8a^+10a:=— 8  to  find  x.  -4n«.  ar=— i,  or  —J. 
t«  Given  6«*  +  8«=--8  to  find  x.  Ans.  ar=— |,  or  —1. 
I.  Given  3a?*-f  18«=— 15  to  find  x.  Ans.  a?=--l,  or  —6. 
5.  Given  12«*— 32a?=--6  to  find  x.  Am.  ar=2i,  or  \. 

.  6t  Given  7iB*— 18«=  —  8  to  find  x.  Am.  af=2,  or  4. 

7.  Given  16«*— 16x=7  to  find  x.  Ans.  «=•— i,  or  If. 

8.  Given  16ar*--32a:=7  to  find  «.  Am.  ir=2J,  or  —J. 

9.  Given  9x'4-22a?=15  to  find  x.  Ans.  «=— 8,  or  |. 
19«  Given  16^+8af=8  to  find  x.  Am.  ar=— 1,  or  |. 

11.  Given  24«"— 2a;=16  to  find  a?.  Am.  a?=— J,  cw  |. 

12,  Given  21aj»  +  10a;=24  to  find  x.  Am.  ar=  — 1  J,  or  f. 
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MISCELLANEOUS   EXAMPLES. 

1.  Given  - — l=a;+ll  to  find  x.  Ans.  a:=:12,  or  —6. 

6 

6        2 

2.  Given 7+-=3  to  find  x.  Ans.  ar=2,  or  —J. 

x^l     X 

OK    .       Om 

3.  Given  6a;4 =44  to  find  x.  Ans.  «=?,  or  f. 

4. 

!•  Given  — — l?2jZ?f =3  to  find  x.  Ans.  x=4,  or  2^. 

X  4ar 

^    ^.       a— «       a?        ^  X    /»  J 

5t  Given 1 -=-  to  find  x. 

X       a— a?     c 


^^  *=-(*=^2(2^/^*-^) 


J.  Given  fl^±|«_iz^  to  find  x.  Ans.  a:=4,  or  ^. 

4-\-Vx        Vx 

7.  Given ^= =-  to  find  x. 

a+Vx         Vx 


/-fidrf^4a"  +  4a*+ft*V 

Ans.  x=[ TT — -TT I . 

V  2(a  +  l)  / 

8.  Given  {Vx+5){Vx^^)=l2  to  find  x. 


9.  Given  l=?-?^i:H=l^  to  find  x.        Ans.  «=6,  or  f 
2  a? — 3  o 

10.  Given =22|  to  find  x.  Ans.  a?=49,  or  ^^. 


Ans.  a:s=:4,  or  —21. 
2 

2         a?— 3  6 

_^ 
,2      3 

.        _        21 

Ih  Given  ♦^2a:+ 1  +21^0?=-=  to  find  a;. 
V'2aj+1 

Ans.  a?=4,  or  —26. 

12.  QiYmV^+Vx^=^eVx  to  find  a:,  Ans.  a?=2,  or  —8. 

18.  GiveniV"— 21/flc— a?=0  to  find  x  Ans.  aj— 4,  or  1. 

14.  Given  Va;"— a"=*— *  to  find  a?. 

^rw.  ar=^±^f^48a'5-126\ 

15.  Given  l^^-^-^JL  to  find  ar.  ^liw.  a?=49,  or  26. 

a?"~-6       20 
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16.  Given  «+i^6«+ 10=8  to  find  x.  Ant.  ap=18,  or  8. 


n.  Given  x+Vl0x  +  6=9  to  find  x.  Am.  «=26,  or  8. 

—     7a+  6x      «   , 

18.  Given  2V«-a  +  3f  2ir=— =.  to  find  x. 

Vx—a 

Ans.  x=da,  or  — a. 

19.  Given  Zx'—x=UO  to  find  «.  Ans.  «=7,  or  — 6f. 
20«  Given  6aj"-»-^='7«'— 51  to  find  x.         Am.  a?=6,  or  — 4J. 

tl.  Given  2jg*— ^^"'   =^3?  to  find  x.  Am.  a?=4,  or  i. 

8 

22,  Given  Sa:*— l7a?=2i?'  +  84  to  find  «.        -4n«.  a?=21,  or  —4. 
2S«    Given  «*--ir+3=46  to  find  «.  -4n«.  «=7,  or  —6. 

1  it     y 

24.  Given  4a: r-  -^^-==14  to  find  x.  Am.  ar=4,  or  —If. 

25.  Given  12-11^:^=?^  to  find  x.  Ans.  x=S,  or  !».. 

26.  Given  6a!»— 4aj+3=169  to  find  x.  Am.  «=e,  or  — 5J, 

27.  Given  3ar— =2  to  find  x.     Ans.  ar=19,  or  — 19|. 

X 

28.  Given  ^-^E^"^  ***  ®°**  *'        ^"''  *~^' "  ** 

29.  Given  6x~ — -=2a;  +  — -—  to  find  x.  Am.  ar=4,  or  —1. 

X — 3  2 

89.  Given  3a;---— =29  to  find  x.       Ans.  a:=13,  or  —41. 

X 

81.  Given  16 — -=— +^1  to  find  a?.  Ans.  «=3,  or  -4J. 

ojj__4.  a?— 2 

82.  Given  r:l-l+l=10 — -  to  find  x.       Am.  a?=12,  or  6. 

X — 4  2 

88.  Given  — _^=-^^  to  find  x. 


•  *    ^.        «       8a?— 10     „  .  6a:'-40  ^    ^    , 
84.  Given  3a;—  ^_^^=2+  g^_^    to  find  ar. 


Am.  ar=36,  or  12. 

r. 

Am.  a;=lli^,  oi  4« 
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85.  Given  -  J-+^=^g  to  find  x. 

Ans.  a?=l,  or  —  J|. 

36.  Given  — — ^^=-1—  to  find  x.  Ana.  a;=4,  or  -1|. 

37.  Given  _^^- +-pL.^==^  to  find  x.      Ans.  x=i,  or  -Sf 

38.  Given  f!i:15_±i=:ar-3  to  find  x.       Ans.  «=!,  or  —28. 

x—6X'\-9 

89.  Given  ^-^4— ^=2^^  to  find  x.  Ans.  a:=:6,  or  2. 

7 — ic        X 

40*  Given ; — =-rz =7—  to  find  x. 

xi        Vx        ^^ 

Ans,  a?=9,  or  —13. 

d — X       X       h       „   .  J  2ac 

111  Given H r=-  to  find  x.    Ans.  a?= 


X       a—x     c  2c+6::pf^ft"— 4c» 


42.  Given fa:  +  60+|^«'  +  9= T ,      JL^ tofind«. 

Vx-^eo+Vx'-^d 

Ans.  «=4,  or  —0. 

43.  Given = = 7= — 7— = — ^zrtofinda?. 

6Vx-x  B-Vx       {5Vx-'x){Z'-Vx) 

Ans.  a;=20i,  or  3. 

44.  Given  -= •+— ===-=  to  find  x. 

yx-\-Va—x    Vx—Va—x    Vx 


6zfcy6«-2a6 

Ans.  x=—^ . . 

2 

45.  Given  il^^Il5£^+10a;=196  to  find  x.   Ans.  x=1,  or  —6. 

X 

x^     X 

46.  Given  - — -+20i=42|  to  find  aj.         Ans.  x=1,  or  — 6f 

z       o 

47.  Given  ?^±^=3A-3.?^^  to  find  aj.  Ans.  x=4,  or  S^, 

2x-Vx  2x+¥x 

s^    ^.       64-9V'a    23a5-46f^«,       7a;*-3a;+4      ^^  ^^^  ^ 
4S.  Given == 7^—+:; ^,-,,,    ,,-,  ^  ^^^  «. 

^n«.  a5=6,  or  —  2/^. 


S9d 
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4t.  Given  jgziljg^^^-^^^^      «^-5a.4-ll  _  ^  ^^^  ^ 
8-3  V»      4+fa;        (8-3i^«)(4  +  |^a5) 

^    -4n*.  05=93,  or  7, 


M*  Given =rT=—  to  find  as. 


^n*.  85=8,  or  — f 


5L  Givei  (♦^4a5+6)(naj+l)=30  to  find  a. 

^n«.  05=6,  or  — J^. 

52«  Given ^+-^=3Va:  to  find  x.  Ans.  ar=4,  or  4. 

fS«  Given  Oa^h^a^—ea'h^x^b^  to  find  a?.      Ant.  x= 


a±Vd*+b* 


3a'6* 


54.  Given  3f^ll2-8«=19+V'3j:+7  to  find  ». 

Ana.  a:=6,  or  ^^W* 


55.  Given  f  2«+7  +f^3«-18=f^7a?+l  to  find  x. 

Ana.  «=9,  or  —if 


46.  Given  -n +-==0  to  find  x.    Ana.  05=-^ ^. 


57.  Giveno?+f^«:ar— Vaf::3f^«+6:2fa:tofinda?. 

^fu.  a;=9,  or  4 


58.  Given  ♦^(44-«)(6— a;)=2ar— 10  to  find  ar.    Ana.  x=5,  or  6. 

59.  Given  a:*— a?— 40=170  to  find  x.  Ana.  ar=15,  or  — li. 


f^ic— 3 
60t  Given  x-i — - — =8  to  find  3P% 

61.  Given  2V^+3V«=2  to  find  x. 

62.  Given  4«= h46  to  find  x. 

X 

63«  Given  r-z — -J- 


84«  Given 


70— a?        X        10 
3a:+6     3aj-6     135 


Ana.  ap=7,  or  9^. 

Ana.  a?=|,  or  —8, 

Ana.  ar=12,  or  — f , 

^n*.  a:=20  or  60. 


3ar— 6     3a:  +  6     176 


=-^  to  find  X.     Ana.  af=9,  or  — J^ 


65.  Given  V'(a?-l)(«-2)+ V'(ar-3)(ar-4)=f^2  to  f -kd  «. 

^n«.  a;=3,  or  2. 
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66.  Given  +-— — =     ^ to  find  x. 

Ans.  a:=s6,  or  — |. 

67.  Given  '^l/y-^-y^l  +45=JV'10a!  +  66  to  find  x. 

Ans.  «=20,  or  VMViV- 

68.  Given  a5V  +  (l4-c)WVc+c6V=pWf^c  +  (a6+cHl+c)]«  to 

.  MVc        1+c  ' 

find  ar.  -4rw.  x=:—~ — ^  or  -rr~. 

ah-\-e         b* 

X            7 
69*  Given ;rr=T to  find  x.  Ans.  a:=14,  or  —10. 

40       27 

70.  Given + — =13  to  find  x.  Am.  «=9,  or  lA, 

X — 5      X 

71.  Given -— 6=—  to  find  x.  Ans.  ap=10,  or  — |. 

72.  Given  — --= rx— 5  to  find  x.  Ans.  «=6f,  or  6. 

X'\-3     af-f-lO 

78«  Given  ^-=;-Ti; — ;r-+l  to  find  x.  Ans.  «=67i,  or  41. 

6x     117— 2a:  •  * 

2a;  +  3         2a? 


fi^    n-        25ar+180       40a;       8  .    ^    , 

75.  Given—- rr=^ -—-to  find  a? 

10a;— 81      6ar— 8     6 


74,  Given  — =-- — - — 6J  to  find  x.    Ans.  a?=13|f-,  or  8. 

Ans.  a?=14|,  or  ^. 

^it    n-         ^S+^      20a?+9         65       .    ^   , 

76.  Given  -7- r =t:;^ — = tt:: r  to  find  x. 

6(3— a;)     19— 7a?    4(3— ar) 

Ans.  a;=7|%,  or  2 J. 
„,     _        6«+10ai«       /6VaT6^(l+2fiV^^V      <//    ^z,      , 

tc  find  X.  Ans.  g=     ,.,  .  i.>v    ,  or  — • 

a5(l  +  26*)   '  5a 


^  «»  »  .1 » 


AFFECTED   QUADRATICS   INVOLVING   TWO 
UNKNOWN   QUANTITIES. 

(326.)  In  solving  equations  of  this  character  the  usual  plans  of 
elimination  may  be  employed.  The  student  should  adopt  that  plan 
which  seems  to  be  best  for  the  example  under  consideration.         * 


298  AFFBCTSD  QUADRATICS. 

SXAICPLXS. 

1,  Giyen  I     xy  ^  ,   \  to  find  the  values  of  x  and  y. 

^^     (.=18,orV, 
( y=3,  or  -|. 

2«  Oiyen  <     d^  '    i   ^  ^^  ^^  values  of  x  and  y. 

(  y=4,  or  f . 
8.  Oiyen  i    ,_J  "_.og  " '      '      |   *®  ^°^  *^®  values  of  a?  and  y. 

I  y=4,  or  — y. 

4«  Given  •}    ~     ""        V  r  *<>  fi^^d  t^^©  values  of  x  and  y. 
I  4-0?  =y-y*,  J 

^^    (x=4,orJ, 
( y=l,  or  {. 

S«  Given  j  olJ^^JV^  f  *o  ^^^  ^®  values  of «  and  y. 

Ans.   i-=(unor8, 
(y=:(98)",or4.^ 

6«  Given  \  ^  ,  ^^Z^  '  f  ^  ^^  the  values  of  ^  and  y. 

( y=8,  or  8 
7.  Giren  ]  «+y+<'y=2V^+i^*,f  to  find  the  values  of  xaady 

]y=4,orV-- 

!«*    4«_86  1 
y*'  y~»'[  to  find  the  values  of  «  and  y. 

<y=3,cr-,?». 
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29& 


9»  Given  -< 


Vy+Vx :  Vy-Vx : :  Vx+2  : 1, 


Vy+2 


ZVx+l  + 


Vy 
Vx 


to  find  X  and  y. 


•Ans.   ]*=!'"'*;, 

ly=4,orV.    , 

( X  +4t/=14         ) 
10*  Given  •<    ,     /     ^  '   ,,  }•  to  find  the  values  of  a?  and  y. 
(y"  +  4ic=2y  +  ll  ) 

^     (.=-46,  or  2. 
( y=15,  or  3. 

11.  Given  |  g^t^Y^^^lm  \  *<>  find  the  values  cf  «  and  y. 

'^-   ly=16,oriffi. 

(2x+1y_f.      61+2g  ' 
I  — ■■ — 2y ^7j— , 

J  to  find  the  raluea  otx  and  y. 


W.  Given  J  J^ 

■-16-="- 


IS.  Given  ■{ 


^"''  ly=4,or4H. 

4ay+3y— 8    .,  _4y+3a;— 2     18— g 

6i  6  3    ' 

3a;+y_8«— 6y 
— 3— +2. 


to  find  X  and 


Jns, 


( a:=6,  or  -^y, 

(y=3,. 


14.  Given  i^+^^f +4y=21  +  8^/y+44/^,  [  tofindrrandy, 
(  Vx-{^y=ze, 


rr  andy. 

j  a?=26,  or  V> 
(  y=l,  or  -4% 


^  «■  »  ■'  » 


327.  QUESTIONS  PRODUCING  AFFECTED  QUADRATICS. 

QUESTIOK. 

A  and  B  sold  130  yards  of  calico  (of  which  40  yards  were-4\l, 
and  90  -B's),  for  $42.  Now,  A  sold  for  $1,  t  of  a  yard  more  than  3 
did.    How  many  yards  did  each  sell  for  $1 9 
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Let  X  =  the  No.  of  yards  B  sold  for  $1. 

-  =  what  B  got  for  1  yard. 


u 

X 

QOyardi^ 

40    • 

21aj*+Y«=45a5+16  +  20a! 

21a!'-68a!=16 

• 

2»±S4    " 

-ii^j>-' 

a!+i=3i 

u 

QVBBTIONS. 

1.  A  meiehant  sold  a  quantity  of  cloth  for  $39,  and  gained  as 
much  per  cent  as  the  cloth  cost  him.  What  was  the  price  of  the 
doth!  Aim.  $30. 

2.  There  are  two  numbers  whose  difference  is  9,  and  their  sum 
multiplied  by  the  greater  produces  266.    What  are  the  numbers ! 

Ans,  14  and  6,  or— 9^  and  —18^. 

3.  It  is  required  to  find  two  numbers,  the  first  of  which  may  be  to 
the  second  as  the  second  is  to  16  ;  and  the  sum  of  the  squares  of  the 
numbers  may  be  equal  to  225.  Ans.  9  and  12. 

4.  Bought  two  sorts  of  linen  for  6  crowns.  An  ell  of  the  finer  cost 
a^  many  killings  as  there  were  ells  of  the  finer.  Also,  28  ells  of  the 
coarser  (which  was  the  whole  quantity)  were  at  such  a  price  that  8 
elb  cost  as  many  shillings  aa  1  ell  of  the  finer.  How  many  ells  were 
tjieie  of  the  finer,  and  what  was  the  value  of  each  piece  ? 

Ans.  4  ells  of  the  finer ;  the  value  of  the  finer  16  shillings^  and 
of  the  coarser  14  shillin§[8. 
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&.  Two  partners,  A  and  B,  gained  $18  by  trade.  A^a  money  was 
in  trade  12  months,  and  he  received  for  Lis  principal  and  gain  $26. 
^8  mon^,  which  was  $30,  was  in  trade  16  months.  How  much  did 
A  put  in  trade  ?  Ans,  $20« 

6.  A  person  bought  some  she^  for  $'72,  and  Ibund  that  if  he  had 
bought  0  moie  for  the  same  money,  he  would  haye  paid  $1  less  for 
each.    How  many  did  he  buy,  and  what  was  the  price  of  each  I 

Ans.  18  sheep,  at  $4  a  piece: 

7.  The  plate  of  a  looking-glass  is  12  inches  by  18,  and  is  to  oe 
framed  with  a  frame  of  equal  width,  whose  area  is  to  be  equal  to  that 
of  the  glass.    What  is  the  width  of  the  frame  ?        Ans.  3  inches. 

8.  There  are  two  square  buildings,  A&t  are  paved  with  stcmes^  a 
foot  square  each.  The  side  of  one  building  exceeds  that  of  the  other 
by  12  feet,  and  both  their  pavements  taken  together  contain  2120 
stones.    What  are  the  lengths  of  them  separately  9 

Ans,  26,  and  38  feet^  respectively. 

9.  A  laborer  dug  two  trenches,  one  of  which  was  6  yards  longer 
than  the  other,  for  £17  168.,  and  the  digging  of  each  of  them  cost  as 
many  shillings  a  yard  as  they  were  yards  in  length.  What  was  the 
length  of  each  ?  Ans.  10,  and  16  yards. 

10.  A  company  at  a  tavern  had  £8  158.  to  pay ;  but  before  the 
biU  was  paid,  2  of  them  sneaked  o£^  in  consequence  of  which  those 
that  remained  had  each  10  shillings  more  to  pay.  How  many  were 
in  the  company  at  first  ?  Ans.  7. 

11.  A  grazier  bought  as  many  sheep  as  cost  him  £60;  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  £54,  gaining  2 
shillings  a  head  on  those  he  sold.  How  many  sheep  did  he  buy,  and 
what  was  the  price  of  each  ?    Ans»  75  sheep,  at  16  shillings  each. 

12.  What  two  numbers  are  those  whose  sum  is  19,  and  whose  dif- 
ference multiplied  by  the  greater  is  60  ]  Am.  12  and  7. 

13.  If  the  square  of  a  certain  number  be  taken  from  40,  and  the 
square  root  of  this  difference  be  increased  by  10,  and  the  sum  multi- 
plied by  2,  and  the  product  divided  by  the  number  itself^  the  quotient 
will  be  ^.    What  is  the  number  1  Ans.  6. 

14.  A  person  being  asked  his  age,  answered,  if  you  add  the  square 
root  of  it  to  ^  of  it,  and  subtract  12,  there  will  remain  nothing.  How 
old  was  he  ?  Ans.  16,  or  36.     (Prove  the  last  answer.) 

15.  A  and  B  set  out  from  two  towns  which  were  at  the  distance  of 
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247  milefli  and  traveled  the  direct  road  till  they  met  A  went  C  miles 
a  day ;  and  the  number  of  days,  at  the  end  of  which  they  met,  was 
greater  by  3  than  the  number  of  miles  which  B  went  in  a  day.  How 
many  miles  did  each  go  f  Ans.  Alii,  and  B  130. 

16.  A  set  out  (rom  C  toward  2),  and  trayeled  7  miles  a  day.  After 
he  had  gone  82  miles,  B  set  out  from  D  toward  C7,  and  we:it  every 
day  ^  of  the  whole  journey ;  and  after  he  had  traveled  as  many  days 
as  he  went  miles  in  one  day,  he  met  A.  What  is  die  distance  from  C 
toi>f  ^  Ans.  162,  or  76. 

17.  Three  merchants.  A,  B,  and  C,  made  a  joint  stock,  by  which 
they  gained  a  sum  less  than  that  by  $80.  A's  share  of  the  gain  was 
$60 ;  and  his  contribution  to  the  stock  was  $17  more  than  ^s.  Also, 
B  and  C  together  contributed  $325.  How  much  did  each  contrib- 
ute }  Ans.  A  $75,  B  $58,  0  $267. 

18.  The  joint  stock  of  two  partners,  A  and  j9,  was  $416.  A^» 
money  was  in  trade  9  months,  and  ^s  6  months ;  when  they  shared 
stock  and  gain,  A  received  $228, 'and  B  $252.  How  much  was  each 
man's  stock  ?  Ans.  A'&  $102,  and  ^s  $224. 

19.  A  body  of  men  were  formed  into  a  hollow  square  8  deep, 
when  k  was  observed,  that  with  an  addition  of  25  to  their  number, 
a  solid  square  might  be  formed,  of  which  the  number  of  men  in  each 
ude  would  be  greater  by  22  than  the  square  root  of  the  number  of 
men  in  each  side  of  the  hollow  square.  What  was  the  number  of  men 
m  the  hollow  square  f  Ans.  936. 

20.  A  merchant  bought  a  number  of  pieces  of  two  different  kinds 
of  silk  for  £92  3s.  There  were  as  many  pieces  bought  of  each  kind, 
and  as  many  shillings  paid  per  yard  for  them,  as  a  piece  of  that  kind 
eoDtained  yards.  Now  2  pieces,  one  of  each  kind,  together  measured 
19  yards.    How  many  yards  were  there  in  each  ?    Ans.  11  and  8. 

21.  A  vintner  sold  7  dozen  sherry  and  12  claret,  for  £50.  He 
sold  3  dozen  more  of  sherry  for  £10  than  he  did  of  claret  for  £6. 
What  was  the  price  of  each  per  dozen  ? 

Ans.  Sherry  £2,  and  claret  £3. 

22.  A  and  B  hired  a  pasture,  into  which  A  put  4  horses,  and  B  as 
many  as  cost  him  18  shillings  a  week.  Afterward  B  put  in  2  addi- 
tional horses,  and  found  that  he  must  pay  20  shillings  a  week.  At 
what  rate  was  the  pasture  hired  ?  Ans.  30  shilliDgs  per  week. 

23.  A  merchant  bought  54  gallons  Cognac  brandy,  and  a  certaiD 
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quaiitity  of  British.  For  the  former  he  gave  ^  as  many  shillings  per 
gallon  as  there  were  gallons  of  British,  and  for  the  latter  4  shillings 
per  gallon  less.  He  sold  the  mixture  at  10  shillings  per  gallon,  and 
lost  £28  16s.  by  his  bargain.  What  was  the  price  of  the  Cognac, 
and  the  number  of  gallons  of  British  ? 

Ans.  Cognac  Ids.  per  gallon,  and  36  gallons  of  British. 

24.  What  number  is  that,  which  being  divided  by  the  product  of 
its  two  digits,  the  quotient  is  2,  and  if  27  be  added  to  it,  the  digits 
will  be  inverted  ?  Ans.  36. 

25.  I  have  a  certain  number  in  my  mind  ;  this  I  multiply  by  2|, 
add  7  to  the  product,  and  multiply  this  sum  by  8  tices  the  number ; 
I  now  divide  by  14,  and  subtract  from  the  quotient  9  times  the  num- 
ber, and  obtain  2394.    What  number  is  it  ]  Ans.  42. 

26..  What  two  numben  are  those  whose  sum  is  100,  and  the  sum 
of  whose  square  roots  is  14  ?  Ans.  64  and  36. 

27.  What  number  is  that  which  if  you  subtract  from  10  and  mul- 
tiply the  remainder  by  the  number  itself,  the  product  shall  be  21  f 

Ans.  7,  or  3. 

28.  What  are  the  two  parts  of  24  whose  product  is  equal  to  35 
times  their  difference !  Ans.  10  and  14. 

29.  What  two  numbers  are  those  whose  sam  is  8,  and  the  sum  of 
whose  cubes  is  152  ?  Ans.  3  and  5. 

30.  Two  partners,  A  and  B,  gained  $140  by  trade ;  ^'s  money 
was  3  months  in  trade,  and  his  gain  was  $60  less  than  his  stock,  and 
B*6  money,  which  was  $50  more  than  ^'s,  was  in  trade  5  months. 
What  was  ^'s  stock  ?  Ans.  $100. 

31.  What  two  numbers  are  those,  the  difference  of  whose  squares 
is  q\  and  which  being  multiplied,  respectively,  by  a  and  6,  the  differ- 
ence <rf  the  products  is  «'  ? 

Ans. 5 — xi ^^. 


^^  ra^ -^ 

S2.  Into  what  two  parts  can  a  and  b  each  be  divided,  such  that  the 
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product  of  one  part  of  a  by  one  part  of  h  shall  be  p,  a&d  the  prodnct 
of  the  remainiDg  parts  p*  ? 

^_ch-^{p'^p)±V\^--{p'^p)Y--^ahp 
2h 


An$. 


ah^(^p'^p)^V\ah-^{p'^p)Y^Aabp 


^ah  +  {p'-p)^V\ah-{p'-p)Y'^M>p 

99,  During  the  lime  that  the  shadow  of  a  sundial,  whieh  shows 
tnie  time,  moves  from  one  o'dook  to  ^^r^^  a  clock  which  is  too  &8t  b 
oertain  number  of  hours  and  minutes,  strikes  a  number  of  strokes  =r 
that  number  of  hours  and  minutes,  and  it  is  obsenred  that  the  number 
of  minutes  is  less  by  41  than  the  square  of  the  number  which  the 
dock  strikes  at  the  last  time  of  striking.  The  clock  doea  not  strike 
twelve  durii^  the  time.    How  much  is  it  too  &8t ! 

An8»  8  hours  and  23  minotea. 

34.  A  and  B  engage  to  reap  a  field  for  £4  10«. ;  and  as  A,  alone, 
could  reap  it  in  9  days,  they  promise  to  complete  it  in  5  days.  They 
found,  however,  that  they  were  obliged  to  call  in  C',  an  inferior  work- 
mau,  to  assist  tliem  for  the  2  last  days,  in  consequence  of  which  B 
received  3f .  M.  less  than  he  otherwise  would  have  done.  In  what 
time  could  By  or  (7,  alone,  reap  the  field  ? 

Atm.  Bm  15,  and  (7  in  18  days. 

35.  There  are  three  numbers,  the  difiereoce  of  whose  differences  is 
8 ;  their  sum  is  41 ;  and  the  sum  of  their  squares  600.  What  are 
the  numbers?  ^n«.  7„11,  and  23. 

36.  There  are  three  numbers,  the  difference  of  whose  differences  is 
5 ;  their  sum  is  44  ;  and  their  continued  product  is  1950.  What  are 
the  numbers?  Ana.  6,  13,  and  25. 

37.  A  grocer  sold  80  pounds  of  mace,  and  100  pounds  of  cloves  for 
$65 ;  but  he  sold  60  pounds  more  of  cloves  for  $20  than  he  did  of 
mace  for  $10.    What  was  the  price  of  a  pound  of  each  ? 

Ana.  Mace  50,  and  cloves  25  cents  a  pound. 

3S.  The  fore-wheel  of  a  carriage  makes  6  revolution  more  than  the 
h'ud-wheel  ir  going  120  yards ;  but  if  the  periphery  of  each  wheel 
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be  increased  one  yard,  it  will  make  only  4  reyoluiions  more  than  the 
hind-wheel  in  the  same  space.    What  is  the  circumference  of  each  t 

Ans,  4  and  5  yards. 

89.  A  and  JS  were  going  to  market,  the  first  with  cucumbers,  and 
the  second  with  8  times  as  man/  eggs ;  and  they  find  that  if  B  gives 
all  his  eggs  for  the  cucumbers,  A  would  lose  10  pence,  according  to 
the  rate  at  which  they  were  selling.  A,  therefore,  reserves  f  of  his 
cucumbersi  by  which  £  would  lose  sixpence,  accotding  to  the  same 
rate.  But  B^  selling  the  cucumbers  at  sixpence  apiece,  gain£  upon 
the  whole  the  price  of  6  eggs.  What  was  the  number  oi  eggs,  sad 
cucumbers,  and  the  price  of  one  of  each  f 

Ans,  80  eggs  at  1  penny  a  piece,  and  10  cucumbers  at  4  pence 
apiece. 

40.  A  person  bought  a  certain  number  of  larks  and  sparrows  for 
6  shillings.  He  gave  as  many  pence  per  dozen  for  larks  as  there 
were  sparrows,  and  as  many  pence  per  score  for  sparrows  as  there 
were  huks.  If  he  had  bought  10  more  of  each  (the  price  of  the  larks 
remaining  the  same),  and  had  given  as  much  per  dozen  for  sparrows 
as  he  gave  per  scc«e  for  larks,  they  would  have  cost  £1  5$,  6d.  What 
was  the  number  of  each  ?  Ana,  15  larks,  and  86  sparrows. 

41.  A  poulterer  bought  a  certain  number  of  ducks  and  18  turkeys 
for  $110 :  each  turkey  costing  within  1  dollar  as  much  as  three  ducks. 
He  afterwards  bought  as  many  ducks  and  5  more,  and  20  turkeys, 
giving  one  dollar  a  piece  more  for  each  duck  and  turkey  than  before ; 
and  found  that  the  value  of  his  former  purchase  was  to  the  value  of 
the  latter  one  : :  2  : 8.  What  was  the  number  of  ducks,  and  the  prices 
of  the  ducks  and  turkeys  at  the  first  purchase  ? 

Ans,  10  ducks,  and  the  price  of  a  duck  $2,  and  of  a  turkey  $5. 

42.  A  and  B  put  out  different  sums  at  interest^  amounting  together 
to  $200.  ^s  rate  of  interest  was  1  per  cent  more  than  ^'s.  At 
the  end  of  6  years,  i^s  accumulated  simple  interest  wanted  but  $4  to 
be  double  of  ^'s.  At  the  end  of  10  years,  ^'s  principal  and  interest 
was  to  B*s  as  5  : 8.  What  was  the  sums  put  out  by  eaoh,  and  the 
rate  per  cent. ! 

Ans.  A  put  out  $80  at  5  per  oent,  and  j8  $120  at  6  per  cent 

48.  When  the  price  of  brandy  was  8  times  the  price  of  British 

qiirit,  a  merchant  made  two  mixtures  of  brandy  and  British  spirit, 

and  the  prices  per  gallon  were  in  the  ratio  of  9  to  10.    He  afterwards 

mixed  twice  as  much  brandy  with  the  same  quantity  of  British  spirit 

20 
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in  each  case,  and  the  relatiye  prices  were  the  same  as  beforeT   Whti 
was  the  ratio  of  the  quantities  mixed  ? 
Ana.  The  first  mixtures  wen  as  3  to  l,and  2  to  1,  and  the  second 
as  3  to  2,  and  1  to  1. 

44.  A  and  B  traveled  on  the  same  road  and  at  the  same  rate  horn 
Huntingdon  to  London.  At  the  50th  milestone  from  London,  A  oyer- 
took  a  drove  of  geese  which  were  proceeding  at  the  rate  of  3  miles 
in  ^  hours,  and  2  hours  afterwards  met  a  stage-wagon,  which  was 
moving  at  the  rate  of  0  miles  in  4  hours.  B  overtook  the  same  drove 
of  geese  at  the  45th  milestone,  and  met  the  same  stage-wagon  ex- 
actly 40  minutes  before  he  came  to  the  3l8t  milestone.  Where  was 
B  when  A  reached  London !  Ans,  25  miles  from  London. 

45.  The  difference  between  the  hypothenuse  and  base  of  a  right- 
angled  triangle  is  6,  and  the  difference  between  the  hypothenuse  and 
the  perpendicular  is  3.    What  are  the  sides?    Am,  15, 12,  and  9. 

46.  In  digging  among  some  ruins,  the  workmen  found  9  urns, 
together  containmg  60  gold  coins ;  the  2d  and  8th  containing  8  and 
4  respectively.  They  secreted  a  certain  niunber  of  these,  greater 
than  the  number  they  left ;  which  being  afterwards  recovered,  it  was 
found  that  the  number  of  urns  secreted  was  to  the  number  left  as  the 
number  of  coins  secreted  was  to  the  number  remaining.  Now  if  in- 
stead of  taking  the  2d  urn,  they  had  carried  off  the  8th,  then  the 
number  of  coins  taken  away  wo\M  have  been  to  the  number  remain- 
ing as  the  square  of  the  number  of  urns  secreted  to  ihe  difference 
between  that  square  and  20  times  the  number  of  urns  remaining. 
What  number  of  each  was  secreted  f 

Ans,  6  urns  and  40  coins. 

47.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full  cask,  and 
seized  the  opportunity  of  drinking,  which  he  continued  for  |  of  the 
time  that  Silenus  would  have  taken  to  empty  the  whole  cask.  After 
that  Silenus  awoke,  and  drank  what  Bacchus  had  left.  Had  they 
drank  both  together,  it  would  have  been  emptied  2  hours  sooner,  and 
Bacchus  would  have  drank  only  ^  what  he  left  Silenus.  How  long 
would  it  have  taken  each  to  have  emptied  the  cask  separately  f 

An8.  Silenus  in  3  hours,  and  Bacchus  in  d. 


CHAPTEa  III. 

CUBIC  EatJATIONS. 

(328«)  CuBio  Equations  may  be  diTided  into 
Pure  OuhicSy 
Incomplete  Cubics,  and 
Affected  Ouhics, 
(239*)  A  pure  cubic  equation  is  one  in  which  the  unknown 
quantity  is  contained  in  but  one  term,  and  whose  exponent  is  3,  or  a 
fraction  which  when  reduced  to  its  lowest  terms  the  numerator  is  3 ;  as^ 

005'=  ±6;  085*= ±6;  ax*=dtb,  <fec. 
(330»)  The  solution  of  a  pure  cubic  presents  no  di£Sculty, 

PROBLEM. 

Giyen  8a?'=24  to  find  x. 

SOLUTION. 

3aj'=24, 

a;«~8=0, 
(«-2)(««  +  2a:+4)=0. 
Whence  we  get  ar— 2=0, 
or  «'+2|r  +  4=0, 
whose  solutions  give  a;=2,  or  —•  Idb  f^— 3. 
If  but  one  value  of  the  unknown  quantity  were  required,  we  might 
in  the  equation  a:* =8  merely  take  the  cube  root  of  both  sides,  and 
obtain  z=2. 

EXAMPLES. 


1.  Given  a;'=27  to  find  IT.  Ans,z^B,  or 

2.  Given  J«'=32  to  find  as.  Ans.  ar=4,  or  — 2=i=2^^^. 
8«  Given  a:* =4  to  find  x, 

Ans.  «=V4,  or  -il/4±|/^fV2. 
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I.  Giyen   \  J^V^^/ "  ^ '  ^  \  to  find  the  values  of  «  and  y. 

j  ar=4,  or  — 2=fc2f^ir3 
^"'-    |y=2,or  -Id:  1/33- 

S«  Given  \      ,    Ir  V     '     r  ^^  Snd  the  valaes  of  «  and  y. 

(a^"=884  5  ^ 

.         (  a?=24,  or  — 12dbl2f^—3 

(y=4,or-2db2f^-8 

(33 1  •)  An  incomplete  cubic  equation  is  one  iu  which  the  unknown 
quantity  is  contained  in  but  two  terms :  the  exponent  of  one  beiag  3, 
and  the  other  1  or  2  ;  or,  the  exponent  of  one  being  3  times  a  proper 
haction  whose  numerator  is  1,  and  which  is  either  the  exponent  or 
half  the  exponent  of  the  other  term ;  as, 
aa^dzbx^zzkc ;  aa^±:bsi^^dtc;  apdb6xl=dbc;  a«db6arf=dbc/  <fec. 

Ruciac-^No  general  practicable  method  of  obtaining  the  yalnea  of  the  un- 
known quantity  in  inoomplete  or  affected  calncs  has  as  jet  been  diaooyered,  and 
we  are,  therefore,  compelled  to  resort  to  what  are  called  apecicU,  tentoHve,  or 
tgpproximaii'oe  tntihods* 

Some  of  these  methods  are  here  set  forth. 

PROBLSIC. 

Given  x'+dx=14  to  find  the  values  of  or. 

SOLUTION. 

ar»  +  3:r=14  (1). 

X*  +  3a;'=  14a;  (2)=(l)  X  x.  [members. 

X*  4-  1x*=4x*  +  14i?  (8) =(2)  with  Ax"  added  to  both 

«*+':ra:'4-(})'=4a?»+14x+(})\  (4)=(3)  square  completed. 

aj"  +  J=2a?+},  or  -2x-J,      {5)=Vj4). 
,-,    x=:2]        or  x'-f2x=  — 7      

E  X  AM  P  L  S  S. 

I.  Given  x^—lx^—Q  to  find  x.  Ans.  x=l,  2,  or  —3. 

2«  Given  a:*— 32a;=  -.<24  to  find  x.        Ans.  x=  —0,  or  3itf  5. 

3.  Given  a:*— 22a?=24  to  find  x.  Ans.  «=— 4,  or  2±VlO. 

4.  Given  ii:*  +  6x=88  to  find  x.      Ans.  ir=4,  or  — 2±3f^. 

5«  Given  x^+6x=45  to  find  x.       Ane.  aj==3,  or 
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6«  Given  a;'— 13jr?=  — 12  to  find  ar.  Ans,  af=l,  S,  or  -  4. 


7.  Given  a;'  +  48ar=104  to  find  a;.  Ans.  a?=2,or  — l±i^— 61. 

—  3it  V' S 

8.  Given  a:'--Ca?=9  to  find  ar.  ^»*.  a?;=3,  or . 

9.  Given  x-\'1xi=i22  to  find  x.  Ans.  ar=8,  or  29±7f— 10. 
10.  Given  a;'+3ar=14  to  find  x.  Ans.  a:=2,  or  — Idbi^IIe. 

^t      r^'            «        2        ,^  ^     -    ,  .,                   2*         IdliOO 

lit  Given  «'— --=14  to  find  x.  Ads.  a;=— -,  or  . 

Zx       ^  3             3 

12.  Given  a;'— 2a;=— 4  to  find  x.  Ans.  a?=--2,  or  izfcf^— 1. 


5=i-:^ 85 

13«  Given  6aj'  + 2a?=:44  to  find  x.     Am.  a?=2,  or '■ . 

5 

II.  Given  a;"+108a?=665  to  find  x.  Ans.  a;=5,  oF^^^^ 

15.  Given  a?'— 39a;=— 70  to  find  x.  Ans.  x=2,  5,  or  —Y. 

16.  Given  ar'— 49a;=120  to  find  x.  Ans.  aj=8,  —3,  or  —6. 

17.  Given  ^  +  12ar=  -63  to  find  x.  Ans.  x=z  -3,  o^^'^^^~^^ 

18.  Given  a:»— 21i=— 344  to  find  ar. 

Ans.  a?=— 8,  or  4=fc3i^^. 

19.  Given  a;'— 6a:=40  to  find  x.  Ans.  a?=4,  or  —  2=t:l^^^. 

20.  Given  «'— 7ia;=— 2901  to  find  x. 

Ans.  ar=— Y,  or  — -.  . 

(33 2«)  Sometimes  the  factors  of  an  equation  are  very  apparor^t, 
and  then  the  root  may  be  obtained  as  in  the  solution  to  the  following 

PROBLEM. 

Given  «•— 3a?— 2=0  to  find  the  values  of  x, 

SOLUTIOH. 

«•— 3a;~2=0 

aj»— a;=2iB+2 
aj(a»~l)=2(a54-l) 
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Since  «  +""1  i>  a  factor  of  both  meniben  of  the  equation,  the  eqiuOim 
will  be  satisfied  by  putting       x+1=0 

Whence,         a;=— 1. 
To  get  the  other  values  of  x  divide  both  members  by  a;+ 1. 
And  then,     a;'--a;=2 

05^:^.2,  or  — 1. 

EXAMPLES.  

1.  Given  x"— 5a:=— 4  to  find  x,         Ans.  «=!,  or — ^ 

26 

2»  Given  ic*--2a?=l  to  find  a?.  Ans.  ar=— 1,  or 


St  Given  «•— 2«=— 1  to  find  x.  Am.  «=!,  or 


2 


*;o  GivMi  0?*— 8ar=— 8  to  find  x.  Am.  x=2,  or  — IdrV'S. 

2 
.'..  Given  re— 1=2  +-r  to  find  «.  Ans.  «=!,  1,  or  4. 

XT 

«'  +  3a: — 7  ♦ 

6»  Given t^=^  *^  ^^  ^-  -^^'  *=3,  —2,  or  —3. 

7«  Given  8«*— 7aj'=7a?— 3  to  find  x.         Am.  aj=J,  3,  or  —1. 

8«  Given  «•+«:»+«+ l=10a?+ 10  to  find  x. 

Am.  x=B,  —1,  — 3, 

9«  Given  «*— «*— 2ar=— 2  to  find  x.  Am.  a?=l,  or  dtV2. 

10*  Given  («*4-2x)(a;+4)=2— (a;  +  4)  to  find  x. 

Am.  «=— 2,  or  — 2dbf'3. 

IL  Given  ]  ^*"y=y*-~y'  (  to  find  a?  and  y. 
(    y»+j?=4.         ) 

(  ar=3,  or  1. 

(333*)  It  sometimes  happens  that  the  coefficients  of  the  unknown 
quantity  have  such  relations  that  the  equation  may  be  reduced  ac- 
cording to  the  method  adopted  in  the  solution  of  the  following 

PROBLEM. 

Given  a:*-- 6aj* +  110?— 6  to  find  the  values  of  x. 
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SOLUTIOK. 

a!"-6»»  +  lliB-6=0 

aj*— Ca'  +  llaj'— 6a5=0 

tt^— 6iB»  +  9jB»+2a;"— 6aj=0 

(a5'-3a;)"  +  2(a5«-3a)=0  (a) 

(a5'--3a;)*  +  2(aj*-3a;)  +  l=:l 

iB"-3a5+l===tl 

aj'— 3a5=0,  or  —2, 

.*.    aj"=3a;;      or^'— 8a5=:— 2 

8dbl     ^       , 
x=S  aj=— 5— =2,orl. 

Ja 

In  equation  (a)  put  y^a;*— das,  and  we  shall  have 
y*  +  2y=0 
y*  +  2y+l=l 

y=0,  or  —2, 
.  • .    as*— 335=0  ;  or  —2,  the  same  as  before. 
Rbmark. — Jadicions  sabstitution  often  saves  figur^^  and  also  often  reveaUi 
relations  which  might  not  otherwise  be  so  apparent 

l^noe  «•— 3«  is  a  factor  of  (a),  we  have  immediately 

«'— 3a:=0,  and  by  dividing  by  this, 
0^— 3a;+2=0,  the  same  as  before. 

EXAMPLES. 

!•  Given  a;'— 6aj*  +  6a?+12=0  to  find  x.  Ana.  ar=— 1,  8,  or  4. 
2«  Given  «'— 2aj*— a?+2-=0  to  find  x.  Ans.  a?=l,  2,  or  —1. 
8«  Given  a:*— 6a?' +  12a;— 9=0  to  find  x. 

Ans.  xz=Z,  or . 

4.  Given  a?*— 2a:'— 6a;+ 6=0  to  find  x.  Ans.  x=l,  3,  or  —2. 
S«  Given  a:*  +  2a:'— 6aj— 6=0  to  find  x.    Ans.  a:=2,  —1,  or  —3. 

6.  Given  a:*  +  6aj*  +  lla?  +  6=0  to  find  x. 

Ans.  a?=  — 1,  —2,  or  —3. 

7.  Given  a;'—8a:'  + 19a;— 12=0  to  find  x.     Ans.  ar=l,  3,  or  4. 

8«  Given  «• + 2ax' + 6a'ar+4a»=0  to  find  x. 

—a±a|^— 16 

Ans,  «=— a,  or . 

2 . 

(33 4»)  The  following  examples  may  be  solved  according  to  the 
artifices  employed  in  q\iadratics. 
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PBOBLSM. 
Given  a^^Sx*  +  Sx=9  to  find  the  values  of  «. 

SOLUTION. 

a:«-3a.«+3a;=9         (1). 
iP«— 3i;«  +  8a;— 1=8        (2)=(1)  with  —1  added  to  both  memben 
a;-l=2         (3)=V(2). 
x-S 
To  Obtain  the  other  values  find  the  other  factor  of  or'—Soj* + 3a?— 9, 
0S_3  being  one.    That  factor  is  ip'  +  3 ;  hence,  we  have 

«*  +  3=0. 

«*=-3. 

x-dtV^3. 
The  best  method  of  solving  this  equation  is  by  factoring,  for  ita 
finctors  are  very  apparent 

«"— 3«"  +  3a?— 9=0. 

«*(a?— 8)+3(«— 3)=0. 

whence,  («"+3)(a:— 3)=0. 

.'.  a?-3=0. 

or  a;' 4- 3=0. 

whence,      a:=3,  or  dbV^^3. 

Remibk. — The  examples  which  foHow  are  not  all  of  the  character  of  the  oam 
whose  solution  has  just  been  given,  but  embody  different  principles  with  which 
the  student  is  supposed  to  be  fiumliar. 

EXAMPLES. 

1,  Given  ip'  +  Ca^+12a;=19  to  find  ar. 

.            ,        -7±3I^^ 
Ans.  a?=l,  or — = —  . 


2.  Given  4/i^  +  8=t^l26— 6a:'— 12ar  tofinda?.  

Ans,  «=3,  or  r— . 


3.  Given  V^—a^^l/^ax* — 3a'a;H-86  to  find  x. 

Ans.  x=a+2Vi. 

4.  Given -h = — to  find  ar.  Am.  x= 


«  ^  c  al-ct 

5«  Given  a;'— 6a;'+12ar=8  to  find  a?.  Ans.  ar=2,  2,  2. 

6.  Given  a?*— 16x»  +  '?5ar=125  to  find  ar.  Ans.  af=5,  5,  0. 
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HBNKLE'S  METHOD.^ 
(335  a)  The  following  tentative  process  for  solving  affected  and  in- 
oomplete  cubics,  has  never  before  been  given  in  a  work  upon  algebnu 

PROBLEM. 

1.  Given  «'— 8a^  +  lla?+20=0  to  find  the  values  of  «. 


SOLUTION. 

««-8a:»+lla?+20=0. 

a:*— 8a;'  +  lla;*  +  20aj=0. 

(ar»-4a;)»— 6a:'  +  20;r=0. 

{A). 

(a?»-4a;)'-4(a;'-4a;)  +  4=a;'-4a;+4. 

(5). 

a?'— 4a?— 2=«— 2,  or  2- 

-«, 

x'=5x;  ora?'— 

Sx= 

-4 

' 

S±6      , 

x=6 

X- 

— -=4,or-l 

This  solution  will  need  some  explanation.  Every  affected  cubio 
equation  may  be.  put  into  the  form  expressed  by  (-4)  that  is,  made  to 
consist  of  the  square  of  a  binomial  followed  by  two  terms.  If  these  two 
terms  contain  as  a  factor  the  first  power  of  the  binomial,  the^  equation 
may  be  solved  as  in  (333);  but  if  not,  we  may  proceed  as  in  the  above 
example.    Let  us  resume  the  equation 

(a;*-4a;)'— 6a:»  +  20a;=0. 

Let  us  see  whether  a?  is  not  the  first  term  of  a  binomial  square, 
which  being  added  to  both  members  of  this  equation  will  render 
them  perfect  squares.  If  x^  is  added  to  both  members,  we  see  that 
the  coeflScient  of  the  second  term  in  {B)  is  —  4 ;  considering  (a;*— 4a;)' 
as  the  first  term ;  and  this  coefficient  shows  that  the  third  term  in  the 
first  member  of  (B)  must  be  4,  and  therefore,  the  third  term  in  the 
second  member  must  also  be  4  ;  but  if  the  first  and  the  last  term  of  a 
binomial  square  are  x^  ^nd  4,  the  middle  term  must  be  either  +4a?, 
or  —4a?.  From  which  we  see  that  the  square  of  the  binomial  of 
which  a;'  is  the  first  term  must,  in  this  case,  be  a:"db4a?+4.  Since,  4 
is  in  both  members,  it  follows  that  if  a?'db4a;  be  added  to  — 5a;'  +  20a?, 
and  the  result  should  be  —  4(aj'— 4a?),  or  —  4a:'  +  16a?,  that  a?'db4a?+4 
is  the  proper  square  to  add.  As  we  have  already  added  a;*,  it  only 
remains  for  us  to  see  whether  4.r  added  to  or  subtracted  from  +20aj 

*  This  method  of  solving  Cubic  Equations,  which  is  also  applied  to  the  Bolu 
tion  of  Biquadratics:  was  discovered  by  Prof.  W.  D.  Henkle.  I,  therefore,  hav« 
VHBumed  the  responsibility  of  calling  it  the  "  Henkle  Method." — J.  P.  S 
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makes  + 10«.  It  will  be  seen  that  4x  subtracted,  or  what  is  the  same 
—4a;  added  makes  +20x  become  +16j;,  therefore,  «*— 42-f  4  is  the 
proper  square  to  add. 

The  student  in  passing  from  (A)  to  (B)  should  put  his  trial  work 
one  side. 


^  +  +  +  +  +  + 
H  ^  .s  5 


^  -H  i<  i<  i*  i!  i 
^  "« 4?  :^  5  :^  ^ 
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I  2i.  5».  2t  5i,  2i.  5i. 

K  00     O  ao     GO     Ob     C4 

*^  09      CO  CI     r-l 

I        .1  I         I         I       + 


+ 

00 
00 
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1 
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+ 
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X 


Hie  work  upon  the  right  shows  the  trial  work.  First  «*  was  added, 
which  resulted  in  dbdda;  for  the  middle  term  for  the  second  member, 
but  since  +dda;  or  — Sdo;  added  to  +14a;,  does  not  give  --SSx^  we 
see  that  «*  is  not  the  proper  term  to  add  in  the  start.     So  when  4«* 
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is  added,  -fCOj;  or  -^60^;  added  to  +14«  does  not  give  — 30j?;  or 
wben  9«*  is  added, +7&^9  or  ^I5x  added  to  +14a;  does  not  give 
— 25«;  or  when  16«'  is  added,  +'72^  or  —72a;  added  to  +14x  does 
not  give  — lar;  or.  when  26a?'  is  added,  4-46ar,or  --460;  added  to 
+14a;  does  not  give  —dx ;  but  whctn  dOx'is  added,  —12a;  added  to 
+  14i?  (foM  give  +  2a?. 

The  failure  in  adding  a;'  is  so  much  that  the  operator  would  not 
likely  try  the  successive  squares,  but  would  immediately  pass  to 
16a?»,  25a:"  or  36a;*. 

Bekabe. — The  above  is  given  to  show  the.  mode  that  the  student  should  pur^ 
sue  in  finding  the  proper  square.  One  who  is  skillful  in  this  mode  of  solution 
seldom  makes  more  than  three  trials,  and  firequentlj  but  one. 

If  the  first  term  of  the  equation  is  a^  and  the  coefficient  of  the  second  term  is 
odd,  multiply  each  term  by  4x, 

If  the  first  term  is  not  a  square,  it  should  be  made  one  by  multiplying  the 
equation  by  four  times  the  coefficient  of  the  first  term.  When  the  coefficient  of 
the  second  is  even,  it  is  firequently  only  necessary  to  multiply  by  once  the  coefficient 
of  the  first  term.  It  is  not  absolutely  necessary  to  follow  the  last  directions 
given,  but  if^  they  are  followed,  the  student  will  be  saved  the  trouble  of  operat- 
ing with  firactions  which  he  might  otherwise  encounter. 

FROBLBM 

8.  Given  a;*  +  5a?' +  So;— 9=0  to  find  the  values  of  a?, 

SOLUTION. 

a?'+6«*  +  3a?— 9=0. 
4a?*  +  20j;'+12a;*— 36a;=0. 
(2a;*+5a;)'— 13a!*-86a?=0. 
(2a;"  +  6a;)'— 6(2a^+5a?)+9=ar»+6a;+9. 

2a;*+5af— 3=a;+8,  or  —a?— 8, 

a?'+2a?=8;  or2a;'=— 6j, 

0?=— Ii4=2=l,  or  —8  0?=— 8. 

PROBLEM 

4.  Given  8a;'— 14a?"  +  21a;— 10=0  to  find  the  values  of  a?. 

SOLUTION. 

8a;»-14a;'-f21a;-10=0. 
9a;*— 420?*  +  63a;'— 30a;=0. 
'  (3a;»-7a;)'  +  14a;'-80a;=0. 
(Sa;*- 7a;)' +  5(30;' -  7a;) + 4|"=a;*-6a; + ip. 
8«'— 7a?+^=a;— f,  or  |— a;, 

8a^— 8a?=— 5;  or  80;*= Oai^ 

0?=-— — =f  or  1  a;=2. 
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(336«)  Since  the  solving  of  cubioB  by  this  procefls  is  a  good 
mental  ezerdae,  a  copious  list  of  examples  is  appended.  The  pnpil 
before  commencing  should  make  himself  fiimiliar  with^the  perfect 
iquares  from  1  to  1296. 

EXAMPLES. 

1,  Given  «»—6x*+13*— 10=0  to  find  a?.  

Am.  «=2,  or2=fcV— 1. 

2f  Given  af*+6«*—7«— 60=0  to  find*.   Ans.  x=S,  —4,  or  —5. 

S«  Given  4^— 24i^+45d;— 25=0  to  find  x. 

Ana.  «=!,  2^,or  2^ 

4t  Givena?*— 9«*— 130«+600=0  tofinda?. 

-4>i*.  «=4, 16,  or  —10. 

5f  Given  «'4-6a:'— 32=0  to  find  x.       Am.  ap=2,  —4,  or  —4. 

6*  Given  «'--lla>»+43«— 66=0  to  find  «.  

Am.  «=6,  or  3dbV— 4. 

!•  Given  «»—23«*  + 167a?— 385=0  to  find  x. 

Am.  ar=6,  7,or  11. 

8.  Given  «•— 12a?»+36a?— 7=0  to  find  a?.  _ 

.  .        b±V2\ 

Ana.  a:=7,  or  — - — . 

9.  Givenaj*+8i"  +  l7ay+10=0  tofinda?. 

Am.  a?=— 1,  —2,  or  —6. 

10.  Given  x' + 6aj*+20ar+ 16=0  to  find  x.  

.                 ,        -6±t^^=85 
.     -dn*.  a?=  — 1,  or . 

11.  Given  24a:»— 26aj'  +  9a:— 1=0  to  find  x.    Am.  af=J,  i,  or  ^. 

12.  Givenaj'-r24a:*  +  191ar-604=0tofinda?. 

Am.  a?=7,  8,  or  9. 
IS.  Given  aj*—13aj"  + 49a?— 46=0  to  find  x. 

Am.  a?=6,  or  4±f^7. 

11.  Given2aj*— 3aJ*+2ar— 3=0tofinda;.  

Am.  af=lj,  or  ±V—1. 
15i  Given  2aj'— 16a?'  +  25a? + 6 =0  to  find  x. 

Ana.  a?=3,  or  — • — . 
4 
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16.  Given  2a;»—12a?«+ 18a;— 16=0  to  find  af.  

Ans.  Of =6,  or . 

17.  Given  «^  +  10«»-101ar- 990=0  to  find  x. 

Ans.  a?=10,  —9,  or  —11. 

18.  Given  «»— 2«*— 33ar+90=0  to  find  x. 

Ans.  a:=8,  5,  or  —6. 

19.  Given  4«»— 24«"H-21ar— 6=0  to  find  «.    Ana.  «= J,  ^,  or  6. 

30.  Given  2«'—8S«"+ 121a: +84=0  to  find  a?.  

^       19dbf^467 

Am,  a:=7,  or • 

4 

21t  Given  «•+«■— 84af+ 66=0  to  find  x.    Ans.  a;=2, 4,  or  —7. 

it.  Given  «»—21«"  + 146a?— 886=0  to  find  «. 

Ans.  a:=6,  7,  or  8. 

23t  Given  «*—-8«" +-004=0  to  fiod  x.     Ans.  a;=-2,  -2,  or  —'1. 

24.  Given  a?"— lOi"  +  lOar— 100=0  to  find  a?.  

Ans.  a?=ia,  or  d^f^— 10. 

25.  Given  «»-2a^+8a?-4/y=0  to  find  x.  

Ans.  a?=lf ,  or .     • 

26.  Given  «*-4«*-28ar-82=0  to  find  a?. 

Ans.  af=8,  —2,  or  —2. 

27.  Given2aj«— 16«"+26a?— 6=0tofinda?.  _ 

Ans.  a?=2,  or -r . 

28.  Given«»— «■— 7a?+16=0tofinda;.  

Ans.  «=— 8,  or  2dbf^— 1. 

29.  Given  2ar'—6af"  + 4a?— 120=0  to  find  x.  

Ans.  xz=5,  or  -l±f^-ll. 

30.  Given  «•+ 9a:*— 82a?— 720=0  to  find  a;. 

Ans.  a?=9,  —8,  or  —10. 
81.  Given**— «■— 10a?+6=0tofinda?. 

Ans.  x=—^S,  or  2dbf^2. 

S2.  Given  8a?*— 26«*+lla;+10=0  to  find  x.  _ 

8it^41 
Ans.  a?=2^,  or  — - — . 

o 
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SS.  Given  2a'  4-12ar*+4ar— 700=0  to  find  as.  

Ans,  ar=6,  or ~ ,^ 

54.  Given2«*—3aj*+a?— 30=0  to  find*.  

iliw.  a;=3,  or j j 

55.  Given  «*+l7aj*— 140ar~2496=0  to  find  x. 

Am.  af=12,  —13,  or  — IC, 

86t  Given  «'+3a?— 54=0  to  find  x.    Am.  af=8,  or  — 3d=*^^. 

S7«  Given  «■+»"— 17«+ 15=0  to  find  x.    Am.  «=1,  3,<m'  — 5. 

88.  Given  4a;»-48«* H-45ar— 11=0  to  fiodar. 

Am.  ar=^,  ^,  or  11. 
S9«  Given  2«*+8«*+a?— 30=0  to  find  x.  

Am.  a:=2,  or r • 

4 

40.  Given  (^•+7a^+30a?+63=0  to  find  «•  

Am.  «=  -H,  or  J=fci4^-251, 

41.  Givenaf'+Oaf"— 1600=0  to  find*.  

Am.  aj=10,  -8±4f^-6. 

42.  Given  2a?*— 33a:*  +  121ar-84=0  to  find  a?.  

'     ^        25±f^457 

Ans.  a:=4,  or . 

4 

48*  Given  aj*+6«*— 3920=0  to  find  x.  

Am.  ir=14,  or  — lOiOV'- 5. 
44,  Given  2a^-9aJ*+9a?-308=0  to  find  x.  

^        -6±t^-327 

Am.  a?=7,  or , 

4 

45*  diven  af'—29a^+198a;— 360=0  to  find  a?. 

Am.  ap=3,  6,  or  20, 

46t  Given  2aj*+9«'+9a?— 308=0  to  find  x.  

^        -l7db*^-327 
Am.  a?=4,  or ^ • 

47.  Given  4«'-112aJ*+109ar-27=0  to  find  «. 

Am.  a:=J,  J,  or  27. 

48.  Given  8«*+34«*— 79a?+30=0  to  find  x. 

Am.  a?=J,  IJ,  or  —6. 

49.  Given  4ii;»-152a;'+149a?-37=0  to  find  x. 

Am.  a:=J,  J,  or  37. 

^,  Given  a?"— 15a:' +  74a?— 120=0  to  find  x.       Ans.  4,  5,  or  6, 
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(337»)  The  solution  of  the  following  .literal  equation  will  show 
that  there  always  is  a  binomial  square,  which  being  added  to  both 
members  of  a  cubic  equation,  after  it  has  been  multiplied  by  «,  that 
will  render  both  sides  perfect  squares.  The  only  difficulty  consists  in 
fioding  the  binomial  square. 

It  will  be  perceived  by  looking  at  the  values  of  the  unknown  quan- 
tity in  the  preceding  examples,  that  this  mode  of  solution  is  practic- 
able when  one  or  more  of  the  values  of  the  unknown  quantity  is  a 
whole  number,  and  also,  when  one  or  more  of  the  values  is  a'  mixed 
number,  or  a  proper  fraction. 

PROBLEM. 

Given  «•— (a+6+c)ar*  +  (a6+ac+ftc)a?— a6c=0  to  find  the^  values 
of*. 

SOLUTION. 

4**— 4(a-f6+c)a?*+4(a5+ac+ftc)«*— 4aft(;a;=0, 

[2«*— (a  +  6  +  e)x]^  +  2be[2x*  —  (o  +  6+c)a;]  +  6V=(o-.6— c)V4 

2^a--6— c)ir+6V, 
2«*— (a+6+c)«+6c=(o— 6— c)a?+6c,  or  —(o— 6— c)a?— 6c, 

•  •.  2af=2a;  or2a:'— 2(6+c)a?=--26c, 

6+c=b(6-c)     - 
x=a  «== -^ ^=0,  or  €. 

KmfABK. — ^An  inspection  of  this  example  will  enable  the  student  to  see  whal 
relation  exists  between  the  roots  of  the  equation  and  the  added  binomial  square. 

QUESTIONS. 

1.  What  number  is  it  whose  third  part  multiplied  by  its  square 
gives  1944  9  Ans.  18. 

2.  What  number  is  it  whose  ^,  |,  and  j^,  multiplied  together,  and 
the  product  increased  by  32,  gives  4640  9  Ans.  48. 

3.  There  is  a  number  such,  that  its  4th  power  divided  by  the  8th 
.  part  of  the  number,  and  167  subtracted  from  the  quotient,  the  re- 
mainder is  12000.    What  number  is  it  9  Ans.  11^. 

4.  Some  merchants  engage  in  'business ;  each  gives  to  it  1000 
times  as  many  dollars  as  there  are  partners.  They  gain  in  the  busi- 
ness #2560  ;  and  it  is  found  that  they  have  gained  exactiy  half  theil 
own  number  per  cent.    How  many  merchants  are  there  9    Ans,  B. 
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5.  A  capitalist  puts  out  $10000  at  interest,  and  adds  the  intereBt 
yearly  to  the  capital.  At  the  end  of  the  third  year  he  finds  his  capi- 
tal increased  to  $1161 6\,    How  much  per  cent  did  he  receive  9 

AfiB.  5  per  cent 

6.  There  are  two  numbers  whose  difference  is  4,  and,  moreoyer,  are 
such  that  their  product  multiplied  by  their  sum  gives  1386.  What 
numbers  are  they?  Ans,  7. and  11. 

7.  Some  officers  were  in  a  field  with  a  detachment,  partly  in&ntry 
and  partly  cavalry.  Each  officer  had  under  his  command  3  times  aa 
many  cavalry  and  7  times  as  many  foot  as  there  are  officers.  Each 
cavalry  soldier  has  2,  and  each  foot  soldier  22  cartridges  more  than 
there  are  officers.  They  had  altogether  15360  cartridges.  How 
many  officers  were  there  9  Ans.    8. 

8.  A  person  being  asked  how  much  he  had  expended  that  day, 
answered,  ^  I  have  spent  $4  more,  and  yesterday  twice  as  much  as  I 
did  the  day  before  yesterday ;  if  I  multiply  together  the  sums  which 
I  expended  in  dollars  during  these  three  days,  and  add  756  to  the 
product,  I  obtain  exactly  134  times  as  much  as  I  have  expended  to- 
day."   How  much  did  he  expend  that  day  9      Ans.  6  or  9  dollars. 

9.  Some  merchants  jointly  form  a  certain  capital,  in  such  a  way 
that  each  contributes  10  times  as  many  dollars  as  they  are  in  number ; 
they  trade  with  this  capital,  and  gain  as  many  dollars  per  cent  aa 
exceed  the  number  of  merchants  by  8.  Their  profit  amounts  to  $288. 
How  many  were  there  of  them  9  Ans.  12. 

10.  Some  merchants  collect  a  capital  of  $8240.  To  this  each  con- 
tributed 40  times  as  many  dollars  as  there  are  of  them.  With  this 
whole  sum  they  gain  as  many  dollars  per  cent  as  there  are  persons. 
They  then  divide  the  profit ;  and  each  takes  10  times  as  many  dollars 
as  there  are  persons ;  but  after  this  there  remains  $224.  How  many 
merchants  were  there  9  Ans.  Either  7,  8,  or  10. 

11.  The  3d  power  of  a  number  added  to  9  times  its  2d  power,  27  . 
times  the  number  and  27  more,  is  equal  to  125.    What  is  the  num- 
ber 9  Ans.  2. 

12.  If  the  difference  of  two  numbers  be  multiplied  by  the  2d 
power  of  the  greater,  and  the  sum  of  the  two  numbers  by  the  2d 
power  of  the  greater,  the  sum  of  the  two  products  will  be  432  ;  and 
the  difference  of  the  products  280.    What  are  the  numbers  9 

Ans.  6  and  3f  • 
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13.  ^  and  B  commenced  to  speculate,  each  with  the  same  sum 
of  money ;  after  a  certain  number  of  months,  A  had  the  dd  power  of 
the  number  of  dollars  which  he  had  at  first,  wanting  36  times  its  2d 
power.  B  had  432  times  as  much  as  he  had  at  first,  wanting  $1728 ; 
then  the  sum  of  what  A  and  B  had  was  equal  to  $343.  What  sum 
had  A  and  ^  at  first  9  Ans.  $19. 

14.  There  are  three  numbers;  the  second  is  2,  and  the  third  3 
more  than  the.  first,  and  their  continued  product  is  40.  What  are 
the  nuinbers  9  Am,  2,  4,  and  5. 

15.  A  has  $4  more  than  B  ;  but,  if  the  number  A  has  be  multi- 
plied by  the  2d  power  of  the  number  B  has,  the  product  will  be  225. 
What  number  of  dollars  has  each  9  Ana,  A  $9  and  B  $5. 

16.  *  The  sum  of  two  numbers  is  10,  and  the  difference  of  their  4th 
powers  is  1040.    What  are  the  numbers  9'  Ans,  6  and  4. 

17.  The  difference  of  2  numbers  is  8,  and  the  difference  of  their 
4th  powers  is  14560.    What  are  the  numbers  9      Ans.  11  and  3. 

18.  The  joint  capital  of  three  partners,  A^  B,  and  0,  was  $1340^ 
^'s  money  was  in  trade  4  months,  ^s  6  months,  and  (Ta  9  months. 
When  they  shared  stock  and  gain,  B  receiyed  $736,  (7$1216|  and 
j4's  gain  was  $96.    Howmuoh  was  each  partner's  stock  9 

(  A'b  stock  $240. 

Ans.  i  B*B  stock  $460. 

(  CTb  stock  $640. 

19.  The  joint  capital  of  three  partners  was  $65000.  ^'s  money 
was  in  trade  3  months,  ^*s  4  months,  and  (7's  5  months.  When 
they  shared  stock  and  gain  A  received  $3900,  B  received  $27X)0,  and 
Cs  gain  was  $750.    What  was  each  partner's  share  of  the  stock  9 

(j4's  stock   $3870.21+. 

An8.\£*saU>6k   $2672.57+. 

(  (Ts  stock  $58457.21  +  . 

*  Note— Let  x-i-y  and  s—y  represent  the  numbers.    This  mode  of  represen- 
tation frequentlj  produces  equations  simplor  than  those  produced  by  the  usual 
.  representation. 


CHAPTER   XIII. 
BiaUADBATIC   EaHATIOlTS. 

(338«)  BiQUADRATio   EQUATIONS  ihBj  be  divided   into   three 
ohseeft;  namely, 

Pure  BiqttadraHcs ; 
Incomplete  Biquadratics ;  and 
Affected  Biquadratke, 

339«)  A  Pure  Biquadratic  is  an  equation  in  which  the  unknown 
quantity  is  contained  in  but  one  term,  and  its  exponent  is  4,  or  a 
fraction  whose  numerator  is  4  and  whose  denomina^  is  an  odd 
number;  as^ 

aaf*==fc6;  cap* =±6;  &e«==fcc,  &o. 

PROBLEM. 

(340,)  Given  fl;*=l  to  find  the  value  of  or. 

SOLUTION     1. 
SOLITTIOir    2. 

x*—l=0, 

(«•-!)(*•+ 1)=0, 

whence,  a^— 1 = 0, 

or  ie"+l=0, 

or  «•=—!, 
whence,  «=1,  or  —1, 

or  x=i\ni\^  or  —4^^. 
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SOLUTION     3. 

V-1=0, 

(a.-i)(aj»+^«+a?+l)=0, 

whence,    «— 1=0, 

or    x'+x^+x+lzizO  (a) 

a?=l. 

Bqnation  (a)  k  a  cable,  and  is  solved  thns, 

4«*+4«*+4a!*+4aj=0  (6)=(a)xi«. 

(2«'+ir)'+3a;*  +  4:r=0, 
(2«»-f  ar)' +  2(2«» +«)  + 1  =«*-2a:+l, 

2«*+a:+l=a;— 1,  or  f— a?, 
.-.    2«"=— 2  ;'0r  2a!'=— 5a^ 
«»=— 1  2ar=— 2, 

«==fcf^^      a:=— 1. 

BOLUTIOK     4. 

«»+«»+a?+l=0, 

«*(a:+l)+(«+l)=0, 

(«+l)(«"+l)=0, 

whence,    a?+l=0, 

or    ^•+1=0, 

or    «•=— 1, 
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BXAHPLBS. 

It  CUven  a^=16  to  find  a;. 
2»  Given  3a;*=24d  to  fli^d  a?. 
8t  Given  a;*:=5256  to  find  x. 
4t  Given  xl^=a*  to  find  x^ 
5.  Given  a^=6»to  find  ». 

6«  Given  a^x^rst^  to  find  ar« 


^iw.  »==fc2,  =h2f^'^. 

Ana.  a?=±4,  ±4i^'^ 

.4lW.  a?=dba,  dbaV-^l 

Jns.  ar=db:V^i 

.4lW.  a?==fc|/db-, 
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AFFECTED  AND  INCOMPLETE  BIQUADRATICS- 

(341»)  An  Affected  Biquadratic  is  an  equation  in  which  the  un* 
known  quantity  occurs  in  but  four  terms,  the  least  exponent  oi  the 
unknown  quantity  being  1,  or  a  proper  fraction  whose  numerator  is 
1,  and  the  exponents  of  the  un£iown  quantify  in  the  other  terms 
being  respectively  two,  three,  and  four  times  as  large ;  as, 

x^'\-aa^'\-h7?-\-cx^d\  «*+cwp}H-&r+«ri=:rf,  Ac 

(342«)  An  affected  biquadratic  becomes  an  incomplete  biquadratic 
by  omitting  any  one  or  two  of  the  terms  which  contain  the  unknown 
quantity,  aflber  the  first  term,  considering  the  equation  to  be  arranged 
so  that  the  exponents  form  a  descending  seried,  and  the  first  term  to 
be  that  which  has  the  greatest  exponent,  and  proyided  that  when  the 
exponents  of  the  unknown  quantity  in  the  second  and  fourth  terms 
are  fractions  whose  denominators  are  even  numbers,  these  terms  shall 
not  be  omitted.    Thus, 

a:*+(M?»  +  6aj*={f ;  x*+aj^+ex=d;  x*+bx'+cx=d;  «*+(Kr»=rf; 
x*  +  cx=d;  x*  +  bJi^=zd; 

a^+ax^-\'bx=d\  «*  +  a«»+«c»=rf;  x^+bx+cx^=d;  «*+ac*=df; 

s^+ex^=d;  x^+bx^^d, 
are  incomplete  biquadratics. 

(343«)  An  incomplete  equation  of  the  form  €UC*dbb3^=zdzCf  or 

ax»dzbx»=:dzCy  n  being  an  odd  nnmber,  is  susceptible  of  a  general 
solution. 

FBOBLBM. 

Given  ax* + b^^^e  to  find  the  values  of  x. 

SOLUTION. 

ax*-\-bj^=ze^ 
4a V  +  4a6«*=4ac, 
4aV  +  4a5a;*  +  6'=6'+4flkj, 


2aa?'  +  6=±*^6'  +  4ac. 


_     — 6±t/6«  +  4ac 
^= 2-a ' 


^  2a 
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(344»)  It  is  sometimes  advisable  to  consider  two  or  more  terms 
tone. 

PROBLEM. 


Given  9x-^ix'+  V4a;'— 9:r+ll=5  to  find  the  values  of  «; 

SOLUTION. 


9ag-4g*+  i^4a;'— 9a?+ll=5, 

4«*-9«+ll  — V4x"-9a?+ll=:6. 
Considering  y'4a:* — 9^+11  as  one  term,  and  patting  it  equal  to  jfi 
itfF  equation  becomes 

y=-^=8,or-2, 

••.    4s»-9«-fll=y*=9,or4, 

*  4«*-9ar=— 2,  or  —7,     

9=1=7        9=4=  f^— 81 

9d=V-81 
«=2,  orJ;or ^ . 

EXAMPLES. 

.    1.  Given  «*+4«*=ll7  to  find  a?.  Am.  «=8. 

2.  Given  a?*  +  7a?*=44  to  find  x.        Ans.  x—dbB,  or  (—11)*. . 
8f  Given  «*— 74a!' =—1225  to  find  x.       Ans.  x=:±:6,  or  dbl. 

4.  Given  a?*— 6«*=27  to  find  a:.  Ana.  «=  ±3,  or  db  f^^, 

5.  Given  a!»  +  ll+y«*+ll=42  to  find  x. 

Ans.  »=d=6,  or  dbV'is. 

6.  Given  «'— 7«+ 1/««-- 7a; +18=24  to  find  ar.  

.            ^       ^       7d=n73 
^n«.  ar=9,  —2,  or . 


!•  Given«*+t^6ar+«*=42— 6a?iofinda;. 

.  .       ^        -6dbi^22T 

^n«.  a?=4,  —9,  or 

2  ^ 

8,  Given  («"+5)"-4«"=160  to  find  a?. 

-4»w,  x=z  ±3,  or  ±  f— 16. 
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».  Given  ^^^-^=|+^^__  to  find*.    -4iw.  •=8,8,1, ufl. 

!••  Given  «*—2«+6fV—2«  4-5=11  to  find*. 

-         Am.  x—1,  1  or  I=t2fl6. 

11.  Given  2«"  +  3a?— 6 1^2«*  +  8«+9=— 8  to  find  x. 

12,  Given Ox+  Vl6«*+86i'=16**— 4  to  find*. 

^iM.  *=li,  -1  or  — -^ — . 


(8\*  8 

«+-!  4-*=42 —  to  find  *. 


Jns.  *=2,  4,  or  zl^fl!. 
Ml  Given  *(f«+l)«=l02{*+f^*)^2576  to  find*. 

Ans.  *=49,  64,  or  — -l-l-—, 

15.  Given  6*"+2f0*'— 24*=16*+12  to  find  *. 

.  „       ,        4=fc2f^l8 

Ans.  *=3,  —J,  or ^ 

8 

16.  Given  y^Ti??_18-(|f^+^-2)  ^  ^^^  ^^ 

An$.  x=B,  —6,  or . 

17.  Given  (a'-l)(*'-2)  +  («'-8)(*'-4)=«*  +  6  to  find  x. 

Am.  ir=±l,  or  ±3. 

"•^•"«'^?qat8+-?+^+irr^3=0tofind* 

^iM.  *=dbl,  or  ±8. 
The  resulting  equation  in  this  problem  after  reduction  is 

**— 66*'=— 64. 
In   solving    this,  to   avoid    large   numbers    put    65= 2a,    then 
— 64=  —2a + 1,    The  equation  after  substituting  becomes : 
35*— 2aaj'=— 2a  +  l, 
«*— 2aaj*+a*=a*— 2a  +  l, 

aj"— a=a— 1,  or  1— a. 
a:'=2a— 1;    ora5*=l, 
aj'=64  a;=±l,     . 

x=±B. 


BIQUAPBATIO  EQUATIONS.  827 

(345*)  Biquadratic  equations  may  be  reduced  to  simpler  forma 
when  both  sides  are  perfect  powers,  zero  being  considered  a  perfect 
power,  by  extracting  the  root.  Sometimes  artifice  is  necessary  to  get 
the  equation  in  a  proper  form  for  reducing.  The  artifices  that  may 
be  employed  are  numerous ;  particular  ones  being  applicable  ouir  tii 
particular  problems. 

PBOBLSM 

1.  QWea  fl^—- 4ir'  +  6:r'— 4a;+1^0  to  find  the  yalues  of  x. 

SOLUTIOK    1  . 

a?*— 4«*+6a:*— 4af-fl=0. 
Taldng  square  root  twice,  or  the  4th  root,  we  hare ' 

jp— l=±f  ±0=0,  -0,  v^-O,  or  —  vCIo=0,  0,  0,  or  0. 
af=T,  1, 1,  or  1. 

BOLtJTIOH    2. 

a^-r4«' + Ci"— 4«+ 1 =0, 

(a;-i)(i,-i)(af-l)(a:-l)=0, 

^a;-l=0, 

whence,   •{    "",""' 
'       a:— 1=0, 

U-.1=0, 

fl?=l,  1, 1,  orl 

PROBLEM 

S.  Oiven  oi*— 44^+6^*— 4:e*  +  l=36  tofindthe  values  of  «; 

SOLUTION. 

a:*— 4«'+6ic*— 4«+l=86. 

a;=l=fcf±6,  

ir=l±f/6,  orl±f^-6. 
Or, 
«»-2a;+l=db6, 

ic-l=±f±6j^ 
x=l±V±:Q. 

*PBOBLEM 

g.  Given  —+!?— 49=94--  to  find  the  values  of  «. 

4         dr  X 
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«  80LUTI0K. 

4  ar  OS    08 

=3+— >or  —3 — ^ 

1x    ^     B  1x        ^6 

7a5"=6aj+16  Ya5"=— to+12, 

7a?-6aj=16  »a!»+6a;=12,         _ 

Szfcll     ^       '         •  -3±V93 

«=~^— =2,or-l|  «= 


Y 


PBOBLEM 


4.  Given  /(a;-2)«-«  y-(«-.2)«=88-(«-2)  tofind«. 


SOLUTION. 


/(a?-2)*-a?  y-(a?-.2)*=88-.(a?-2,) 
/(^-a)«->p\«-/(rc-2)'^rc  )=90, 


l=bl9     ,^ 

a;*— 6af=:6   -          ;  or,  «■— 6a?=— 18, 
j-==— -=6,  or  -.1  af= 


PBOBLEM 


^    _.  12+8a4^    ^   , 

5.  Given  «= to  find  x. 

«— 6 

80L17TXOK. 

12  +  8af* 


«■— 6a?=12  +  8a?i, 
«•— 4ar=12  +  8arJ+af, 
ar'--4ar+4=rl6+8arJ+«. 

a?— 2=4+ari,  or  — 4— rri,  [Torward, 
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.••    a?— a4=6;  ora?+ari=-^2 

ari=-2-=3,  or  -2  rf= 

2 
.    EXAMPLES. 

1.  Given  «*—82:*+24«'—32«+ 16=81  to  find  ar. 

-47W.  a;=6,  —1,  or  2±3V'~1. 

2.  Given  a;*— 8a?'+24ar'--32i?=240  to  find  ar. 

^iw.  x=e,  —2,  or  2±4y^. 

-»    ^.        X*      17ar* 

3.  Given  •-  +  — 1 7ar=  8  to  find  x. 

Ana.  a?=db2,  or  — |,  or  —8. 

Jr.-        o»r  .     841  .  17     232      1 

4.  Given  27a:»_^ +_=_-_ +5  to  find  x.  

Ans,  a?=2,  —  lJ,or «. 

5»  Given  a?»— — +  16=— ;  to  find  x. 

2  16       a?' 


.  .       o       -2±2|/-.7l 

^jw.  a?=4,  —8,  or . 

.9 

i!    n-  a:*       .      6  351  ,    ^  ^ 

«•  ^'^'^  (;n4)«+i?z:4==^5?  *o  fi^^  ^- 

^w«.  ar=d:3,  or  =tV^f  {• 

•7.  Given  a:+4-2i/^=-?-  to  find  x. 
^  a?— 4     a:— 4 

-4/i«.  a?=db6,  or  if'Tf. 
8.  Given  3((a:-l)*-arV  +  2ar=341  +  2(a?-l)*  to  find  ar. 

,  ^       ^        3V3dbf^IIl09 

^n*.  a:=5,  —2,  or 


21/3 


^  4         21 

9.  Given  — --4.— __=—  to  find  aj. 
«+4    ^a.4.4      ar 


.             ,60        49±|/3186 
^n«.  ar= 12,  —3,  or , 

10.  Given  «•— 2=2|/5—4aj  to  find  ar. 

^7w.  «=  — 1± V^6,  or  \±,V^. 
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11,  Given    '^^! -=(^-2)*  to  find  x. 

Ans,  a;=3,  6,  or 


12,  Given         "     +-777 — :=—  to  find  x, 

V^x'—x"        26ar         x  

Ans.  a?==h2,  or  =hV^— 720796. 

15.  Given  (jr+6)'4-2a:l(a;+6)=138+a*  to  find  ar.  

A  A   n        -33q=f-67 

.4jw,  fl?=4,  9,  or -^ , 

2 

14,  Given  (ir-2)*— 6a:l(«-2)=24— 14a;+16jri  to  findar. 

Am,  a;=l,  16,  or , 

2 

15i  Given  (4a;+l)»+4a*(4a?+l)=1912-(10a?+3a*)  to  find  a?. 

A  «    ,0,  -90qp  1^-181 

^n».  a:=9, 12},  or ^ 

o 

27a?  — 

16.  Given  «• — j.  +  26=:7fx(6-a;)  to  find  a?. 

J  .   «,         209qpl3|/249 

^n«.  a?=4,  6J,  or -~- , 

8 

17.  Given  8j:»-13=^+V'6«'4-62a:*  to  find  x. 

2 


Ans.  af=2,  —If,  or  • 


64 


4a:» 


18.  Given  4a:'  +  21a?+8arif^7a:»— 6a?=207— —  to  find  x. 

3 


«   ,«,.        ~129±3i^-^2667 
Ans.  a?=3,  12|f,  or . 

19.  Given  a:*— 8a;*— 12a?'  +  84a?=63  to  find  x.  

Ana.  a?=2±i^7±|/ll±i^. 

^    ^.        ««  +  8     4a?+6  ^  ^    ^   . 

Z0«  Given  — -= — =  — - —  to  find  x. 

6  ar  3 

Ans.  a?=4,  —2,  or  — IdbV^. 
21.  Givena?*— 12a:==6tofinda?.   Jjw.  a?=l±V'2,or  —  lifc2V^. 

22*  Given  x= -~  to  find  x.       Ans.  a;=4, 16,  or  8q=2V?. 

a? -^18 


BIQUADRATIC  EQUATIONS.  881 

8       2        /       2\ 

23*  Given  x — = =61 1  +-)  to  find  x. 

|/jj.      «         \       x/  

Atu.  a: =4,  9,  or . 

21f  Givena?*—25ir'  +  60a;— 36=0  to  find  ar. 

Ans,  «=1,  2,  3,  or  —6. 

25.  Giren  «*— 36«»+72i?— 36=0  to  find  «.       _  _ 

Ans.  x=zBdzV3,  or  -3dbf/16. 

26.  Given  «*— 6a:«— aFr-8=0  to  find  x. 

Ans.  ar=8,  —1,  —1,  or  —1. 

27.  Given  «*— 9«*4-4a?+12=0  to  find  a?. 

•  Ans.  a?=2,  2,  —1,  or  —8.  ^ 

28.  Given  «*— 6a?*  +  24aj-16=0  to  find  ar. 

Ans.  «=±2,  or  Sdbf'S. 

29.  Given  a:*— 7ar*+69ia?— 721=0  to  find  x. 

Ans.  «==bi4^84,or8i=bJi^l6, 
SO.  Given  a?*— lYar*— 20ar— 6=0  to  fiiti  a?. 

Ans.  x=:2±V1,  or  — 2=hf^2. 

31.  Given  a:*^66aj*— 30a: +604=0  to  find  x. 

Ans.  af=3,  Y,  —4,  or  —6. 

32.  Givena;*— 3a^— 4a?— 3=0  tofindar.  

l=bfl3         -Idby-S 
Ans.  x=—^ — ,  or  ^ . 

88*  Given  ar*—27«*+ 14a? +  120=0  to  find  x. 

Ans.  'X=S,  4,  — 2,  or  —6. 

*      34.  Given  a:*+6a?*— 24a?— 16=0  to  find  x. 

Ans.  a?=2,  — S,  or  — 8±i^6.  . 

85.  Given  a;*-46a;'-40a?+84=0  to  find  a?. 

Ans.  a?=l,  7,  —2,  or  —6 

86.  Given  i/^  +  i/i=^""'^'^*  to  find  x. 

^  X*      y  X         X  27 

-4jw.  a?=d:l,  or  ^-x-» 


8T)i  Given  a;Yl  +^j  -(3«'+a?)=70  to  find  a?. 


^jw.  a?=3,  — 3i,  or -r . 
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•18.  Given  -J!L=  +-?^= J?  to  find  *. 


Ans.  «==h6,  or  ±J*^1666L 


89.  Given  a:*—2a;+4=2Va:'  —  l  to  find «.         ^     ^  

Jim.  x=4dbf/6,  or  dbf^— 2, 


40.  Given  a5-2f^a5+2=l+V«"—3a:+2  to  find  as.  _ 

iliw.  aj=9db4y7,  or  — - — . 

(3  46.)  An  equation  of  the  form  aa^d=5sB'=kea:^=k&B+a=0,  is 

called  a  recurring  equation  of  the  fourth  degree,  or  a  hiquadraUe 

recurring  equation, 

?> 

PBOBLEM. 

(347.)  Given  ax*+ba^+cQ^+bx+a=:0  (1)  to  find  the  values 
of  a;. 

1S0LUTI0N. 
Bj  multiplying  bj  4a  we  get 
4aV  +  4a&ir»+4aca:*+4a6a?+4a*=0  (J4)=(l)x4a. 

(2a«*+6x)*  +  (4(ic-  h'y + 4aftx + 4a*=0  (^) 

{2ai^+hxy+ia{2ax'^bx)  +4a'=(8a«+6«-4ac>B»  (C7) 
2aa?'+&r+2a=dba?V8a»+6*— 4ac 


2ax'+(ft:f  V8a'+**— 4a<;)ar=— 2a 
±i^8a»+*-4ac~6±  |/-8a'  +  26*-4acq:26V'8a*+6»— kk? 

,= L.J: — ^^ ^. 

4a 

It  may  be  perceived  that  the  coefScient  of  a^  in  the  term  that  is 
added  to  both  members  of  (A)^  and  which  makes  the  first  member  a 
perfect  square,  is  a  function  of  known  terms. 

This  coefficient  is  equal  to  the  coefficient  of  a^  in  (B)  subtracted 
from  twice  the  coefficient  x*  in  {A)y  or  confining  the  explanation  to 
the  primitive  equation,  is  equal  to  8  times  the  square  of  the  coefficient 
of  x\  plus  the  square  of  the  coefficient  of  x*,  minus  4  times  the  pro- 
duct of  the  coefficient  of  x*  by  the  coefficient  of  x*. 

If  the  primitive  equation  had  been  multiplied  by  a  instead  of  4ci, 
the  coefficient  of  x*  in  the  term  added  would  have  been  just  ^  as  much, 

or  (db2a'+7— «cj. 
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Note. — This  mode  of  treating  recaning  equations  of  the  fourth  degree  ia 
originaL  The  method,  it  will  be  perceived,  is  a  general  one.  The  discoyei7 
was  afterward  independently  made  by  M.  0.  Stevens,  who,  at  our  request,  has 
iiimished  the  following  concisely  written  rule.  In.  applying  it,  the  original 
equation  must  not  be  multiplied  by  4,  as  was  done  in  our  solution,  in  order  to 
avoid  fractions. 

.  BULB. 

Divide  l>y  (he  coefficient  of  ^  and  transpose  (he  term  containing  sfi ;  (Ken  add  to 
each  member  2as^+  the  square  of  half  the  term  containing  x^  or  ^2a^+  Ihe  same, 
according  as  the  second  and  {hefowih  term  have  Uke  or  urdike  signs.  Extrdd  the 
square  root  and  the  equation  reduces  to  the  second  degree. 

(348«)  The  following  is  the  plan  usually  given  for  the  solution  of 
a  recurring  equation  of  the  fourth  degree : 

PROBLEM. 
Given  ax^+ba^+ea^  +  hx+azzzO  to  find  af. 

SOLUTION. 

X      X 

*  X 

«(«*+y+6(«+^)+c=0 

Now  put  x-\ — =y 

Iben  «*+2i=y'— 2 

Substituting  a(y'— 2)  +6y+c=0 


y= 

^  2a 


1     -6dbi^8a*+6'-4ac 

.-.    «+-= 

X  2/1 

2a«*  +  (6q:V8a*+ft*— 4ac);r=  —2a 

±t^8a'  +  6*— 4ac-.6±i/— 8a'  +  26'— 4flfcq:264^8a'  +  6*"^^ 
*= ' ii . 
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PBOBLXM. 

Oiyen  10a;*— 9^;'— 20x*— 9a;  +  10=0  to  find  tho  valoea  of  j; 

SOLUTIOir     1. 

10a;*-9a:*-20«*-9«+10=0, 

400a;*-360aj'—  800««— 360a?+400=0, 

(20a?«-9ir)*-881«'-860a?+400=0, 

(20«*-9a?)*+40(20iB'— 9«)+400=1681«*. 

20«»— 9x+20=db41aj, 

•  ••    20«*— 60j?=— 20  ;       or  20«»  +  82ar=— 20, 

2«*— 6a;=— 2  6iB'  +  8x=— 6,        ^ 

6db3     ^        ,                     -.4=fc9»^-l 
a?=--^=2,  or  J  ar= g .^ 

SOLUTION     2. 

10«*-9a?"— 20«'-9a?+10=0, 

10«*— 9«—  20 — +:t-=0, 
OS    or 

10(.^+^)-9(,+l)=20. 

"  1 

put    «+-=y, 

then    «*+-=y*— 2, 

MibBtitating  lOy*— 20— 9y=20, 
'   10y*-9y=40, 

9=i=41 


y=-20-=T'^'^-? 


16  8 


and    2«'— 5a:=:— 2;  or  6«*  +  8af=— 6, 

«=-^=2,ori  «= ^ . 

EZAMFIiBB. 

I.  Given  «*4-24«*— 114*'— 24a;+l=0  to  find  x. 

Am.  «=2=b  Vl,  or  -14=b  K197. 

J.  Given  «*  +  6«*  +  2x« +6«'+ 1=0  to  find  x.  

A             -1-4/— T        — 6=fc^21 
Asm.  «=±k— l,or . 
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S«  Given  «*'+«•+«'+«+ 1=0  to  find  x. 

Ans.  ^^i:}±^^^±}£}2^ 

4 
4f  Given  2^;*— 4a?»— 6«"— 4a;+2=0  to  find  x. 


Ans.  ,=}M2Ml±^l 
2 

5.  Given  Sx*  +  2x*  +  4x^  +  2x+Zz=0  to  find  x. 

.  --ldbi/Ydbf^-28=F2V^7 

An9,  x= . 

6 

6«  Given  4x*  +  3a?*— 8a?*— 3«+4=0  to  find  a?. 

-3=fci/f8 


Ans,  a?=±l,  or 


!•  Given  .,  ,    ..=4  to  find  a?. 


8 


Ans.  X— 1  dbf^3db:f^3yV3=fc2. 


(349«)  lliere  are  other  biquadratics  that  are  not  recurring  which 
are  sueceplible  of  a  similar  solution,  but  the  coefficient  of  a?'  must  be» 
decided  by  trial. 

KXAMPLSS. 

!•  Given  a?*— 2ar*— 7aj*— 8a?+16=0  to  find  x. 

Ans.  x=zl,  4,  or  ^^=^-'^, 
2 

2*  Given  «*+«•—«•+ 2a? +4=0  to  find  a?. 


Ans  T-~^=^^^=^~1Q=F^21 
4  • 

8.  Giyen4a?*  +  8a?'— 8gaj*+28a?4-49=0  tofinda?. 

Ans.  xs=ly  3|,  or p ^, 

4.  Given  2a?*  +  24a?"-315a?*  +  216a?  +  162?=0  to  find  a?. 

Ans.  a?=~3dbjV94=fc3f^^^^i*^. 

5.  Given  a?*— 12a?' +  47a?'— 72a? +36=0  to  find  a?. 

-4n*.a:=l,  2,  3,  or  0. 
8*  Wven  a:*— 9a?"+15a?'— 27a?+9=0  to  find  x. 

.  9db3f^=tt'78db64f5 

,A3M.  Xziz  .    , 
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7i.  Given  a;*  +  36x»— 400a!*— 3168x+ 7744=0  to  find  x. 


Am.  a?=-9=fci^l37=bf/306=f:18f^l37. 

—    8         7  1-4-^    Y 

8t  Given  Vx — =-= to  find  x.  Am.  «=1,  10,  or 

X    f/aj-2  2 

(350.)  There  is  a  ckss  of  problems  which  may  be  solved  aftei 
tLe  manner  given  in  the  solution  to  the  following 

PROBLEM. 

Given  «*  +  2«*— 7aj*— 8j:=— 12  to  find  the  value  of  «. 

SOLUTION. 

«*  +  2**— 7a:*-8JJ=— 12, 
(«•  +  a:)*— Bjc*— 8j?= — 12, 
(ar«+a?)'--8(a:*+«)=-12, 
(«»+«)«-8{««+*)  +  16=4, 

«*+ar— 4=d:2, 
a:*+ir=:6,  or  2, 

«=2,  —3, 1,  or  —2. 

XZAMPLX8. 

1.  Given  a?*  +  2«*— 3«'— 4«+4=0  to  find  x. 

Am.  a;=l,  1,  —2,  or  — C. 

2.  Given  «*— 12«'  +  60a:'-84jJ  +  49=0  tofind  J?. 

Am.  x=Z±V2,  or  3 ±1/2. 

3.  Given  «*— 10a!«  +  36«»-60a:+24=0  to  find  x. 

Am.  a;=l,  2,  3,  or  4. 
4i  Given  a:*  +  2«"—13a;»—14a?  +  24=0  to  find  X. 

Am.  a;=l,  3,  —2,  or  —4. 
5.  Given  «*  +  12a:*  +  54a;'  +  108ar  +  81  =;0  to  find  x. 

Am.  a?=— 3,  —3,  —3,  or  —3. 
••  Given  x*  +  2g«* + 33rV  +  2g'a;=r*  to  find  a;. 

2 

7.  Given  a;*— 14a:"  +  61a?'— 84af+36=0  to  find  x. 

Am.  a;=l,  1,  6,  or  6. 

8.  Given  4a:*+|=4aj'  f-33  to  find  ar. 


Am.  ar=2,  — Ij^,  or , 
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9.  Given  «*— 2aj»— 2a?«  +  3ar^l08  to  find  x. 


Ans,  a?=4,  —8,  or , 


lOt  Given  «*— 2a;*+«=30  to  find  a?. 


^TW.  a?=3,  —2,  or . 


11,  Given  «*— 6«'  +  6«"  +  12a:=60  to  find  x. 


Ans,  x=5j  —2,  or , 

12.  Given  «*— 8a:'  +  10a:'  +  24a;+5=0  to  find  x. 

Ans.  x=5,  —1,  or  2dzV6. 

13.  Given  «*— 2ar'+a?=132  to  find  x. 

Ans.  a?=4,  —3,  or , 

2 

11*  Given  a?*— 2a»*+(a'— 2)a:'  +  2aaj=a»  to  find  ar. 


-4n«.  xz=z^dt\/^+l±Vl-^a\ 


15.  Given  «*— 8aa;'  +  8«V+32a'a?=9a*  to  find  x. 

Ans.  ar=2a±al/3,  or  2adbaf^l3. 

-^    ^.        18  .  81~a^       a:'~65  ,   ^  ^ 

16.  Given  — =+ — = — — —  to  find  x. 

Q^         9x  12 

Ans.  x=9y  —9,  —4,  or  —4. 

17.  Given  a?*— 2a?*— 25a?* +2 6a; +120=0  to  find  a?. 

Ans.  a?=3,  5,  —2,  or  —4. 

18.  Given  a;*— 12a?*  +  44a?*— 48a?=9009  to  find  a?.  

Ans.  a;=13,  —7,  or  3±3K^^^. 

19.  Given  ar*— 2a?*  +  2a?— V'^rire  to  find  x. 

^»».  a?=:l,  4,  or . 

JOi  Givena^— 6a?"  +  13a:*—12a?=r6  tofinda?.       _  

.             3±:f/13       3±i^--ll 
Ans.  fl?=— 2 — ,  or . 

21*  Given  a?*--8aa?'  +  8aV  +  32a'a:=e?  to  find  ar. 


Ans.  x=2a±ySa''±:Vl6a*+d. 

22.  Given  a?*— 4a?'+8a?*— 8a;-21  to  find  x.  

Ans.  a;=:3,  —1,  or  ld:f/— 0. 
22 
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28.  Given  4a;'  +  24x'+52x'+4ap::=480  to  finely. 


.  -3dbndb8f^31 

Am.  x= , 

2 

24,  Given  ar*+12«*  +  40«*  +  24«=837  to  find  x. 

Ana.  a:=3,  —9,  or  — 3dbV— 22. 

25.  Given«*  +  6**  +  8ai:'  +  213x=2128tofindar. 

#  .  .  -     .         ^.    I 

.  — 3dbi^-133db2l^l356d 

Afu.  a?= . 

2 

(35 1  •)  The  following  examples  are  best  solved  b7  factoring,  Binoe 
the  fiicton  are  readily  obtained.  The  solution  of  the  following  pzob- 
lem  will  serve  as  an  illustration. 

FBOBLXM. 

Given  a^+Sa^— 3a;r=9  to  find  the  values  of  or. 

80L17TXOB. 

(^•  +  3a?*— 3ar=9, 

(aj+3)««=3(«+8), 
««=3,_ 

«=V3, 
Kviding  «■— 8  by  »— VS,  we  get  «»  +  \/3aj+l/9=0, 

«»+V3a?=-V9, 


-V3db^— 31/9 

a?=— 


2 

or     a:+3=0, 
a:=:-3. 


XZAMPLXS. 
13«" 

I.  Given  af*+-—-89«=81  to  find  ». 


Ana,  a?==t:8,or . 

.  2.  Given  26a?*-624«'=:26  to  find  x.  -  

Ans.  ar==h5,  or  rfcjl^— 1. 

8«  Given  «*— a?*—2aj=4  to  find  op, 

An8.  a?=:2,  —1,  or  dr  V"^ 
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BIQUADRATIC  EQUATIONS  CONTAINING 
TWO  UNKNOWN  QUANTITIES. 
(352*)  In  enminatiiig  one  of  the  unknown  quantities,  the  student 
must  be  guided  by  the  methods  used  in  equations  of  the  lower  de- 
grees, adopting  that  mode  which  seems  to  be  best  suited  to  the  par- 
ticular problem  under  consideration.  In  the  following  examples  there 
are  some  which  belong  to  what  are  called 

HOMOGENEOUS    EQUATIONS, 

^353*)  Homogeneous  Equations  of  the  fourth  degree  are  those 
in  which  each  of  the  literal  terms  contains  two  literal  factors ;  as 

for  these  equations  are  the  same  as  when  they  are  written  xz-\'Xy=za 
and  yy+xx=zh^  in  which  it  is  seen  that  each  literal  term  contains 
two  Eteral  factors.  Homogeneous  equations  of  the  fourth  degree  are 
susceptible  of  a  complete  solution,  according  to  the  plan  exhibited  in 
the  solution  of  the  following 

PROBLEM. 
SOLUTION. 

«y+2y*=60, 
Put  y^nx    «"+»kb'=60, 

and    naj'4-2«V=60, 
60 


a;"=- 


bQ  _    60 
H-»""n  +  2»*' 

14  _     15 
l+»~"w+2n*' 
28n*-|-14n=16  +  15n, 
28»*— n=16, 

1±41     , 

Whence,    aL=db4i^2,  or  dbl4, 
and         y==h3i^2,  or  :F10. 


840 
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BsiCABC^Some  of  the  following  examples  are  compoaed  of  homogeneoQi 
equationa,  and  may,  therefore,  be  aolred  after  the  manner  of  the  one  just  giTeo. 
The  others  are  miaoellaneoiu  in  their  oharaoter,  and  Tarions  are  the  artifices  to 
be  employed  in  redndng  them.  The  student)  as  a  general  role,  should  so  manage 
the  equation  as  to  obtain  a  perfect  square  in  the  left  hand  member,  and  tbiB 
may  be  obtained  frequently  before  elimination. 

XZAMPLXS. 

I.  Given  i(«+y);:(«-y)'::«4:l.l  tofind««dy. 

Am.  a5==fc9,  or  ±7,  y=--=tY,  or  ±9. 

An..    j^=f''f„*'*'' 
(  y=z:3,  or  18. 


S.  Given  J!.+  *''^+j'="l  [  to  find  «  and  y. 


Am. 


a!=±9,  or  ±4, 
or  ±9. 


4.  Given  |*"^^"^S*+ A^ll  ^^^'"'^^y- 


5t  Given 


(«+y)^ 


Am. 


«=1,  8,  or 
y=3,  1,  or  2 


2   J 

9T  f^-ei 


»  to  find  X  and  y. 


-4n«. 


32 

-3±V-119 
8 


x=Z,  6,  or 
y=l,  2,or 

^'"-    iy=±6.4o. 
7.  Given  i^+*+y=18-y*  j.  to  find*  and  y. 

An,,   i*=3,2,or-8±V8. 
(y=?,3,or-8:Fn 
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8.  G.ren  ■{       •      ^  '  ^        ^  »  L  to  find  a:  and  y. 

(  «y-y'=8,  f 

^n*     fa:=6,9,or-9=F^6, 
^''*-    ]y=4,l,or-3d=i<6 

•.  Given  j'^'^^lVlM  to  find  ^  and  y. 


.^IfW.   •• 


-13dbV^-89 
a=0,  3,  or ^ , 

y=3,  9,  or :| . 


10.  Given  J    ^^-J^-^'y''  I  to  find  a:  and  y. 


^^     (.=4  2  or8±m, 


,.       ,    ,  or  3^:^21. 

.        \  a5=6,  i,  or , 

Ana.    i         '»'       i7:p6V^=?_ 

C  y=S,  —16,  or  — 6±»^-2. 

12.  GiTOn  |'^''"^^2'J  to  find*  and  y. 

^     (.=2,1   -2,  or -1. 
(  y=l,  2,  —1,  or  —2. 

13.  Given  \  '^'^£z^>  [  to  find  ar  .and  y. 

(      fl?y=«,)  ■_      

j  aj=i(±  *V+2o^±  lV-2a]), 

14.  Given  •<  '  x+y     '     3x        '  >  to  find  a;  and  y. 

(a^— (a!+y)=S4,  ) 

^*^-   t  y=12, -9, 12,  or -9. 


16.  Given  <     1     ^    _«     ^  to  find  «  and  y 


Ans.  \         .    ' 


a?==b2,  &a, 
<fec. 


+ajy'=30,  ^ 

^'**-ly=?2,8, -6,orl. 
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iaf    y    *  y*  ) 

■p+a+y=<'*~-?  (  to«iid«andy. 
«-y=2,  )  _ 

,*=4, -2,orl±fA^^ 

^"•'  jy=8,-4,or-l±f'/j, 
(  («*+y^(«— y)=1220,  J  ' 

( #—11,  -1,  or  Q\±v-znu, 

''**'   1y=l, -H,or-C 


-«l±y-3Y16. 


I- 
19f  Given  <y 


J-8f?=0^=9y-16^.?  tofiBd*«»dy. 


iS»=4+26y', 
-*«•   1  y=*,  -J,  lV3i,  o,  -JI^ZTi. 
I.  Aim  I  •^^-'l^^Zji, }  tofind  . and y.  

'*~'   |y=4,6,or8Ti4^-H*» 


21.  Giren 


V      g  _S4 

.8    2t^y    y'J 


>  to  find  «  and  y. 

^-   1y=9,i^,-      


u^.  -< 


a?=6,  J,  or ^^- — , 


y=6, 160,  or 


58 
1682 


O^TrpfeOiS' 


2S. 


««™{^-?:«^:'°°'1'»«»^'»^'- 


Am, 


a?=400,  226,  or  12^-l:f  6f^— 23, 

rn/.       o*,..         126±26f^^^28 
I  y=600,  —376,  or . 
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21.  Giwn  I  J^^Ji^^  [  to  find  «  and  y. 


Atu. 


*=2, 1, s » 


f—h^ o 


«.  6iven  ].!rt"S=f +'^'  ^,,   }  to  find,  and  y. 


.4n«. 


*=r3,- 


181        65iF  1^1114 
133'  ^'         26        ' 


84         -9=fc3VllU 


2^=''133'"' 


.(354*)  Biquadratio  equations  which  do  not  admit  of  solution  by 
any  of  the  previous  methods  may  frequently  be  solved  as  cubics  by 
the  addition  of  a  binomial  squared  to  both  members. 

PBOBLXM. 

Oiven  «*+4«*— «*— 16af=12  to  find  the  values  of  x. 

SOLUTION. 

aj*4.4aj»-a!«-iea?=12 
(a^ + 2«)*— aa5*— 16»=12 
(«*+2a?y-4(«*  +  2a?)+4=««  +  8ir+16. 

«*  +  2ir— 2=«+4,  or  — flj--4, 

•  ••    «*+af=e  ;  or«*  +  3«=— 2 

XZAMPLXB. 

1.  Given  «?•— 6«*+12a?*— 10<c+3=0  to  find  x. 

Ana,  jr=:l,  1, 1,  or  3« 

2.  Given  **'-4a^— 19«'+46a?+120=0  to  find  x. 

Ana.  iP=4,  6,  —2,  or  —8. 
(•  Given  «*+3af*+ir*— 3ir=2  to  find  x. 

Ans,  a?=l,  —1,  —1,  or  —2. 

4t  Given  «*— 6«*  +  5a?*+2af  =  10  to  find  x. 

Ans.  «=6,  —1,  or  lifcV— 1, 
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fit  Given  a?*— 4«*— 8x+82=0  to  find  x.  

Ans.  x=2,  4,  or  -Idbf-a. 

••  Given  «*-.9«*+80«"— 4e«+24=0  to  find  as.  

An8.  «=1,  4,  or  2^1^-2. 

7.  Given**— «*+2«"+«=8  to  find*. 


Asm.  af=±l,  or — — . 

8t  Given  e«*— 48«*+107aj"— 108aj+8e=0  to  find  a;. 

Ans.  a;=|,  IJ,  2,  op  8. 

f .  Given  «*+«•— ie«»-4«+48=0  to  find  x. 

Ans.  a?=2,  3,  —2,  or  —4. 

10.  Given**— «'—ll«»+9a;+ 18=0  to  find  a;. 

Ans.  a?=2,  8,  —1,  or  —8. 

11.  Givena^-8«*+14«»+4a?=8tofinda?. 

Am.  a;=3±V'6,  or  l±f3. 

12.  Given«*-12^+48a!"— 68fl:+16=0tofinda?. 

Ans.  aj=3,  5,  or  2dcy3. 

18.  Given  2«*-2«*-2a;*+— + ^=0  to  find  a?. 

ldbf^2 
Ans.  x=±\y^i  or  — -^, 

II.  6ivena;*+a;*— 20«*— 0a?+180=0  tofinas;. 

Ans.  a;=3,  4,  —3,  or  —6, 

15,  Given^— 4aj*— 29aj'+166a?=180tofinda;. 

Ans.  a;=2,  3,  6,  or  —8* 

16*  Given  ip*  +  29a;*  +  287a;*  +  1147a?  4- 1560=0  to  find  a% 

^jw.  a;=— 3,  — r,  —8,  or  — la. 

'       17.  Given  «*-.9^*+ i^  +^=T  ^  ^^  ""' 

Ans.  a;=li,  H,or3±3*^2 

18.  Given  a;*— 8a;*  +  23a;*-64a;+120=0  to  find  a:.  

Ans.  a;=3,  6,  01  ±2^-2 

19.  Given  ,ar*-16a;*  +  79a;*—140a;  +  68=0  to  find  a;.  _ 

Ans.  ar=2±|/2,or6±*^7 
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20»  Givena?  — 6«*— 5«*  +  45a;=36  tofind«. 

Ans.  aj=l,  3,  4,  or  —3. 
21  •  Given  «*  -  3a;*—  16a;* + 49a;= 12  to  find  x. 

Ana,  af=3,  — 4,  or2±f3. 

22.  Given  a?*+a;*— «*— 6a?+4=0  to  find  x. 

An».  a;=l,  1,  or . 

23.  Given  a?*+a;*— ar*  +  10ar+4=0  to  find  a?. 

Am.  aj= ^  or  lif'— 3, 

24.  Givenar*— 7a;*  +  9x*  +  27aj=64tofinda?. 

Am.  x=Sj  3,  3,  or— 2. 

25.  Given  a;*+  3a;*— 7a?*— 27a;=18  to  find  x. 

Ans.  a;=3,  —1,  —2,  or  —3. 

26.  Given  Ca;*- 26aJ*  +  26a;*+4a;.=8  to  find  x. 

Ans.  «=!,  2,  2,  or  — i. 

27.  Given  8a;*-38a;*+49aJ*— 22a?  +  3=0  tofind  x. 

Ans.  a;=J,  J,  1,  or  3. 

28.  Givena;*— 9a;*  +  l7a!*+27ar=:60tofindar. 

Ans.  aj=4,  6,  or  ±*^3. 

29.  Given  «*+«*-24a;*-i-43a?=:21  to  find  x.  _ 

u4n«.  a?=l,  3,  or . 

2 

30.  Given  aj*+a;*+a;*—120a;=100  to  find  ar. 

Ans.  a;=2±2t/2,  or  — =— ^^ . 

2 

81.  Givena;*+«*+a;*  +  141a;=100tofinda;. 

Ans.  a;=""^^       ,  or  2±V^^. 

32.  Given  aj*+a?*— 19a;*— 49a;=30  to  find  x. 

Ans.  a?=5,  —1,  —2,  or  —3, 

33.  Given  a?*— a;*— 19a;*  +  49a; =30  to  find  x. 

AnsSx=:ly  2,  3,  or  —5. 

34.  Given  a;*— V«* +¥«*—¥"« +f=0  to  find  x. 

Ans.  a;=J,  J,  1,  or  3. 

85.  Given  a;*— 38a;*  +  210a;*  +  538a;  +  28.9=0  to  find  x. 

Ans.  a;=  — 1,  —1,  or  20 i  Vui. 
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86.  Given  i^'-lia:*— 6«*+91«+6=:0  to  find  «. 

Ans.  «=2,  8,  or  ^^^?^^.     • 
n.  Given  «*-.6«»-M»'-.114«=ll  to  find  «. 

(355«)  Tliit  inetKod  of  solution  is  applicable  to  all  affected 
biquadratic  equations,  as  is  shown  bj  tiie  solution  of  the  following 
literal  equation.  But  it  is  not  always  practicable,  as  the  quantity  to 
be  added  is  fteqnentiy  <tf  such  a  character  that  it  can  not  be  easlj 
found. 

PBOBLXM.  ^ 

Given  d^— (a+(+e+(Q«'+(a5+ae+»i+&c+M+oena^-'(ak+ 
ahd'\'acd'\-hoijX'{-abod=i^  to  find  a;. 

SOLUTION. 

4i;*— 4(a+(+e-f  (i)«'  +  4(a6+ac  +  of  +  6c+  hd  +  ed)s^—^(ahc+ 

abd+aed+bedjx-^-MHid^O^ 
[2«»—  (a+fc+c+rf)«]*—  («•—  2ab-^2ae-^2ad  +  ft*—  afe— 2M  + 

[2«»— (a  +  fc  +  €+d>rr+2(a6+a0(2«'  — (<r+ft+c+«0*)  +«**•+ 
2a6crf+cV=(a+fc— c-rf)V— 2(a+ft— e— rf)(a6— erf>»-f 
a•6•-2aficrf+€V^     .-. 

2ic»— (a+6+c+<f)ir  +  a6+crf  =  (a+ft— c— d)a?— (oft— «/),  or 

oft— erf— (a+ft— c— d)«, 
2jB'-'2(a+%=— 2a5;    or^a;*— 2(c+ii)x=:— 2a?, 

«= -> ^=a,orft      X- ^ '=c,orrf. 

A  dose  inspection  ci  tiiis  solution  will  enable  the  student  to  aee 
what  relation  the  coe£Scient  of  a^j  in  the  added  square,  bears  to  the 
values  of  Xj  as  finally  asoertained. 


KISOBLLANEOUS    QUESTIONS.* 

1.  A  vintner  draws  a  certain  quantity  of  wine  out  of  a  fail  vessel 
that  holds  266  gallons;  and  then  filling  the  vessel  with  water,  draws 

*  These  qiestions  should  be  solved  without  resorting  to  the  method  Just 
given. 
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ott  tiie  same  quantity  of  liquor  as  before,  and  so  on,  for  four  draughts, 
•when  there  were  only  81  gallons  of  pnre  wine  left.    How  much  wine 
did  he  draw  each  time  f  Ans,  64,  48,  36,  and  27  gallons. 

2.  An  upholsterer  has  2  square  carpets  divided  into  square  yards 
by  the  lines  of  the  pattern.  Now,  he  observes  that  if  he  subtracts 
from  the  number  of  squares  in  the  smaller  carpet,  the  number  of 
yards  in  the  side  of  the  other,  the  square  of  the  remainder  will  exceed 
the  difference  of  the  number  of  squares  in  the  smaller  carpet^  and  the 
number  of  yards  in  its  side,  by  88.  Also,  the  difference  of  the  lengths 
of  the  sides  of  the  carpets  is  6  feet    What  is  the  size  of  each  carpet? 

Ans.  16  and  36  square  yards. 

S.  A  man,  playing  at  hazard,  won  at  the  first  throw  as  much 
Aoney  lui  he  had  in  his  pocket ;  at  the  second  throw  he  won  5  shil- 
lings more  than  the  square  root  of  what  he  then  had ;  at  the  third 
throw  he  won  the  square  of  all  he  then  had,  and  then  he  had. 
£112  168.    How  much  had  he  at  first  t 

A$u.  19,  or  24^  shillings. 


CHAPTER  Xiy. 

HIOHEB  EQUATIONS. 

(356*)  Equations  of  the  jifik  degree^  fonnerly  call^  tursolid 
equationB  and  equations  of  higher  degrees,  have  not  as  yet  been  found 
to  be  susceptible  of  any  general  solution.  Particular  examples,  liow- 
eyer,  firequentiy  occur  that  may  be  reduced  by  known  methods. 
It  is  the  object  of  this  chapter  to  present  some  of  them. 

PBOBLXM 

1.    Given  a;*^a*  to  find  the  values  of  x. 

SOLUTION     I. 

(«»+a»)(a^-aO=0. 

(a:+a)(jc* — oa;  4- o') = 0, 

a?"— aa;+a'=0,         

aitaV— 8 
aj= ■-' • 

2  ^ 

05=— a, 
(«— o)(a;'+(ia?+a')=::0, 

<5— a=0, 

«=«,  _^  

aifcaf^— 8         — adraf^— 8 
«=«,  -«)   5 1  ^  5 
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SOLUTION    II. 

<«— a)(a;''+a«*+oV+aV+o*a?+o')=0, 

«— a=0, 

(af+a)a?*+oV(«4-a)+a*(a?+o)=0, 
(a? + a)(x*  +  aV  +  a*) =0, 

«=— o, 

.     -a'ifcaY-3 

2 • 

/pplyiog  ihe  rales  for  finding  tlie  square  root  of  surds,  we  get 

a?= r ,  or . 

2        '  2 

It  is  easier,  howeyer,  to  get  these  values  of  x  hj  considering 

(a:»+a*— a«)(«»+a*4-a«)=0, 
a^— aa;+a'=0, 

or    «'+(M;+a'=0, 

adbat/— 3 


«= 


2      _ 


PBOBLSM 

2.  Given  a;* =9'  to  find  or. 

SOLUTION. 

(a;— a)(a;*  4-flw?" +aV +a"«+a*)=^- 
Placing  a;*+(i«*+aV4-a'af+a*=0,  we  have  a  biquadratic  equa* 
tion  in  which  the  ooefiScients  are  literal.    To  solve  this  equation  re- 
quires an  artifice. 

Putting  x=ayj  and  we  have 

y'  +  -^+y+-+l=Oi   P^tti^^gy+-=«>andy»  +  --i=2*-2, 


860  ,  HiaHEB  BQCATIOlia 

mluTe       s*— 2+s+l=0, 

-Idfcf^ 

.  1     -\±V6 

«/+(lTV6)y=-2, 


— ld=  V6±  ♦'-103:2  VS 


--a'-aVB'\'a  f'— 10+2  Vb 

XT' 

4 * 

*  = ; . , 


-a-aVS-af-lO+afS 

• i ' 

BZAMPLSB. 

1,  Given  «•=!  to  find  x.  

Am.  «=!,  -1, — ,  or ^"^ — . 

2»  Given  x*^\  to  finder. 


-ldbVddbV-10=f:2l^5 
ulnt.  «=X,  or J • 

(•  Given  «*=a*  to  find  «.  

!•  Given  ap'=l  to  find  «.  

Am.  «=±1,  iV^,  ±V-^,or  ±i^-V^, 
ff.  Given  ir'+a»=0  to  find  «.  

,                          a±aV5±ai^-.10:fc»Vft 
^fw.  «=— a,  or  -r ^-^^ — .. 

••  Given  a?»+l=0  to  find  a?. 


Am.  a?=— 1,  or  — ,: -.j. . — - — ^-  m^,.— ,, 
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7f  GSven  ^=:a*  to  find  x. 


851 


Ans. 


*■  «=a,  a5,  aft*,  oft*,  aft*,  aft*, 
aft',  oft^,  or  aft*,  in  which 


8«  Given  d^'^o**  to  ibd  rr. 


jdtM. 


'  «=«»  -«, 


«= 


— aiaf'Sia*^— 10:f2*^6 


a±aV6dbaf— 10±2i^6 


(35Tt}  The  following  examples  may  be  solved  by  a  oombination 
of  ike  principlBB  alraadj  lenrned.  Some  of  them  are  inserted  ibr  the 
fimt  time  in  an  American  work,  and  will  be  fonnd  to  be  the  most  diffi- 
cult algebraic  problems  that  have  ever  been  published  in  any  work  upon 
this  sabjeet.  Many  of  them,  however,  will  be  found  to  be  easy  of 
flolution.    Some  of  the  values  in  some  of  the  examples  are  omitted. 

p^oBinic. 


QiT«n2f>"+r/'-2y'— 4ft/— fty +ft'=0  ta  find  four  values 
of  X. 


SOLUTION. 

2  f'y"+*y-2y*-4fty*-fty + ft' 

2yMyTftM-ft': 

^•+2y«*^y«+ft«+/+ft^= 

y'+»^y'+ft'= 

y«  +  ft«: 

2fty*+fty: 

2y*+fty': 

16y*+8fty«: 

16y*+8fty*+ftV 

4/+ ft: 

4/= 

2y= 


=0, 

=2/+4fty*+fty, 
=4/^.4ft/+fty, 
=  ±(2y*+fty) 

=y*+fty, 

=y'  +  2fty*  +  fty, 

.h\ 

=ft', 

=8ft«, 

=9ft*, 

=  ±3ft, 

=2ft,  or — 4ft, 

=  ±V2^±2f^£^ 
=  ±if'2ft,  ±f^-ft. 


(A 
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By  taking  the  minus  value  in  (A)  we  should  obtaic  an  equation 
of  tlie  sixth  degree,  therefore,  the  given  equation  is  of  the  tenth  degree. 

XZAMPLSS. 

!•  Given  2**(«*+a*)*=2«'(«+2a)+a'(a?— a)  tofind  two  of  the 
five  values  of  a;.  Ans.  d?=^  or  — a. 

2t  Given  «*— 4a^=:621  to  find  all  the  values  of  «. 

Am.  iP=3,  -  V23, ,  or . 

(•  Given  d^— G^'^IG  to  find  all  the  values  of  x. 

Am.  flf=2,  -1/2, ^ ,  or  — ^ . 

!•  Given  x^+x^=zl56  to  find  all  the  values  of  x, 
Aus.  «=243,  -28^784, 248(-^'^^""^),  or  28V78i(l5^j. 

ff«  Given  4^— d;^=56  to  find  all  the  values  of  jt. 

Aii$.  ar=4,  V49,  -2T2f^'^,  or  V49('^^y"^^V 

C.  Given  or* +&r*=c  to  find  two  values  of  «. 

Ans.  .=(=*±f±^)* 
7.  Given  3«* +42^^=3321  to  find  all  the  values  oix. 

^n*.  a?=3,  — v/41, ^ ,  or ^ . 

40 

8*  Given  Vx* — ==3ir  to  find  all  the  values  of  «. 

Vx  

Ans.  x=4,  V25,  -2±2f^^,  or  \/25^~^^^\. 
9t  Given  (a?— S)'— 3(«— 6)*=40  to  find  all  the  values  of  x. 

Am.  jrr=9,  54-V26,  3±2i/^,  or  5+V25[""^^         ). 

8  17 

lOt  Given  --j-+ 2=—-  to  find  all  the  values  of  x. 

X  Xf 

Ant.  «rr4,  Vh  -2±2V^,  or  i/^^zl^EEy 
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11.  Given  «»  ^ =-T=r-f  a?«  to  find  all  the  values  of  z. 

Ans.  ar=4,  V49,  T-2:f:2V^'^,  or  ViQ^""^^^"^^), 


X*       X*  1 

12,  Given -=— —-  to  find  all  the  values  of  a?. 

22        4  oZ 

Ans.  .=Vl  VI  W(^^f^).  or  Vi(=l^y 

13.  Given  a:*4-27a:'=2224  +  9a:*  to  find  all  the  values  of  ar. 

^/i«.  a?=±4,  or  ±r . 

2 

11.  Given  (^•  +  l)(a:*  +  l)(a?+l)=30ar«  to  find  all  tlie  values  of  a?. 
Ans.  ar=?^-i,  or  -I±i»^^±|/-1JT1^^. 

I5<  Given  («— i)* = to  find  all  the  values 

4  +  2^^18  2  

•fa:.  Ans.  x=S,  —J, ,  or  i-f'— 3. 

3  9 


16.  Given  (l-a;)|/a/l+-]-2=:t/a;  +  l+V3i?-l  to  find  the  five 

ralues  of  a?.  Ans.  x=l,  or ==• 

l±fa-.l 

A     6aj*  % 

17»  Given  Sa;^ =—692  to  find  the  eight  values  of  af. 

Ans.  a?=:±8,  ±8^'^,  ±V^^^(W,or  ±|/-i^^=(W- 

18,  Given  (a?«—^)   4.^a»—^y=— to  find  the  eight  values  of  at 

.    4/l±i^       ^  i/lif'S 
Ans,  x=±ay  — - — ,  or  ±aV  — - — » 


19.  Given  2xVT^*z=a{l+x*)  to  find  the  values  of  x. 

Am.  x=±\^-^l±Vl^'±^2{lTyi^*). 
23 
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SOe  Given  8«^+«*=8104  to  find  tlie  ten  valnes  of  «^ 

Am.  a;=64,  (V)*,  16  (-1  ±V6 iV-lO^a*^)  ot 

„.  Given  (i±^+fc±^=?i  to  find  x. 


j«.,=_ — _. 

M.  Given  *^"*=*'*^"'  to  find  «.        Am.  «=/-!^)^=^ 

JS.  GivM  «*'-mar=i»  to  find  «.        Am.  x^j^^'^-^^Pf  . 
J4t  Given  af — 2aa;^=6  to  find  a.   .         ^n*.  «=(a±fa'-f6)*. 

25t  Given  8«'"-2if =26  to  find  x.  Ans.  x^y'^^^^y. 

^^ 

26.  Given  3aj*  l/«" ==*  to  find  «. 

j4im.  a;=(8)2^,  or  (— A)"*^. 
27t  Given  «*-— 2a:*'+«*=6  to  find  «. 

28.  Given  aj*—2ai»4-«=a  to  find  as. 

li:i^3±2|/4aTl 

^n^.  «= b 

2 

29«  Given  a»ft*«»— 4(a6)*«73^=(a— 6)'«i  to  find  x. 
80.  Given  «iV5^=i  •  ^T^^^^"^'^^)  *^  ^^  ^• 


BIKOLTANBO0S  BQtTATIONS. 


865 


SIMULTANEOUS   EQUATIONS. 


(358.)  Giren 


PBOBLBM. 

gi'     2x+y  _„^     y'+x 

BOLVTIOH. 

y*     Vy  y 

a?    2a;     ■-      .         * 
_H.-+Vy=20-.y--. 


to  find  the  valuM 
of  X  and  y. 


(p+fF)*+(p+Vy)+i=20i, 


y 

-+Vy=4,  or  —5, 
y 
ar+yVy=4y,  or  --5y, 

a?=4y— yi^y,  or  —Sy—yVtf^ 
a;=r4y— 8.       Second  eq.  transpoied. 

4y-8=4y— yi^y,  or  --by-yVyy 


yvy^^\ 

yl-8=0 

(yt-5)^+2yl+4)=0 

.-.    yi^=2 

y=4 

y+2yi=— 4 

yizr-lifcl/^a, 


oryV'y  +  ftyzra, 
yi4-9y=8, 
yt  +  l=r  ..9y-f'9,    [yi+1. 

yi  +  1  = — 9(y— 1)  dividing 
y-yi+l  =  -9(y4-l), 
y+8yi=8, 

yi«-4d:2f^6, 


y=w.2±2f— 8  y=40±16K6, 

y=-2(l±t^-3)Butyi+l=0, 

yi=-i, 
y=l. 

T>       w:*.*;  *  i«=^»  -4»  ~8(2±t^-3),orl52:F64f^e; 

Bj8iil)etituting,weget|^^^'^      1, -2(1  if^-i), or  40^:16 f^C- 


856 


I,  Given  - 


BIHULTANEOnS  EQUAnO^RL 
XZAMPLXS. 

13 

to  find  the  six  values  oix  and  y. 


«'+y'= 


«y= 


«-y 
6 


«-y 


Am,  h 


flf=3,  —2,  3a,  or  —2a, 
y=2,  —3,  2a,  or  —So, 

in  which  a= , 


»•  Given  |/^!^"??!Z  J^^^     tofindthesir  values  of  «  and  y. 


Am. 


a;=5,  4,  5a,  or  4a, 

y=4,  6,  4a,  or  6a,    ^^  ^ 

.       , ,  ,         -l±f-3 
in  which  a= . 


S.  Given   ^  ^y-*=*^-T. 


to  find  two  of  the  six  values 
of  X  and  y. 

«=!.  — 1:F2/^, 


( y=4,  -2. 


4«  Given  " 


16j?— yj=6y^iri. 


"  to  find  the  values  of  «  and  y. 


(  a;=±4,  ±16,  ifc2f^-3,  or  ±81^-3, 
^'**-    (y=266,  (16)»,  -192,  or  ~3(64)». 

r  2ir+y=26-7V2a;+y  +  4,  ^ 


S,  Given  <  2x+^'y    16  ,  2ir— V'y  >  , 

)  — ■ — ^= 1 r.  and  y. 

[2a?— V^y     15     2a?+V'y'         J 


to  find  the  values  of  a 


Ans. 


',-10, 3:f ,  16,  —24,  or 


y=l,  25, 


64 
161  ±4^321 


64 


aA   ^AA        3073±m45 
32        'H  144,  or ^^ 


SIMULTANEOUS  EQUAIIONS, 


6*  Given 


Vx 


-+i^4y«-16*^iP=}f'a:, 


Am.    i 


«=4,  I, ,  ^j,  4,  or 

y=3,  If, ^« ,  If,  -1,  or 
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to  find  the  yalues 
of  X  and  y. 

788±24V'644 


26 

37±V644 


7.  Given  i  ^r'lt^t^'r^^l     J     o.  t    to    find    the    irixteen 
values  of  x  and  y. 


^n«. 


:/: 


-13±V— 11 


o       ,    l±t/-47    1±3V5         1±V^-11. 
y=2,  -1,  —2—,  -^— ,  or    — ^ 

aJ+y+icy+a;V+fly+a?*y+2ai"y»+«y'+«'y* 
+a:'y'=:ll, 
8.  Given   {  «*y  +  3rr*y»  +  SxY  +  2xy  +  4xy  +  2xy 
4-  4aj*y  • + 4aj"y* + icy  * + a;y + xY  +  2^  V* 

+«y+«y=3o 

to  find  the  sixteen  values  of  x  and  y.- 


^n«. 


;  ar+y=A±jV21,  j±iV-19,  2  or  l,or  1  ±¥-2, 


(*+y=i        _  _ 

\      a;y=f:fjf^21,iq:i*^~19,  lor2,orl  if  ♦^-2. 
Note. — ^The  solution  of  thesv  eight  simultaneous  equations  will  give  the  six 
teen  values  of  x  and  y. 

9t  Given  a^yVxy=a,  xz^^xz=by  ^zVey:=zc  to  find  x,  y,  and  z.  * 
jns.x=(—yj-)    ,y^..-J^J    ,.=(_^j    , 
10«  Giver  s        ^  _  ,     s  to  find  the  values  of  a;  and  y. 


^/ij. 


a?=(a"±fa"»— c'»)1i, 


}         (a»±|/c'"— c*"p 


CHAPTER   XV. 
ABITHMETICAL  FBOGRESSION. 

(3  6  9.)  Ah  Arithmetical  Progrenion  is  a  series  of  qnantitiesi  in 
whioh  the  difference  of  the  consecative  quantities  is  constant,  as 
-$-o  •  a±d  •  a±%d  •  a±3rf  •  a±Ad^  Ac. 

PBOBLEH. 

(360*)  To  find  a  general  ea^prenion  for  any  term  of  an  arith- 
metical  progre99ion, 

SOLUTION. 

l«<f        2^  9^  4f*t  S*K  ^*K 

In  the  progression  a,  a±d^  a±2(f,  a±3(f,  adb4(f,  a±5(f,  d^.,  we 
see  that  any  term  is  equal  to  a  plus,  or  miniM  d,  afifbcted  by  a  ooeffi- 
cient  which  is  one  less  than  the  number  of  the  term ;  therefore,  if  we 
let  n  represent  the  number  of  any  term,  we  have  the  general  expres- 
sion 

nth  term  =a±(»— l)<i. 

If.  we  suppose  the  progression  to  terminate^  we  have 

in  which  I  represents  the  last  term,  n  the  whole  nvmber  of  teiims,  d 
the  common  difference,  and  a  the  first  term. 

PBOBLEH. 

(36 1  •)  To  find  a  general  expression  for  the  sum  of  all  the  terms 
of  an  arithmeiieal  progression^ 

SOLUTION. 

Putting  S  equal  to  the  sum  of  all  the  terms  in  a  progresaion,  we 
have 

S=a-ha±d-ha±2d-ha±2d ^  to»  terms,  (l). 

or,S=^l+l^:d-hl^:2d+l^:Sd a,     «       «       (2). 

;2^=(a  +  /)  +  (a+0  +  (a  +  0  +  («  +  0 (^+o)    (3)=(l)  +  (2). 
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Siucey  23  equals  (a+Q  taken  n  times,  the  expression  becomes 

^=(-"^)»or(a+0^, 

which  is  the  expression  required. 

Remark. — By  the  aid  of  the  two  formulas  /=a±(n— l)rf,  and 

5=(— r— K  ▼«  aw  enabled  to  find  any  two  of  the  terms  a,  <f,  n,  Z,  5, 

when  three  of  them  are  given  nnce  we  shall  hatB  two  equations  and 
two  unknown  quantitie&  We  append  a  few  simple  proportions  for  the 
student  to  demonstrate. 

PBOPOSITIOK 

1.  In  an  arithmetieal  pro§fre$9ion  ecnsUting  if  three  termSy  the 
«ttm  of  the  first  and  the  third  term  is  tioiee  the  second. 

PROPOSITION 

2.  In  an  arithmetical  progression  consisting  of  four  terms,  the  sum 
of  the  first  and  the  fourth  is  equal  to  the  sum  of  the  second  and  the 
thirds 

PROPOSITION 

8.  In  an  arithmetieal  progression  consisting  of  any  nuniber  of 
terms,  the  sum  of  any  two  terms  equally  distant  Jrom  the  extremes  is 
equal  to  the  sum  of  the  extremes, 

PBO^POSITION 

A^Jnan  arithmeUeaJ  progression  consisting  qf  an  odd  numher  qf 
tcrmSy  twice  the  middle  term  is  equal  to  the  sum  ofiihe  extremes. 

JJMfMAmm. — ^In  the  following  examples  the  known  terms  should  be 
Bobstitated  instead  of  the  letters  representing  them,  and  there  will  thus 
arise  one  or  two  equations,  according  as  one  or  both  of  the  formuln, 

i=a±(n— l)<f  and  S=l — —  jn,  are  involyed. 

QUESTIONS. 

1.  T^e  first  term  of  an  arithmetical  progression  is  2,  the  oommon 
difference  8,  and  the  number  of  terms  8.    What  is  the  last  term  t 

Jns.  28. 

2.  Hhe  fiiBt  term  of  an  arithmetical  progression  is  8,  the  common 
difiecence  3,  and  the  last  term  99.    What  is  the  number  of  terms  f 

Ans.  49. 
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3.  The  last  tenn  of  an  arithmetical  progression  is  100,  the  common 
difference  4,  and  the  number  of  terms  30.    What  is  the  first  term ! 

.  Ans.  —16. 

4.  The  first  term  of  an  arithmetical  progression  is  —20,  the  num- 
ber of  terms  61,  and  the  last  term  230.  What  is  the  common  differ- 
ence f  Ans.  5. 

5.  The  first  term  of  an  arithmetical  progression  is  — ^,  the  com- 
mon difierenoe  —7,  and  the  number  of  terms  101.  What  is  the  sum 
of  the  series  t  Ans.  —36057. 

6.  Insert  8  'arithmetical  means  between  3  and  21. 

Ans.  H-5  •  7  •  9  •  11  •  13  •  15  •  17  •  19 . 

7.  Insert  8  arithmetical  means  between  j^  and  ^. 

Ans.  V|-T«j.iJ. 

8.  The  sura  of  an  arithmetical  series  is  120,  the  first  term  3,  and 
the  common  difference  2.    What  is  the  number  of  terms  ? 

Ans.  10. 

9.  What  is  the  sum  of  n  terms  of  the  progression  -r-l  *  2  -  3  *  4  *  i^c? 

An..  «=(1±^)». 

10.  The  first  term  of  an  arithmetical  progression  is  14,  and  the 
sum  of  eight  terms  is  28.    What  is  the  common  difference  ? 

Ans.  —3. 

11.  The  first  term  of  an  arithmetical  progression  is  12,  and  the 
common  difference  —  ^.  What  is  the  sum  of  the  series,  supposing  all 
its  terms  to  be  poittive  ?  Ans.  150. 

12.  What  is  the  sum  of  the  series  -7-l'3*5*7'9*  tc  ICO  terms  f 

Ans.  10000. 

13.  The  first  term  of  an  arithmetical  progression  is  |^,  the  comr.on 
difference  j^,  and  the  number  of  terms  25.  What  is  the  sum  of  the 
series  ?  Ans.  162^. 

14.  The  first  term  of  an  arithmetical  progression  is  1,  the  number 
of  terms  23,  and  the  sum  of  the  series  is  149^.  What  is  the  commou 
diArencef  Ans.  ^. 

15.  What  is  the  nth  term  of  the  series  -f-1  •  8  •  5  •  7  •  <fec.? 

-4iw,  2n— 1. 

16.  What  is  the  sum  of  n  terms  of  the  series  -^1  •  8  •  5  •  7  •  Ac! 

Ans.  n\ 
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17.  If  a  body  Ming  to  the  earth  descends  a  feet  the  first  second, 
3a  the  second,  5a  the  third,  and  so  on.  How  far  will  it  fall  during 
•-he  fth  seooad ?  -  Ans.  {2t—l)a. 

18.  If  a  body  falling  to  the  earth  descends  a  feet  the  first  second, 
3a  the  second,  5a  the  third,  and  so  on.  How  far  will  it  fall  in  t 
seconds?  Ans.  af. 

19.  The  first  term  of  an  arithmetical  progression  is  f ,  the  common 
difference  is  If,  and  the  number  of  terms  13.  What  is  the  sum  of 
the  series?  Ans.  139f. 

20.  The  first  term  of  an  arithmetical  progression  is  —J,  the  com- 
mon difference  —  f,  and  the  number  of  terms  25.  What  is  the  sum 
of  ^Q  series  ?  Ans.  —  281  J. 

(362.)  There  are  problems  in  arithmetical  progression  to  which 
the  fundamental  formulae  are  not  immediately  applicable,  since  three 
of  the  quantities  a,  e?,  n,  ^,  a  are  not  given  to  find  the  other  two,  but, 
in  every  case,  the  number  of  terms  being  given  together  with  other 
conditions  to  fiind  the  terms. 

It  is  necessary  for  the  student  to  know  how  to  represent  in  the 
best  manner  a  series  of  numbers  in  arithmetical  progression.  One 
mode  has  idready  been  given,  namely,  —a:  •ar±ya?±2ya:±3y  Ac, 
in  which  a?  represents  the  first  term  and  y  the  common  difference. 
This  mode  of  representation,  however,  is  seldom  the  most  expedient 

When  the  number  of  terms  is  o3d,  assume  the  middle  one  to  be 
equal  to  x^  and  y  the  common  difference ;  thus, 
-^x-^y '  X  •  x+y  •  when  there  are  three  terms. 

-r-oj— 2ya?—y 'a?*  a?  4-y'«+2y  "        "    'five       " 

When  the  terms  are  even,  put  «•— y  and  a?+y  equal  to  the  middle 
terms,  2y  being  equal  to  the  common  difference  ;  thus, 
-T-T— 3y  •  x—y  'x+yx-hSy  when  there  are  four  terms. 

-r-x-^^yx—Syx—yx+yx+Syx  +  By'      "        "      six      " 

It  may  be  seen  that  in  this  mode  of  representation  the  common 
difference  disappears  by  addition.  The  formula  for  the  sum  of  the 
series  may  also  be  easily  deduced  from  tliis  method  of  representation. 

Thus,        -4- x^2yx^yx'x+yx-{-2y ton  terms. 

and  thus,  -5- a;— 3ya?— yar-fy  a:4-3y    to  n  terms. 

It  18  evident  that  ia  either  of  these  cases  the  sum  of  the  series  is  n 

times  X,  or  nx.    But  x  may  be  considered  equal  to  half  the  sum  of 

a+/  /a+/\ 

the  first  and  last  term,  ..r  =    ^    ,  therefore  S=n  x=i  m. 
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QUKSTIOV. 

"What  four  numbers  are  there  in  arithmetical  progrcMion,  of  whicli 
the  sum  of  the  squares  of  the  extremes  is  200,  and  the  sum  of  thd 
squares  of  the  means  is  130  f 

SOLUTION. 

Let  «+3y,  flj+y,  a;— y,  x^Zy  represent  the  numbers : 
then     2j;"-f-18y'=200, 
and       2x*  +  2y»=186, 
16y'i=64, 
4y=dt8, 
y=di2, 
whence,  2«»=136~2y»=128,     ^ 

.  *.  the  numbers  are  :±:14,  ±10,  db6,  and  db2. 

QUESTIONS. 

1.  Four  numbers  are  in  arithmetical  progression.  The  sum  of  their 
squares  is  equal  to  276,  and  the  sum  of  the  numbers  themselves  is 
82.    What  are  tlie  numbers?  Ans.  11,  9,  7,  and  5. 

2.  A  number  consists  of  3  digits,  which  are  in  arithmetical  pro- 
gression ;  and  this  number  divided  by  the  sum  of  its  digits  is  equal 
to  26  ;  but  if  198  be  added  to  it,  the  digits  will  be  inverted.  What 
is  the  number  ?  Ans,  234. 

3.  The  sum  of  four  integral  numbers  in  arithmetical  progression  is 
20,  and  the  sum. of  their  reciprocals  is  |f .    What  are  the  numbers? 

Am.  2,  4,  6,  and  8. 

4.  The  sum  of  $27  was  to  be  raised  by  subscription  by  three  per- 
sons, -4,  jB,  and  C7;  the  sums  to  be  subscribed  by  them  respectively 
forming  an  arithmetical  progression.  But  (7,  dying  before  the  money 
was  paid,  the  whole  fell  to  A  and  B ;  and  C7's  share  was  raised  between 
them  in  the  proportion  of  3  :  2,  when  it  appeared  that  the  whole  sum 
subscribed  by  A  was  to  the  whole  sum  subscribed  by  jB  : :  4 : 5. 
What  were  the  original  subscriptions  of  A^  B,  and  C7? 

Ans,  A's  $3,  ^s  $9,  and  (7*s  $16, 

6.  After  -4,  who  went  at  the  rate  of  4  miloe  an  hour,  had  traveled 
2|  hours,  B  set  out  to  overtake  him,  and  iu  order  thereto  went  4| 
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miles  ihe  first  hour,  4f  the  second,  5  the  third,  and  so  on,  gaining  ^ 
of  a  mile  every  hour.    In  how  many  hours  would  he  overtake  A  9 

Ans,  8  hours. 

6.  The  base  of  a  right-angled  triangle  is  6,  and  the  sides  are  in 
arithmetical  progression.    What  are  the  other  two  sides  ^ 

Ans.  6,  8,  and  10,  or  4^,  6,  and  1\. 

T.  A  and  JB  set  out  from  London  at  the  same  time,  to  go  round 
the  world  (23661  miles) ;  one  going  east,  the  other  west.  A  goes  1 
mile  the  first  day,  2  the  second,  and  so  on.  B  goes  20  miles  a  day. 
In  how  many  days  will  they  meet,  and  how  mafny  miles  will  each 
have  traveled  ? 

Ans.  198  days.    A  goes  19701,  and  £  3960  miks. 

8.  A  traveler  sets  out  for  a  certain  place,  and  travels  1  mile  the 
first  day,  2  the  second,  and  so  on.  In  5  days  afterwards  another  sets 
out,  and  travels  12  miles  a  day.  How  long  must  the  second  travel  to 
overtake  the  first? 

Ans.  3,  or  10  days.     Explain  this  result. 

9.  A  and  jB,  165  miles  distant  froia  each  other,  set  out  with  a 
design  to  meet ;  A  travels  1  mile  the  first  day,  2  the  second,  3  the 
third,  and  so  on;  B  travels  20  miles  the  first  day,  18  the  second,  16 
the  third,  and  so  on.    How  soon  will  ihey  be  together  ? 

Ans.  In  10  or  33  days.    Explain  the  last  result. 

10.  There  are  four  numbers  in  arithmetical  progression  whose  con- 
tinued product  is  1680,  and  common  difierence  4.  What  are  the 
numbers?  Ans.  ±14,  dblO,  ±6,, and  ±2. 

11.  The  product  of  five  numbers  in  arithmetical  progression  is  945, 
and  their  sum  is  25.  What  are  the  numbers  ?    Ans.  9,  7,  5,  3,  and  1. 

12.  There  are  three  numbers  in  arithmetical  progression,  and  the 
square  of  the  first  added  to  the  product  of  the  other  two  is  16 ;  the 
square  of  the  second  added  to  the  product  of  the  other  two  is  14. 
What  are  the  numbers  ? 

Ans.  1,  3,  and  5 ;  or  —5,  —3,  and  —1. 

.  13.  There  are  two  casks,  A  and  By  of  which,  A  the  greater,  holds 
312  galk)ns.  Into  A  a  certain  quantity  of  wine  is  put,  and  B  is  filled 
with  water ;  then  water  is  conveyed  out  of  B  into  A  in  the  following 
manner.  First,  a  number  of  gallons  is  taken,  which  is  less  by  2  than 
the  square  root  of  the  number  of  gallons  in  A  ;  then  a  quantity  less 
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tlum  the  fonner  by  2  gallons,  and  so  on.  Now  wlien  ^  is  in  flus 
manner  exactly  emptied,  A  is  exactly  full ;  and  it  is  known  that  8 
gallons  were  taken  out  of  B  at  one  time,  after  which  the  quantity  left 
in  B  was  12  gallons.    What  is  the  number  of  gallons  of  wine  in  ^  9 

Ans.  256. 

14.  From  two  towns  which  were  168  miles  distant,  two  persons,  A 
and  B,  set  out  to  meet  each  other ;  A  went  3  miles  the  first  day,  5 
the  next,  T  the  third,  and  so  on ;  jS  went  4  miles  the  first  day,  6  the 
next,  and  so  on.    In  how  many  days  did  they  meet  9  Ans,  8. 

15.  A  man  borrowed  $60,  and  paid  daily  for  60  days -one  dollar, 
and  its  interest  at  10  per  cent  per  annum  of  360  days.  What  was 
the  average  of  the  payments  f  Ans.  $1.00j|-^. 

16.  A  man  borrowed  p  dollars,  agreeing  to  pay  interest  sit  r  per 
cent  per  annum.  Ue  canceled  the  debt  by  making  n  payments  of 
X  dollars  each  at  the  end  of  the  times  ^,  2^,  3^,  &c.  What  was  the 
value  of  each  payment,  by  the  Vermont  Rule? 


CHAPTER   XVI. 

GEOMETBICAL   FEOGBESSIOIT. 

(363*)  A  GsoMSTBioAL  PRoeBsattOF  is  a  6cri«6  ia  which  the 
suecessive  qvantities  are  formed  by  multiplying  the  preeedhig^  one  by 
a  constant  quantity,  which  is  called  the  ratio  of  die  progression ;  asi 

-fr  2  : 4  : 8 :  16 :  32  :  64  in  which  the  ratio  is  2. 
-H-  27  :  0  : 3  : 1 :  ^  :  i  in  which  the  ratio  is  |. 
-H-  a :  ar :  or* :  «r* :  or*  in  which  the  ratio  is  r. 

RmrATtTT — ^The  ratio  of  a  ^eometrieal  progreiBion  is  the  constant  multiplier, 
and  it  would  be  more  philoeopMcal  to  lue  another  term,  as  the  French  do.  We 
saggest  the  word  rai^  Some  English  writers  saj  that  the  ratio  of  a  fftomolritat 
progression  is  the  thverM  ratio  of  its  consecutiye  terms.  Brwtf  a  French  writer, 
says,  that  "  TTie  (bappobt)  batio  of  each  term  to  (he  preceding  ia  eaUed  iho 
(baison)  ba^e."  a  few  aay  that  the  direct  ratio  of  two  consecutive  numbers  is 
equal  to  the  second  divided  by  the  first  This  is  not  only  unphHosophical  but 
IS  not  consistent  with  the  symbol  used  to  express  raiio.  Thus,  aib=  c:d  ib 
read  the  ratio  of  a  to  ^  equals  the  ratio  of  e  to  dl  Now,  the  symbol :  is  a  sign 
of  division,  and  is  general^  used  as  suoh  by  the  Germans  in  preference  to  the 
symbol  -f-  introduced  by  Dr.  PeE  Several  American  writers  erroneously  call 
the  method  of  dividing  oonsequefU  by  anieoedent  to  express  the  ratio  of  the  latter 
to  the  former,  the  IVench  method,  Lacroiz  is  the  only  French  author  that  wo 
have  noticed  who  has  adopted  this  plan. 

PBOBLEK. 

(364*)  To  find  on  expremon  for  the  nth  term  of  a  geometrical 
progre99Uin. 

SOLUTION. 

I«l,      S<<f     3<<>     v\     5'*.     e*\       .         .  ,  , 

In  the  series  ~a  x  ar  i  ar^ :  or*  x  ar^ :  ar^ :  Ac,  it  may  be  seen  tliat 
any  term  is  equal  to  the  first  multiplied  by  the  ratio  affected  by  an 
exponent  which  is  one  less  than  the  number  ^of  the  term.  ? 

Therefore,  the  nth  term  =ar^^. 
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In  a  aeries  which  terminates,  it  we  represent  the  number  of  termi 
by  n,  and  the  last  term  by  I,  we  hare 

PBOBLEH. 
(365*)  To  find  an  expression  for  the  sum  of  the  terms  of  a  geo- 
metrical progression. 

SOLUTION. 
Bepresenting  the  sum  by  5,  we  have 

5=a+ar4«r*-far*4«*'* or'^4«»*^+ai*~',  (1). 

rjSf=ar+ar'+ar"+ar*4«r* tur^-^ar^^^f*  (2)=(1)  x  r. 

then  riSf-iS=:ar--a  (3)=(2Hl), 

Since uM^rsar*"'  x  r,  and  «••"'=/,  we  have  ar^=zlr; 
.-.    rflf— 5=:ar*— Oi 
beeomes  rS—S^lr-^a 
rr-l)5=/r-.a 

widih  B  the  expression  required.     When  r  is  less  than  1  it  is  best 

to  put  iS= ,  although  the  same  result  will  be  obtained  from 

both  forms. 

FBOBLEK. 
(366.)  .To  find  an  expression  for  the  sum  of  the  terms  of  a  de« 
creasing  geometrical  progression  when  the  number  of  terms  is  infinite 

S0LX7TI0K. 

rr       7f 

It  may  be  seen  from  the  formula  S^^-——    that   the   sum  of 

the  series  depends  upon  the  first  term,  last  term,  and  ratia 
In  a  decreasing  geometrical  series  the  terms  must  continually 
approach  ssero  as  a  limit  Therefore,  when  the  number  of 
terms  is  infinite,  we  are  compelled  to  consider  zero  as  tlie  last 
term;  since  there  is  no  quantity,  however  small,  greater  than 
zero  that  may  not  be  reached  or  passed  by  a  finite  number  of 
terms.  If,  then,  Z=0,  Ir  must  also  =  0,  and  the  above  for- 
mula becomes,  for  a  decreasing  geometrical  progression  having  an  in- 
finite number  of  terms,  S=——,  which  is  the  basis  of  the  following 
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RULE. 

Divide  the  first  term  of  an,  infirdt^iy  decreasing  geometrical  pro* 
gressicn  by  the  difference  between  unity  and  ike  ratio,  and  the  result 
will  be  the  sum  of  the  series. 

The  abo7e  formula  maj  also  be  deduced  in  the  following  manner : 
Let  S-a^ar-^r^-Hif^i^^ad infinitum^rhemgleaa thajil  (1) 

rS=  4^r4«r*4«r",4fec.,         u  u  a  »*(2)=(l)xr 

S-^rS=a  {8)=(1H2) 

S= i  the  same  as  before. 

A  few  simple  propositions  are  here  appended  for  the  student  to 
demonstrate. 

PBOPOSITION 

\^367,)  1.  In  a  geometrical  progression  consisting  of  three  terms 
the  product  ef  the  extremes  is  equal  to  the  square  of  the  mean, 

PROPOSITION 

(368  •)  2,  In  a  geometrical  progression  consisting  of  four  terms 
the  product  of  the  extremes  is  equal  to  the  product  of  the  means, 

PROPOSITION 

(36 9*)  3.  In  a  geometrical  progression  consisting  of  any  number 
of  terms  the  product  of  the  extremes  is  equal  to  the  product  of  any  two 
terms  equally  distant  from  them, 

EXAMPLES. 

1.  Find  the  11th  term  of  -^^3  : 6  :  12  :  <kc.  Ans.  3072. 

2«  Find  the  sum  of  9  terms  of  tM  :  2  : 4 :  &c  Ans.  511. 

8*  Find  the  ratio  when  the  first  term  is  3,  last  term  768,  and 
number  of  terms  9.  Ans.  2. 

4.  Find  the  11th  term  of  -H-f  :  f :  if :  <fcc  Ans.  tHHt- 

S*  Rnd  three  geometric  means  between  4  and  324. 

Ans,  12,  36,  and  108. 

6.  Find  three  geometric  means  between  ^  and  |. 

Ans.  i|/6, -J,ari||/6. 

7.  Find  the  sum  of  -H-1 :  ^  :  J  :  &c.  to  infinity.  Ans.  2. 
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3.  Find  the  value  of  .3333,  <fcc.,  or  ^^  -f- ,- J  ^  + ,  A^,  Ac,  to  infinite. 

An9,  \, 

9.  Find  the  value  of  0.99999,  <fec.,  or  9  +  ^+^1^,  ^  to  infinity. 

Am.  10. 

10.  Find  the  value  of -H-| :  — ^ :  ^f^  :  —^ :  Ac.  to  infinity. 

Am.  ^, 

11  X 

IK  Find  the  sum  of  -ffl  :-:-=•:  Ac,  to  infinity.       Ans.    — -. 

12.  I^nd  the  value  of  .2333,  Ac,  to  infinity.  Am.  ^^, 

IS.  find  the  value  of  *3411111,  Ac,  to  infinity.  Am.  m. 

11.  Find  the  value  of  .323232,  Ac,  to  infinity.  Am.  f f. 

15.  Find  the  value  of  .20414141,  Ac,  to  infinity.  Am.  }f  ]|. 

16«  ]^d  the  sum  of  the  series  40, 16,  Ac,  to  infinity. 

Am.  '^^. 

a*  2^ 

17*  find  the  sum  of  -H-re^  :ax:  —  :  Ac,  to  infinity.    Am. 


18«  Find  the  sum  of -TT^ri :  — -,  Ac,  to  infinity.     Ans. 


19*  Suppose  a  body  to  move  eternally  in  this  manner,  viz.,  20  miles 
the  first  minute,  19  miles  the  second  minute,  IS^'^  the  third,  and  so 
on  in  geometrical  progression.  What  is  the  utmost  distance  it  can 
reach  f  Am.  400mile& 

20*  What  is  the  distance  passed  through  by  a  ball,  before  it  comes 
to  rest,  which  falls  firom  the  height  of  50  feet,  and  at  every  fall  re- 
bounds half  the  distance  ?  Am.  150. 

21  •  In  the  preceding  problem,  supposing  that  a  body  fells  16^f^t 
the  first  second,  3  times  as  far  the  next  second,  and  5  times  as  fer  the 
third  second,  and  so  on,  how  Icmg  will  it  be  before  it  comes  to  rest? 
Am.'  yVV*^^(4  +  3f2)  =  10-2l86222Tseconda. 
(370.)  There  are  many  interesting  problems  in  geometrical  pro- 
gression to  which  the  fundamental  formulae  do  not  immediately  apply. 
In  their  solution  a  great  deal  frequently  depends  upon  the  notation 
used. 
-~-  a? :  ary^  xy*  is  a  progression  of  three  terms,  y  being  the  ratio. 

•iv-  X :  Vxy :  y  is  a  progression  of  three  terms,  i/??  being  the  ratio. 
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This  last  method,  however,  may  be  best  explained  by  the  principle 
in  Prop.  1,(367.) 

■T^x :  xy :  xy' :  xj^*  la  a  progression  of  four  terms,  y  being  the  ratio. 

AT*  V*  V  * 

-H- — :  :r :  y :  —  is  a  progression  of  four  termSy  -  being  the  ratio. 

-H-ar:a?y:ary*:ay*:«y*isa  progression  of  five  terms^  y  being  the 
ratio. 

-^r — ;  OP* :  a;y :  y* :  —  is  a  progression  of  five  terms,  -  being  the  ratio, 
y  •*•  * 

-fr  a: :  a?y :  aiy" :  rey* :  ay  * :  ary*  is  a  progression  of  six  terms,  y  being 

the  ratio. 

.  a^    flj*  y*    y* .  .  y    • 

^-3 :  —  :x:y:  —  •— jisa  progression  of  six  terms,  -  bemg  the 

ratio. 

(371*)  It  is  sometimes  expedient  to  employ  substitution  in  the 
Bolution  of  geometrical  problems.    For  example,  if  we  put 

aj+y=«, 
and    ay=i>, 
we  get    «'+y*=«*— 2p, 
and    a?"+y*=«*— 3p*, 
and    x*-hy*=s*—4s'p-j-2p\ 
and    ar*+y*=«'— 5«*|>4-5«p*, 

Kekabe. — ^It  .vould  be  a  good  exercise  for  the  student  to  ascertain  how  these 
results  are  obtained. 

QUESTION. 

(372*)  What  six  numbers  in  geometrical  progression  are  those 
of  which  the  sum  of  the  extremes  is  99  and  the  sum  of  the  other  four 
terms  90  f 

SOLUTION. 

The  conditions  show  that  the  sum  of  the  six  numbers  is  189. 
ZtQt  Xj  xtfy  «y*,  xy\  «y*,  xy\  represent  the  numbers. 

The  formula  S= becomes  by  substitute  en 

fl?y*— a?     ar(y*— 1) 
189=    ^    ,    =  ^       ,    , 
y-1  y-1 


^^18^^  [forward 


u 
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lit    «y*+«= 

=99, 
99 

.*.    «= 

V+l' 

18»(y-l) 

99 

y*-i    " 

V  +  1' 

21 

11 

y*+y'+i"y*-y'+y'-y+i* 
«ly*-.21y*+21y'-21y+21=lly*+lly'+ll, 

10y*  +  10y'  +  10=21y*+21y  ((7), 

10{y*+y*+l)=21y(y«+l), 
Pttttiiig  y*+l=«,  weliave  10(»"— y*)=21y», 
10«'~21y«=10y*, 

_21ydb2^__5y 
'~       20       ""2' 

2y«-6y=~2, 

y=— =2, 

_    99      _99 
*'"y»  +  l-33'~^' 
TlieTefore,  the  progression  is  -H-3  :  6 :  12  :  24  :  48 :  96. 

Note. — ^Equation  (0)  w  recurring,  and  might  be  solved  according 
to  either  of  the  methods  given  in  biquadratics.  Equation  (C)  might 
have  been  obtained  without  using  the  general  formula  for  the  sum  of 
tfie  series. 

ANOTHER    SOLUTION. 

Let  — ^,  — ^  flj,  y,  — ,  -^  represent  the  numbers, 
y     y 

.-.    •p+|=9»  (1). 

and    — +a;+y+-^=90  (2), 

x*+y*=9QxY        (3)=(1)  X  xy.    Putting  ar+y=* 
and  xy^pj  we  have  «* — 6«*jt>  +  6«^'=  9 9/)'  (4), 

aj"+a!y(af+y)+y«=90xy  *'(6)=(2),x«y 

«'+y'=90ay— ary(aj4-y)     (6)=(6)  transposed. 
«'— 3«^=90i>— *jp,  [forward 
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6^  5g*  99« 

90+  2«"^(90+2«)*"~(90+2«)'" 

8100+360«+4«*— 450«— 10«'+6«*=99«, 

j'  +  189«=8100, 

— 189db261     ^, 
*= 2 =30, 

«'  36*36*36 

»= — =— — — =18*4-4=12-24, 

^     90+ 2<        2*9-9  • 

it+y=36, 

2y=12*24.    Wlienoe,  it  is  obvious  without 

solution,  that    ir=12, 

and    y=24. 

Thorefore,  the  series  is  -H-3  : 6  :  12  :  24  :  48  :  96. 

RsMABK.— This  problem  is  one  of  the  most  difficult  of  those  generally  pro- 
posed in  geometrical  progression,  and  the  solations  given  should  be  carefhllj 
<udied  b/  the  student  that  he  may  be  able  to  solve  others  of  like  character. 

QUEBTIOKS. 

1.  The  sum  of  the  first  and  third  of  four  numbers  in  geometrical 
progression  is  148,  and  the  sum  of  the  second  and  fourth  is  888. 
What  are  the  numbers?  Atm.  4,  24, 144,  and  864. 

2.  There  are  three  numbers  in  geometrical  progression,  the  sum  of 
the  first  and  second  is  15,  and  the  difference  of  the  second  and  third 
is  86.    What  are'the  numbers  f  Ans.  3,  12,  and  48. 

3.  What  three  numbers  are  there  in  geometrical  progression  whose 
sum  is  14,  and  the  sum  of  whose  squares  is  84  f   Ans,  2,  4,  and  8. 

4.  What  three  numbers  are  those  in  geometrical  progression,  whose 
sum  is  52,  and  the  sum  of  whose  extremes  is  to  the  mean  as  10  to  3  ? 

Ana.  4,  12,  and  36. 

5.  What  three  numbers  are  those  in  geometi-ical  progression,  whose 
sum  is  13,  and  the  sum  of  whose  extremes  multiplied  by  the  mean  is 
set  Ans.  1,  3,  and  9. 

6.  The  sum  of  the  first  and  second  of  four  numbers  in  geometric^ 
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progression  is  15,  and  the  sum  of  tlie  third  aad  fourth  is  60.    What 
are  the  numbers  f 

Ans.  6,  10,  20,  and  40 ;  or  —15,  30,  —60,  and  120. 

7.  The  sum  of  four  numbers  in  geometrical  progression  is  equal  t2 
the  common  ratio  -h  1 ;  and  the  first  term  =iV*  What  ave  the  nuoD- 
bers  f  Ans.  t\,  ^,  |f ,  and  |^. 

8.  A  gentleman  divided  $210  among  three  servants;  the  soma 
received  were  in  geometrical  progression,  and  the  first  received  $90 
more  than  the  last.    How  many  dollars  did  each  receive  ? 

Ans.  $120,  $60,  and  $30. 

9.  The  sum  of  three  numbers  in  geometrical  progression  is  35,  and 
the  mean  term  is  to  the  difierence  of  the  extremes  as  2  to  3.  What 
are  the  numbers  ?  Ans.  5,  10,  and  20. 

10.  There  are  three  numbers  in  geometrical  progression,  the 
greatest  of  which  exceeds  the  least  by  15.  Also,  the  'difference  of 
the  squares  of  the  greatest  and  the  least,  is  to  the  sum  of  the  squares  of 
all  the  three  numbers  as  5  : 7.    What  are  the  numbers  1 

Ans.  5,  10,  and  20. 

11.  The  population  of  a  country  increased  annually  in  geometrical 
progression,  and  in  four  years  was  raised  from  10,000  to  14,000 
By  what  part  of  itself  was  it  annually  increased  !  Ans.  ^V. 

12.  The  diagonals  of  4  squares  are  in  an  increasing  geometrical 
progression,  and  the  product  of  the  squares  of  the  diagonals  of  ths 
extremes  is  to  the  product  of  the  diagonals  of  the  means  as  a  side  of 
the  tliird  is  to  the  square  root  of  the  common  ratio  divided  by  4f'2 
What  is  the  diagonal  of  the  third  square,  and  the  common  ratio,  sup- 
posing their  difference  equal  to  45  ? 

Ans.  81  the  ratio,  and  36  the  diagonal  of  the  3d  square. 

13.  The  difference  between  the  first  and  second  of  four  numbers  i.^ 
geometrical  progression  is  36,  and  the  difference  between  the  third 
and  fourth  is  4.     What  are  the  numbers  ?    Ans.  54,  18,  6,  and  2. 

14.  There  are  three  numbers  in  geometrical  progression,  the  sum  cf 
the  first  and  second  of  which  is  9,  and  the  sum  of  the  fii"st  and  third 
is  15.    What  are  the  numbers  ?  Aiis.  3,  6,  and  12, 

15.  There  are  three  numbers  in  geometrical  progression,  whose  sum 
is  14 ;  and  the  sum  of  the  first  and  second  is  to  the  sum  of  th. 
second  and  third  as  1  to  2.    What  are  the  numbers  ? 

Ans.  2,  4,  and  8, 
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16.  There  ^are  three  numbers  in  geometrical  progression,  whose  con- 
tinued product  is  64,  and  the  sum  of  their  cubes  is  584.  What  aro 
the  numbers  i  Ans,  2,  4,  and  8. 

17.  There  are  four  numbers  in  geometrical  progresdion,  the  second 
of  which  is  less  than  the  fourth  by  24  ;  and  the  sum  of  the  extremea 
is  to  the  sum  of  the  means  as  7  to  8.    What  are  the  numbers  ? 

Am.  1,  3,  9,  and  27. 

18.  The  sum  oi  $700  was  divided  among  four  persons,  whose 
phares  were  in  geometrical  progression ;  and  the  difference  between 
tl\3  greatest  and  least  was  to  the  difference  between  the  meaaa  as  37 
to  12.    Whai  were  theii  respective  shares  ? 

Afhs.  $108,  $144,  $192,  and  $256. 

IG.  A  company  of  mercliants  fitted  out  a  privateer,  each  merchant 
•ubscribing  $100.  The  captain  subscribed  nothing,  but  was  entitled 
to  a  $100  share,  at  the  end  of  every  certain  number  of  months.  In 
the  course  of  25  months  he  captured  three  prizes,  which  were  in 
geometrical  progression,  the  middle  term  being  j-  the  cost  of  the 
equipment;  the  common  ratio  the  number  of  months  which  entitled  the 
captain  to  his  $100  share,  and  their  sum  $1375  more  than  the  cost  of 
the  equipment  Aftwr  deducting  $o76  for  prize  money  to  the  crew, 
the  captain's  share  of  the  remainder  amounted  to  }  of  that  of  the 
company.  What  was  the  number  of  merchants,  and  the  captain's  pay  ? 

Jk8,  25  merchants,  and  captain's  pay  $100  at  the  end  of  every  5 
months. 

20.  There  are  four  numbers  in  geometrical  progression,  the  differ- 
ence of  whose  means  is  3,  and  the  difference  of  whose  extremes  is 
10^.    What  are  the  numbers  ?  Ans.  1^,  3,  6,  and  12. 

21.  The  sum  of  three  numbers  in  geometrical  progression  is  31, 
and  the  sum  of  their  square  is  651.     What  are  the  numbers  ? 

Am,  1,  5,  and  25. 

22.  The  sum  of  four  numbers  in  geometrical  progression  is  15,  and 
the  sum  of  their  squares  is  85.    What  are  the  numbers  ? 

Ans.  1,  2,  4,  and  8. 

23.  The  sum  of  five  numbers  in  geometrical  progression  is  31,  and 
the  sum  of  their  squares  is  341.    What  are  the  numbers  ? 

Ans.  1,  2,  4,  8,  and  16. 

24.  The  sum  of  six  numbers  in  geometrical  progression  is  63,  and 
the  sum  of  the  second  and  fifth  is  18.    What  are  the  numbers  ? 

-4/*s.  1,2,  4,  8,  16,  and  32. 
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85.  The  Bum  of  six  nnmben  in  geometrical  prc^ression  k  63,  and 
the  som  of  the  means  is  12.    What  are  the  nnmbers  ? 

Ans.  1,  2,  4,  8, 16,  and  82. 
26«  The  sum  of  aix  numben  in  geometrical  progreesion  is  1365, 
and  the  som  of  the  extremes  is  1026.    What  are  the  numbers  f 

An$.  1,  4, 16,  64,  256,  and  1024. 

27.  What  six  numbers  are  those  in  geometrical  progression  whose 
sum  is  815,  and  the  sum  of  whose  extremes  is  165  ? 

Ans,  5, 10,  20,  40,  80,  and  160. 

28.  What  number  is  that  wbich  being  seyerally  fidded  to  3,  19, 
and  51,  shall  make  die  results  in  geometrical  progression  1 

Aug.  13. 

29.  $120  are  divided  between  four  persons,  in  such  a  way,  that 
their  shares  may  be  in  arithmetioal  progression ;  but  if  the  second 
and  third  had  received  $12  less  each,  and  the  fourth  $24  more,  the 
shares  would  have  been  in  geometrical  prr^gression.  What  was  the 
share  of  each  f  Ans.  $3,  $21,  $39,  and  $57  respectively. 

30.  The  sum  of  three  numbers  in  ge  metrical  progression  is  7,  and 
the  difierenoe  of  whose  difference  is  1.    What  are  the  numbers! 

Am,  1,  2,  aski  4. 


CHAPTER  XVII. 
FBOFOBTION. 

(373«)  Pboportiok  is  an  equality  of  ratios. 

(374*)  If  the  ratio  of  a  to  5  is  equal  to  the  ratio  of  eto  d,  these 
four  terms  constitute  a  proportion  which  is  usually  written  a:b::e:d^ 
and  is  read  a  is  to  6  as  e  is  to  cf.  Sometimes  the  sign  of  equality  is 
used  instead  of  the  four  dots,  as  a :  b=ze :  d^  which  may  be  read,  the 
ratio  of  a  to  5  is  equal  to  the  ratio  of  c  to  c?. 

We  may  consider  the  symbol :  as  an  abbreviation  of  the  sign  -s-  ; 
whence,  we  in&r  that  atbiieidis  only  another  mode  of  writing 

CL       C 

a-^b=zc-r-d,  which  is  the  same  as  j;  =;>  This  shows  that  every  pro- 
portion is  essentially  an  equation. 

(375*)  The  four  quantities  of  a  proportion  are  called  its  terms. 

(376*)  The  first  and  the  fourth  term  are  called  the  extremeSyand 
the  second  and  the  third  term,  the  means, 

(377.)  The  first  two  terms  of  a  proportioi^  are  the  Jirst  couplet^ 
and  the  other  two,  the  second  couplet. 

(378.)  The  first  term  of  a  couplet  is  called  the  antecedent^  and 
the  second  term  the  consequent. 

(379*)  Three  quantities  are  in  proportion  when  the  ratio  of  the 
first  to  the  second  is  equalto  the  ratio  of  the  second  to  the  third. 

(380*)  The  second  quantity  is  called  a  mean  proportional  be- 
tween the  other  two,  and  the  third  quantity  a  third  proportional  to 
the  other  two. 

Thus,  in  the  proportion  a :  6 : :  6 :  c,  6  is  the  mean  proportional^  and 
^  the  third  proportional, 

(38 1«)  The  equality  of  more  than  two  ratios  maybe  thus  written, 
a :  6 : ;  c :  ^ : :  e :/: :  ^ :  A,  &c.,  which  may  be  read  aisto&ascisto 
c^,  as  6  is  to/,  as  ^  is  to  A,  «bc. 

Bemabk. — ^The  student  should  cbserve  that  the  demonstrations  of  the  follow- 
ing propositions  in  regard  to  proportion  an)  based  upon  the  fact  that  every 
proportion  is  essentially  an  equation. 
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PBOPOSITION 

(382.)  1.  In  every  proportion  the  product  of  the  extremes  is  equal 
to  the  product  of  the  means. 

DBMOKSTBATIOK. 

Let  a:h::e:d  represent  anj  proportion.  We  are  to  prove  that 
ttd=hc.    This  proportion  expressed  as  an  equation  is 

-=-      (1). 

ad-he  (2)=(l)xML  Q.JS.D. 

Or, 

Put  a:=irb^  then  by  the  nature  of  a  proportion  €=rd.    The  propc^ 
tion  will  then  stand rh\h:\rdxd. 
Multiplying  the  extremes  together,  we  have  rW. 
Multiplying  the  means  together,  we  hare  rhd. 
These  results  are  identical,  therefore,  the  propositka  is  tme. 
RmfARg. — ^This  proportion  fomiahes  the  test  of  a  propordon. 

QUBSTIOK. 

Are  2,  4,  3,  7,  in  proportion  f 

SOLUTIOK. 

Multiplying  2  by  7,  we  got  14,  and  4  by  8,  we  get  12,  which  a:£ 
not  equal,  therefore,  by  the  foregoing  proposition  they  are  not  ia  pro- 
portion. 

QUBSTIONS. 

1.  Are  3,  7,  8,  11  in  proportion? 
{•  Are  8,  16,  4,  2  in  proportion  f 

3.  Are  2:p,  3a?,  4a?,  6a?  in  proportion  ? 

4.  Are  i,  J,  tV»  i  '^^  proportion  ? 

5.  Are  J,  ^,  |,  yV  ^^  proportion  ? 

Rbxaee. — ^If  any  term  of  a  proportion  is  unknown,  pot  it  equal  to  x^  and 
form  an  equation  by  placing  the  product  of  the  extremes  equal  to  the  product 
of  the  means,  and  then  solve  the  equation  to  obtain  the  value  of  x^  When  one 
of  the  means  is  unknown,  it  is  most  convenient  to  put  the  i»X)duct  of  the  means 
equal  to  the  product  of  tho  extremes. 

PROPOSITION 

(383*)  2.  WJt^n  three  numbers  are  in  proportion,  tlie  product  cf 
the  extremes  is  equal  to  the  square  of  the  mean. 
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QVS8TI0NS. 

1«  Are  3,  4,  5  in  proportion  ? 
2«  Are  3,  6,  12  in  proportion? 
3t  Are  a;,  Vxy^  y  in  proportion  ? 
4«  Are  aa^  ahx^  hx  in  proportion  ? 
5«  Are  ax^  xVab^  hx  in  proportion  ? 

PROPOSITI  ON 

(384.)  3.  When  the  product  of  two  quantities  is  equal  to  the  pro* 
duct  of  two  other  quantities^  the  four  quantities  may  he  expressed  in 
the  form  of  three  different  proportions. 

DEMON8T&ATION. 

\Aiadz=ihc.  We  are  then  to  prove  that  all  of  the  followino  pro- 
poitioDs  are  tme, 

a\h\:c:dj 
a\ci\h:d^ 
6:a:  :(/:c, 
The  equation  ad=hc  may  be  put  in  the  following  forma : 

a^c 

a_h 

h_d 
a^c' 
and  these  three  equations  respectively  give 

a :  6 : :  c :  rf, 
a:c::h:d, 
h:a::d:c,    Q.  E.  D. 

Corollary. — Since,  on  the  supposition  that  ad-=he,  we  get  the 
proportions 

aie:\h\d 

h  \  a  I  \  d  I  Cj 
we  infer  that  these  proportions  are  also  true  on  the  supposition  that 

a :  5  : :  c :  rf, 
because  this  proportion  gives 

From  this  fact  we  obtain  the  two  following  propositions : 
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PROPOBTION. 


PB0PO8ITI0K 
(385*)  4.   When  four  quantities  are  in  proportion^  the  first  is  to 
the  third  as  the  second  is  to  the  fourth. 
If  a:  b::c:d, 
then  a:e  ::b:d. 
This  is  called  proportion  by  AltemoHon, 

PBOPOSITIOK 

(386.)  5*  When  four  quantities  are  in  proportion^  iJie  second  is 
to  the  first  as  the  fourth  is  to  the  third. 
If  a :  5  : :  e :  (f  , 
then  h:a::d:e. 
This  is  called  proportion  by  Inversion. 

PBOPOSITIOK 

(387*)  d.  When  a  eoupiet  iscomm&n  to  two  proportions,  the  other 

two  couplets  will  constitute  a  proportion. 

li  albumin, 

and  e id  II  mi n^ 

then  aibii  eid. 

Let  the  student  prove  this. 

PBOPOSITIOK 

(388*)  1.  Uaibiieid^  then  are  the  following  proportions  tme: 
maimJbiimcimd 
maimbii  c  id. 

a:  b  iim^cimd 
mai  b  limcid 

aimbii  e  imd 
maimbiinc  ind 
mai  nb  iimcind 

abed 


m 
a 
m 


a 


m     m 

b 
*  — — •  •  rf» 

m 
;  b 

:  b 

b 
»     I  •  •  #» 


e 

'  m 

c 

'  m 


m 
d 

m 
d 

m 
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Let  tbe  student  prove  these  proportions  to  be  true  by  an  applica- 
iioiK^Prop.  1,  (382.) 

PRO  POSITION 

(389.)  8.  When  four  quantities  are  in  proportion^  the  mm  of 
the  first  and  second  is  to  the  second  as  the  sum  of  the  third  and  fourth 
w  to  the  fourth 

DEMONSTRATION. 

Let  aih:\e\d  (1).    We  are  to  prove  that 

a'\-hih\ie'\-dxd 

ad=bc  (2)=(1)  by  Prop.  1,  (382.) 

ad-\-bd=bc'\-hd  (3) = (2)  with  bd  added  to  both  memberg, 

{a+b)d=b{c+d)  (4)=(3)  factored. 

By  P^op.  3,  (384)  a+b:b::  c+d  : d.     Q.  E.  D. 

This  and  the  derivative  proportion  in  the  following  proposition  is 
*^led  proportion  by  Composition, 

PROPOSITION 

(390*)  9.  When  four  quantities  are  in  proportion^  the  sum  of  the 
/Irst  and  second  is  to  the  first  as  the  sum  of  the  third  and  fourth  is  to 
the  third. 

Let  the  student  prove  this. 

PROPOSITION 

(391.)  10,  When  four  qttantities  are  in  proportion,  the  difference 
between  the  first  and  second  is  to  the  second  as  the  difference  between 
the  third  and  fourth  is  to  the  fourth, 

DEMONSTRATION. 

Let  a:b::c:d         (1).    We  are  to  prove  that 
a—h:b::e—d:d 

ad=bc  (2)=(1)  by  Prop.  1,  (382.) 

ad—bd= bd'—be      (8) = (2)  with  bd  subtracted  from  both  members. 
(a-.6)rf=6(c-(f)      (4) = (3)  fectored. 
By  Prop.  3,  (384)  a—b  :b::  c—d  : d.      Q. K D. 
This  and  the  derivative  proportion  in  the  following  proposition  is 
called  proportion  by  Division. 
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PB0P08ITI0V 

(392.)  11.  When  four  quantities  are  in  proporHon,  the  difference 
between  thefiret  and  second  is  to  the  first  as  the  difference  between  the 
third  and  fourth  is  to  the  third. 

Let  die  student  prove  this. 

PB0P08ITI0K 

(393*)  12.  When  four  quantities  are  in  proportion^  the  sum  cf 
the  first  and  second  is  to  their  difference  as  the  sum  of  the  third  and 
fourth  is  to  their  differtme. 

DXM0N8TBATI0K. 

Let  a:b::€:d.    We  are  to  prove  that 

a  +  bia-'biiC'i'd  :  c—a 
By  Prop.  8,  (389)  and  Alternation,  a+b:  c+d  iibid 
ByProp.lO,(391)    «  «  a-b:e-d::b:d 

then  by  Ptop.  «,  (387)    **  **  a+b:  a-b  : :  c+d :  e-d 

Q.  E.  D. 

PBOPOSITION 

(^94.)  13.  In  a  continued  proportion^  any  antecedent  is  to  its 
sjnsequent  as  the  sum  of  all  the  antecedents  is  to  the  sum  of  all  thi 
consequents. 

DKMONSTBATIOK. 

Let  a  :  b  : :  c  :  d  : :  e  :  f : :  ff  :  h  : :  &o.    We  are  to  prove  that 
aibiia  +  c+e+ff,  «fec  :  6-frf+/+A,  «fec 

(ad— be 
fkZt 

Whence,  dd+af-[-ah^  ScG.=bc+be+bff,  <fec. 
Adding  aft,  we  h?ive  ab+ad+af-[-ah,  SsQ.=zah-\-bc+be+bg^  dsa 

ii(6-f rf  +  Z  +A,  &c.)=ft(«+^+«+^»  *«•) 
ByPtop.3.  (384)a:6::a+c+«+^,&c.  ib-^d-tf-hh,  &c. 

Q.JE.D. 

PBOPOSITION 

(395.)  14.  If  the  corresponding  terms  in  two  proportions  be  iak^ 
tiplied  together  the  products  will  constitute  a  proportion. 
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BEMONSTBATIOK. 

Let  a :  5 : :  c :  (f , 
and  m:n::p:q. 
We  are  to  prove  that  am:bn::ep:dq. 

B7  Prop.  1,(382.)   i  "^"^^^ 

Multiplying  am'dq=bn'cp. 
By  Prop.  3,  (384.)  am:hn::cp: dq.     Q. E.D. 

PROPOSITION 

(396.)  lb.  If  the  terms  of  mie proportion  he  divided  by  the  eor^ 
responding  terms  of  another  proportion^  the  quotients  will  constitute 
a  proportion. 

Let  tlie  Btudent  prove  this. 

PROPOSITION 

(397.)  16.  If  four  quantitiee  be  in  proportion^  their  like  powers 
cr  roots  will  he  in  proportion. 


We  are  to  prove  that 


DEMONSTRATION. 

Let  a:h::c:d. 
( a"* :  6- : :  c* :  rf% 


By  Prop.  1,  (382.)  ad=hc, 
By  involution  a*rf*=6"'c"', 


11      11 
By  evoluti(»i  <z»<^»=5»c». 


"Whence 


I  fl"*  •  ft**  •  •  c"*  •  d"^    I 
by  R-op.  3,  (384.)  ]   i     i'  i     1' V      Q.RU. 


PROPOSITION 

(398.)  1*1,  If  three  quantities  are  in  proportion,  thefimt  is  to  the 
third  in  the  duplicate  ratio  of  the  first  to  the  second^  that  is  as  the 
square  of  the  first  is  to  the  square  of  the  second, 

l£a:h::h:cj  prove  that  a:e::a* :  h\ 

PROPOSITION 

[399.)  18.  If  four  quantities  are  in  continued  proportion,  the  first 
is  to  the  fourth  in  the  triplicate  ratio  of  the  first  to  the  second, 
IS aih \\h  \ c\\ e \d,  prove  that  a : cf : : a* :  6*. 


882  HABKOHaOAIi  FBOFOBTION. 

PBOPOSITIOK 

(400*)  10.  lfm:n::p:qsDdam:h»::c:dj  tinmapihqiiczd. 
J(m:n::p:q  and a:b::mcindy  then  a:b::pe: qd. 
lfm:n::p:q9Jidam:b::  nc  id^ ihen  ap : h : : cq : d. 
ltm:n::p:q  and  a:bm::e:dn^  then  a:bp::e:dq. 

PBOPOSITIOK 

(401.)  20.  K  j*;*::^*^f  ihtna:b±e::e:d±f. 

If  i     ',"-',!•  then  a±e :  6 : :  c  +/:  d. 
\%\b\\f\dS 

PBOPOSITIOK 

(402«)  21.  If  the  two  coneequents  of  four  quantiOei  inpropar- 
tUm  be  increased  or  diminished  by  quantities  tehich  have  the  same 
ratio  as  the  antecedents^  the  resulting  quantities  and  the  antecedents 
will  be  in  proportion. 


If  i     *    "    *     >•  then  a: e::bdzm:ddzn. 
{a:c::m:n ) 


HAKMONICAL   PROPORTION. 

(403 •)  Three  quantities  are  in  harmonieal  proportionj  when  the 
first  is  to  the  third,  as  the  difference  hetween  the  first  and  the  second 
is  to  the  difiference  hetween  the  second  and  third. 

The  quantities  a,  6,  and  c  are  in  harmonieal  proportion  when 
a\ci a'^b :  b^^c. 

(404.)  Four  quantities  are  in  harmonieal  proportion^  when  the 
first  is  to  the  fourth,  as  the  difference  between  the  first  and  second  is 
to  the  difference  between  the  third  and  fourth. 

Tlie  quantities  a,  5,  c,  and  d  are  in  harmonieal  proportion  when 
axdw  a^b :  e^d. 

PBOBLBM. 

(405  •)  To  find  an  harmonieal  mean  between  a  and  c. 

SOLITTIOK. 

Let  a;  =  the  required  harmonieal  mean.  Since  a,  «,  Lid  e  are  in 
harmonieal  proportion,  we  have  aiei: a—x : ^— c 
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•  ax—ac^ae—cXy 

{a+c)x=2acy 

QfK* 

x=z ,  the  mean  to  be  founcL 

a-\-c 

PROBLEM 

1.  Given  tbe  first  and  second  of  three  quantities  in  Iiarmonical  pro- 
portion to  find  the  third. 

PROBLEM 

2.  Given  the  second  and  third  of  three  quantities  in  harmonical 
proportion  to  nnd  the  first. 

PROBLEM 

3.  Given  the  first  three  of  four  quantities  in  harmonical  proportion 
to  find  the  fourth. 

PROBLEM 

4.  Given  the  last  three  of  four  quantities  in  harmonical  proportion 
to  find  the  first 

PROBLEM 

5.  Given  the  first  and  last  and  one  of  the  middle  quantities  of  four 
quantities  in  harmonical  proportion  to  find  the  other  middle  quantity 


^  it  »  >i  » 


HARMONICAL   PROGRESSION. 

(406«)  Ak  Harmonical  Progression  is  a  series  of  quantities^  * 
any  consecutive  three  of  which  are  in  harmonical  proportion. 

PROPOS ITION 

(407.)  1.  The  reciprocals  of  a  series  of  quantities  in  harmonical 
progression  are  in  arithmetical  progression. 

•  DEMONSTRATION. 

Let  o,  5v  ^9  ^>  *>/>  <fc<5.,  be  tm.  harmonical  •progression.    We  are  to 
prove  that  -,  v  ~» 5>  "   />  **^^  ^  *^  arithmetical  progression. 
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EABMOiaCAL  FBOGBBSSIOir. 


If  w«  proT«  that 


fl     1_2 

1     12 
b'^'d-^ 

1     1_2 

we  shall  establkh  tbe  truth  of  the  proposition. 

-_-   -        -      2ae         h       ac  2      a-fc     1     1 

We  have  6= — -— ,  or  -= — —,  or  -= =-+^ 

a+0        2     a+c         b       ac       e    A 


mi.       jL^oc..  ,.       112 
We  have  o= .  which  gives  -+-=-, 


«=r 


1     1_2 
1     1_2 


a+c' 
2ftrf 
6+rf' 
-_  2ce 

~  c+«* 
2rf/ 

▲KOTHKB    DSM ONSTBATIOn 
1_1_1_1 

a     6""6     (?• 

1_1_1    1 

6     c~"c    cT 


We  aie  to  prove  that 


By  the  nature  of  the 
•)rogressioii,  we  have 


Whence,  ve  get 


a\fi\\a—b\b—c^ 
b\d\\  b—c\c—d^ 
c\e  w c—d: d—e^ 
difiid—eie—f, 

ah-^ac==ae^bc^ 
bc-bd=bd^mi, 
ed—ee  =  c«— de, 
de--d/=d/--$f, 
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.Dividing  respectively  by 


,      .       1111 

abe,  gives  --3=3--, 

w     •        1111 
led,  gives  5--=-—,, 

,      .       1111 
cde,  gives  --5=5--, 

,,     .       1111 
def,  gives  y—=--^ 


Ti^ese  equations  by  transposition, 
f  1     111 
a     b'^b     e 

6     c""tf    (T 
l-l-l-l 


become    < 


d     e    e    J    ^ 

The  conyerse  of  the  preceding  proposition  is  evidently  true,  there- 
fore, we  have 

PROPO  SITION 

(408*)  2.  The  reciproeaU  of  a  series  of  qtmntities  in  arithmeU' 
ral  progression^  wUl  constitute  an  harmonical  progression. 

Since  1,  2,  3,  4,  5,  6,  <&c.,  is  an  arithmetical  series,  their  reciprocali 

111111..        ,  .,. 

r  2'  3'-  4'  6'  6'      ''  ^®  ^  harmomcal  senes. 

The  fractions  in  this  series  are  in  the  ratio  of 
60,  80,  20,  15,  12,  10,  <fcc, 
which  must  also,  be  an  harmonic  series. 

Beiiabx. — ^It  is  a  principle  in  music  that  the  longer  a  string  is,  the  lower  is 
the  sound  produced  bj  its  vibration.  If  then,  we  have  musical  strings  of  equal 
weight  and  tefttfon  which  are  in  the  ratio  of  60, 30,  20,  15, 12,  10,  and  call  the 
sound  produced  bj  the  vibrations  of  the  string  whose  length  is  60,  the  key  note, 
the  so^inds  produced  by  the  string  whose  length  is  30,  will  be  the  octave  of 
this  key-note ;  by  the  string  20  the  fifth  of  this  octaye,  or  the  twelfth  of  the 
key-note :  by  the  string  15,  the  octave  of  the  octave,  or  the  double  octave  of 
the  key-note ;  by  the  string  12  the  third  of  this  double  octave  or  the  seventeenth 
of  the  key-note;  by  the  string  10  the  fifth  of  this  double  octave  or  the  nine- 
teenth of  the  key-nota  The  simultaneous  vibration  of  these  wiU  produce 
what  IB  called  harmony ;  hence,  the  name  harmonical  progression^, 

25  * 
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PROBLEM. 


(409.)  To  find  any  number  of  harmonic  means  between  two 
qnantitieB. 


SOLUTION. 


Let  it  be  required  to  find  m  harmonic  means  between  a  and  e. 

1  1 

b c 


By  Prop,  ly  (407*),  we  have  -. -,  an  arithmetical 


progression  of  fn  +  2  terms. 
By  substituting  in  the  formula  ^=ad=(n— l)i,  we  have 


■db(w  +  l)6c* 

^    Having  found  the  conunon  difference,  we  are  now  ablo  to  insert  m 

arithmetical  means  in  the  arithmetical  series. 

1 1 

h  *  c' 

The  series  becomes 

^1  1  6-c         1         2(6-~c)       1        8(6— c) 

•  h'h   ■*"db(m  +  l)6c'6"*'  db(m  +  l)6c'  h^  =fc(j»  +  l)^* 

1         4(6-c)      _  _  1 

6"^  ±(m+l)6c*"c' 

1     me+h      inc  +  2b—c  wic+36— 2c  mc  +  46— 3c         1 
or     .  * , i__ -_^ .___-__^_  •  •  •  -_ 

''b^(m  +  l)be'   (m  +  l)6c  '     (m+l)^  '    (m+l)6c            c 
Hence,  tike  harmonic  series  is 

{m+l)bc     (m  +  l)fe           (m  +  l)ftc  (m^l)6c     _  ^  1 

'     wc+6  '  (m— l)c  +  2y  (w— 2)c  +  36'  (m— 8)c+46"  *  c' 

EXAMPLES. 

!•  find  an  harmonic  mean  between  3  and  6  Ans.  4. 

2»  Rnd  an  harmonic  mean  between  X'\-y  and  «— y.      ^»w.  — - — 

'.11  I 

Si  Find  an  harmonic  mean  between  — ; — and .      Ans.  - 

a?4-y         ar—y  x 

4«  Find  the  third  of  three  quantities  in  harmonical  proportion,  tLe 

first  and  second  being.  3  and  4.  Ans,  6« 


/   ^     . ;  :  -  ^ 
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5«  Find  tlie  first  of  three  quantities  in  harmonical  proportion,  the 
secoi  1  and  third  being  144  and  104.  Ans,  234. 

6«  Find  the  fourth  of  four  quantities  in  harmonic  proportion,  the 
£nit  Ihree  being  2,  3,  and  Q  Ans.  16. 

7i  Find  the  third  of  four  quantities  in  harmonical  proportion,  the 
first  baing  10,  the  second  12,  and  the  fourth  15.  Ans,  12. 

8.  Find  the  second  of  four  quantities  in  harmonical  proportion,  the 
first  being  5,  the  third  9,  nnd  the  fourth  15.  Ans.  7. 

9«  Fmd  the  first  of  four  quantities  in  harmonical  proportion,  the 
second  being  6,  the  third  9,  and  the  four^i  15.  Ans.  4^. 

id,  ^^d  a  harmonic  mean  between  50  and  100.  Ans.  66^, 

11  >  Find  a  L^jrmonic  mean  between  25  and  50.  Ans.  33^. 

I2«  Fni  a  harmonic  mean  between  12^  and  25.  Ans,  16|. 

13t  t'laH  two  harmonic  means  between  1|  and  3.  Ans.  1^  and  2. 

14.  Find  thiee  harmonic  means  between  10  and  30. 

^  Ans.  12,  15,  and  20. 

15.  Find  three  hirmonic  means  between  315  and  35. 

Ans.  105,  63,  and  45. 

10*  find  fourteen  harmonic  means  between  |  and  4. 

Ans.  -rV,  h  tV»  h  A,  h  h  h  h  h  h  h  li,  and  2. 

17*  Find  the  fifth  term  of  an  harmonical  progression  whose  first  term 
is  60  and  second  term  21.  Ans.  *I-^. 

18,  Find  the  unknown  terms  of  an  harmonical  progression  consist- 
mg  of  12  terms,  the  first  being  4  and  the  fourth  1. 

An^.  2,  11,  f ,  ^,  4,  i,  i,  f ,  ^,  and  f. 

19t  Find  the  resulting  proportion  when  a,  5,  e  are  in  arithmetical  pro* 
gression,  and  b^e^dia  harmonic  proportion.       Ans.  a:b  ::  e:  d. 

30»  Find  the  nth  term  of  an  harmonical  progression,  a  and  b  being 
the  first  two  terms. 

A  oft 

^"*'  a{n^l)--W^y 
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PBOBLBMS    IK    PBOPOBTIOK. 

PROBLEM. 

(410*)  There  are  two  numbers  whose  prodaot  13  24,  and  lk« 
difference  of  their  cubes  is  to  the  cube  of  theiir  difference  as  19  is  to  1. 
What  aie  the  numben  f 


SOLUTIOH. 

Let  «  =  the  greater  number^ 

and  y  =  the  lesser  number 

• 

By  2nd  condition,   «»-^yI :  («— y)' : :  19  : 1 

st^-bxy-^y* :  «»— 2a7+y* : :  19  : 1 

Ptop.  7. 

(9) 

8ay:«»+  «y+y*::18:19 

Frop.  11. 

. 

ay  :«•+  xy+f^::  $  :  19 

Prop.  7. 

(11) 

«y:«"+2a:y+y*::  6  :  25 

ftop.  9  and  Prop.  5. 

4ay:«»+2«y+y»::24:25 

Prop,  7. 

w 

(«+y)':(«-yr::26:l 

Prop.lOandProp.5. 

«+y :  «— y::  5  : 1 

Prop.  16. 

2«  :  2y : :  6  :  4 

Prop.  12. 

x:y::  3  :  2 

Prop.  7. 

(8) 

3y=2a: 

Ptop.  1. 

y=l« 

By  1st  condition,                       «y=24 

1 

|a^=24 

«'=36 

«=±6 

y=±4 

QUSSTIONS. 

1.  There  are  two  numbers  whose  product  is  135,  and  the  Me^ 
enoe  of  their  squares  is  to  the  square  of  their  difference  as  4  to  !• 
What  are  the  numbers  ?  Ans,  15  and  9. 

2.  There  are  two  numbers  which  are  to  each  other  in  the  duplicate 
ratio  of  4  to  3,  and  24  is  a  mean  proportional  between  them.  Wbst 
are  the  numbers  f  Ans,  32  and  18. 

3.  There  are  two  numbers  whose  sum  is  24,  and  their  product  is  (^ 
the  sum  of  their  squares  as  3*  to  10.    What  are  the  numbers  ? 

Ans.  18  and  6. 
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4.  There  are  three  KtaDbers  which  are  to  each  other  as  3  to  2.  If 
6  be  added  to  the  grei&ter  and  subtracted  from  the  lesser,  the  sum  will 
be  to  the  remainder  es  8  to  I.    What  are  the  numbers  ? 

Aim.  24  and  16. 

5.  There  are  two  numbere  whose  sum  is  60,  and  their  pioduct  is  to 
the  smn  of  their  squflii^s  as  2  to  5.     What  are  the  numbers  f 

Jns.  40  and  20. 

6.  The  Bumber  CO  is  divided  into  two  parts,  which  fure  to  each 
other  in  the  duplicate  ratio  of  3  to  1.  What  is  the  mean  proportional 
between  these  parts  t  Jim.  6. 

%,  K  —J — =r4a,  show  that  a+o; :  2a : :  2^ :  a— «. 


8.  If  («+«)• :  {a—xy : :  x-{-y :  ^—jr,  show  that  a : « :  \V2a—y\Vy. 


9.  If  s :  y : :  4^ :  &*  and  a :  6 : :  Vc+a; :  W+y  show  that  dx^cy. 

10.  If  «* :  y* : :  86  :  25  and  2a?4-y : «+ 2  in  a  ratio  compounded  of 
the  ratios  of  1?  :  2  and  2  :  7,  what  are  the  values  otx  and  y  ? 

Aim.  jr=12,  and  y=10. 

11.  A  person  has  British  wine  at  5s.  per  gallon,  with  which  he 
wishes  to  mix  spirits  at  lis.  per  gallon,  in  such  proportion  that  by 
selling  tbc  mixture  at  Os.  a  gallon  he  may  gain  35  per  cent  What 
is  the  nocessary  proportion  ? 

Ans.  13  gallons  of  wine  to  5  of  spirits. 

12.  What  number  is  that  to  which  if  3,  8,  and  17  be  severally 
added,  tlie  lirst  sum  shall  be  to  the  second  as  the  second  to  the  third  ? 

Ans.  3J. 

13.  A  mcrciiftnt  having  mixed  a  certain  number  of  gallons  of  brandy 
and  water,  found  that  if  he  had  mixed  6  gallons  more  of  each  there 
would  have  boen  *l  gallons  of  brandy  to  every  6  gallons  of  water,  but  if 
he  had  mixed  0  gallons  less  of  each  there  would  have  been  6  gallons  of 
brandy  to  every  5  gallons  of  water.    How  much  of  each  did  he  mix  f 

Ans.  78  gallons  of  brandy  and  66  of  water. 

14.  A  and  B  e9>eculate  in  trade  with  different  sums.  A  gains 
1150,  B  loses  $50,  and  now  ^'s  stock  is  to  ^s  as  3  to  2  ;  but,  had 
A  lost  |50  and  B  gained  |100,  then  A^%  stock  would  have  been  to 
jB's  as  5  to  0.    What  was  the  stock  of  each  ? 

Ans.  A'^  $300  and  ^s  |350. 
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10.  What  are  the  two  parts  of  14  of  which  the  greater  divided  b) 
the  less  is  to  the  less  divided  by  the  greater  as  i6  to  9. 

Ans.  8  and  6. 

16.  In  a  mixture  of  mm  and  brandy,  the  difference  between  the 
quantities  of  each  is  to  the  quantity  of  brandy  as  100  is  to  the  num- 
ber of  gallons  of  rum  ;  and  the  same  difference  is  to  the  quantity  oi 
rum  as  4  is  to  the  number  of  gallons  of  brandy.  How  many  gallons 
are  there  of  eaohf  Ans.  25  gallons  of  rum  aad  5  of  brandy. 

17.  There  is  a  number  consisting  of  three  digits^  the  first  of  which 
is  to  the  second  as  the  second  is  to  the  third ;  the  number  itself  is 
to  the  sum  of  its  digits  as  124  to  1 ;  and  if  004  be  added  to  it 
the  digits  will  be  inverted.    What  is  the  number !  Ans,  2i^ 

18.  A  corn-factor  mixes  wheat  which  cost  10&  a  bushel  ivitli 
barley  which  cost  4s.  a  bushel,  in  such  proportion  as  to  gain  43f 
per  cent  by  selling  the  mixture  at  lis.  a  bushel  What  is  tlie  pro- 
portion f  Ans.  14  bushels  of  wheat  to  9  of  barley. 

19.  What  two  numbers  are  those  whose  sum,  differonce^  and  pro- 
duct, are  as  the  numbers  8,  2,  and  5,  respectively.    Ans,  10  and  2, 

20.  What  two  numbers  are  those  whose  sum,  difference,  and  po 
duct)  are  as  the  numbers  «,  J,  and  p  respectively  f 

s+d        u—d 

21.  There  are  two  numbers  in  the  proportion  of  ^  to  |,  and  wjSl, 
that  if  they  be  increased  respectively  by  6  and  5,  they  will  be  to  each 
other  as  f  to  |.    What  are  the  numbers  ?  Ans.  30  atid  40. 

22.  There  is  a  number,  the  sum  of  whose  digits  is  to  the  number 
itself  as  4  to  13  ;  and  if  the  digits  be  inverted,  their  difference  will  be 
to  the  number  expressed  as  2  to  31.    What  is  the  number  ? 

Ans.  13,  26,  or  39. 

23.  The  difference  of  the  cubes  of  two  numbers  is  to  the  cube  of 
their  difference  as  61  is  to  1,  and  the  product  of  the  numbers  is  820 
What  are  the  numbers  f  Ans.  ±20  and  ±16. 

24.  The  sum  of  the  cubes  of  two  numbers  is  to  the  difference  of  their 
cubes  as  559  to  127,  and  the  square  of  the  first  multiplied  by  the 
second  is  294.    What  are  the  numbers  ?  Ans.  1  and  6. 

25.  The  difference  of  the  cubes  of  two  numbers  is  to  their  produfit 
multiplied  by  their  difference  as  7  is  to  2,  and  the  sum  of  the  numbers 
is  6.    What  are  the  numbers  ?  Ans.  4  and  2. 


PB0BLEM8  IN  PROPORTION.  891 

26.  The  difference  of  two  numbers  multiplied  by  tbe  first  is  to  the 
difference  multiplied  by  the  second  as  3  to  7,  and  the  first  multiplied 
by  the  square  of  the  second  is  147.    What  are  the  numbers? 

Ans.  d  and  1. 

27.  The  sum  of  the  squares  of  two  numbers  is  to  the  difference  ot 
their  squares  as  17  is  to  8,  and  the  first  number  multiplied  by  the 
square  of  the  second  is  45.    What  are  the  numbers  ? 

Ans.  5  and  3. 

28.  The  sum  of  two  numbers  is  to  the  difference  of  their  squares  as 
1  *'  to  4y  and  the  product  of  the  numbers  is  21.  What  are  the  num- 
L^i  J  Ans,  ±1  and  ±3. 

20.  The  Slim  of  three  numbers  in  geometrical  progression  is  52,  and 
the  sum  of  the  extremes  is  to  the  mean  as  10  to  3.  What  are  the 
numbers  f  Ans.  4,  12,  and  36. 

30.  The  difference  of  two  numbers  is  to  6,  as  the  greater  is  to  the 
less,  and  as  their  sum  is  to  42.    What  are  the  numbers  ? 

Ans,  32  and  24. 


31.  Given =5  to  find  x  by  changing  the  equavion  into 

A  ±2aV5 

a  proportion.  Ans,  a;=    r     t  « 


82.  Given    ^        ^         =&  to  find  x  by  changing  the  equation 

j^a+x—  4/a— a?' 

into  a  proportion.  Ans,  x=yz — -. 

6"  + 1 


83.  Given =2  to  find  a?  by  changinff  the  equation 

into  a  proportion.  Ans,  a?=f  |. 

84.  Given    ^  — — — :=9  to  find  x  by  changing  the  equation 

4/4a:+l— y'4a: 
into  a  proportion.  Ans,  rr= J. 

35.  Given  ~ ^ =5  to  find  x  by  changing  the  equa* 

a-f-a:  

...  .  ^  a(dbl-V26-6M 

tion  :v*/o  a  proportion.  Ans,  x= ■         — / 

^    ^  ^26-6' 


CHAPTER   XVIII. 

SEBIES. 

(41 1.)  There  are  many  kind  of  series.  Arithmetical  and gaombtr 
rical  series  have  already  been  discnssed.  A  series  may  result  &  m 
dividing  the  numerator  of  a  fraction  by  its  denominator,  or  from  in- 
volution or  evolution. 


THE   EXPANSION   OF   SERIES. 

(41 2«)  Qiiantities  or  algebraic  expressions  may  be  i^xp&nddd  or 
developed  in  four  ways ;  namely. 

The  Method  of  Division^ 
"        '<       «   Undetermined  Coefficients^ 
**         "       "  Invotutionj 
and     «        "       "  Evolution. 


THE   METHOD   OF   DIVISION. 

PBOBLSM 

1.  Expand into  a  series. 

SOLUTION. 

By  dividing  1  by  1  -{-a^  we  obtain  1— a+a'— a'+>  *o« 
l+a)l      (1— a+a*— o*+,  Ac 


-a* 

g*. 
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Therefwe,  --— =1— a+a'— a'+a*— aVl-a*,  *c 

PROBIBM 


2.  Expand  q=,-*  ;  into  a  series. 

O        1  "f"  I 


SOLUTION. 

We  see  that  this  fraction  is  the  same  as if  we  suppose  a  to  be 

1 ;  therefore, 

i=l-'^ +49-343,  Ac. 
8 

The  stadent  may  not,  at  first  sight,  see  how  this  series  can  be  equal 

to  ~.    But  if  the  remainder  is  taken  into  consideration,  the  result 
8 

may  be  verified.    By  considering  the  remainder,  we  have 

1         «^^  .    2401 
^=-300+  -^, 

1_— 2400  +  2401 

8  8  ' 

•      1_1 

8     8* 

This  fraction  may  also  be  expanded  into  a  finite  series. 

^,        1     1.000       ,„^        1     1000      125       ,^^ 
Tbus,  -=--—=  .125,  or  r=r7r7;:r=r;;^=.125. 
'88  '8     8000     1000 

Tjhis  method  furnishes  an  explanation  of  the  arithmetical  proceaa 

of  converting  |  into  a  decimal  fraction. 

EXAMPLES. 

1,  Expand- into  a  series. 

1 — a 

Ans.  l+a+a'  +  a*+a*+o*+a*+ 


St  Expand into  a  series. 

*^     1+a 

Ans.  1— 2a  +  2a'-2a*  +  2a*-2a*  + 
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8«  Expand  r=  oo  into  a  series. 

Ans.  1  +  1+1  +  1+1+1+1  +  14^1+  .  . 

4«  Expand -—- into  a  series. 

Ans.  1+2  +  4  +  8  +  16+32  ,  iU+  . 

ff«  Expand  — 37  into  a  series. 

b     6"      h*     6*      h* 
Ans.  i+-+iL+_+_+_+  .  , 
a     or     a*     a*     o* 

6«  Expand into  a  series. 

Ana,  a'\-ar'\-af*+ar*+ar*+ar*+  . 

7«  Expand  — -r  into  a  seri^ 
a+o 

-4/w.  1 — +— i— —+—"'—+  . 
a     a*     or     a*      o* 

l+« 
8.  Expand  — -~  into  a  series. 

Ans.  l  +  2rc+2a;*  +  2jc»  +  2a:*+  . 

9«  Expand  -z --,  into  a  series. 

Ans.  l+a;— «•— «*+ir«+»'— «•— a?"+  . 
10*  Expand  1  into  a  series. 

a;+a;+a:+a?+a:+jr+a?+aj  + 
«— «"+a;'— «*+ «•— a'+a;^— «•'+ 

X     «'     a?*      «*     «*     a;' 


ii9». 


KofB.— These  results  may  all  be  verified  if  the  remainders  are  consider^ 


THB  METHOD  OF  UNDBTERMINBD  COEFFICIENTS. 

(413.)  The  method  of  undetermined  coeffidents  is  a  method  by 
wliicli  algebraic  fractions  may  be  expanded  or  developed  into  a  series, 
the  terms  of  the  series  being  arranged  according  to  the  ascending 
powers  of  one  of  the  quantities  considered  as  a  variable.  •  This  method 
is  based  upon  the  following  theorems. 
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THEOREM  I. 
(414.)  1.  If  the  series  Axf  +  £j;^+Cjf'\-I)jf'-{-,  «fec.=^V  + 
^'a^+C'jf^+Da^^  +,  <fec.,  for  all  possible  values  of  x,  the  exponents 
and  coefficients  being  finite  quantities,  and  the  exponents  o/x  in  each 
member  being  arranged  in  the  order  of  their  mxignitudes,  comm,encing 
iffith  the  least,  then  a=a*  *,  6=6';  c=c';  d=d' \  «fec.,  and  A-=iA' \ 
J?=^;  (7=  (7';  D=zD'\  <feo. 

DEMONSTRATION. 
Dividing  both  members  by  nf,  the  equ&tion  becomes  A+B2f'^-\- 

Sinoo  this  equation  is  true  for  any  value  of  or,  we  have  a  right  to 
suppose  X  equal  to  zero.  Making  this  supposition  the  first  member 
reduces  U)  A.  If  we  suppose  all  the  exponents  in  the  second  member 
to  be  fnite,  it  would  reduce  to  zero  when  x  equals  zero,  and  we  should 
have  ^  =  0,  which  is  impossible,  as  ^  is  supposed  to  be  some  finite 
quantity.  Therefore,  it  would  be  improper  to  consider  all  the  ex- 
ponents in  the  second  member  as  finite,  and  hence,  one  or  more  of 
them  must  be  zero.  Since,  a',  6',  c\  d\  <fec.,  are  all  different,  it  is  evi- 
dent' that  a  can  not  equal  more  than  one  of  these  quantities,  and, 
therefore,  of  the  exponents  a'— a;  6'— a;  c'—a]  d'—a]  <fec.,  butone 
can  equal  zero. 

It  now  lemains  for  us  to  decide  which  exponent  it  is  that  equals 
zero.    Suppose  it  to  be  6'— a,  or  the  exponent  of  x  in  the  second 
term,  and  then  for  x  equal  zero  all  the  terms  after  the  second  must 
vanish,  and  there  would  result  the  equation 
A=A'af'-"-\-B'x\ 

But  smce  «•— 1,  ^=^V— +-5'. 

Since  a=b'  and  a'  is  less  than  6',  a'-^azsz  a  negative  quantity  which 
put  equal  —  n,  and  the  equation  becomes 
A:=:A'sr^+B\ 

A' 
Supposing  x=zO  A=—-{-B\ 

A--B'=ao. 

But  A—B*  must  bo  equal  to  a  positive  or  negative  quantity,  or 
cero,  therefore  A—B'^co  is  impossible,  which  shows  that  it  is  im- 
propeT  lo  «ake  6'— a=0. 

As  the  same  reasoning  applies  to  all  the  exponents  of  x  in  th« 


896       THB  METHOD  OF  UNDETEBMIKSD  COEFFICIENTS. 

Booond  member  but  the  first,  or  a'—a^  it  follows  that  a!— a  must  eouftl 
sero,  and  the  equation  becomes 

A=A'. 

Suppressing  the  equal  terms  A^A'a^"^  the  equation  becomes 
J?aj*— +  Caf-+i>aj^+,  <fca,=J?'«*'-^+  C'a!^+2>'aj^-*+,  Aa 
Dividing  by  «*^,  we  have 

^4.  Car^+i>a:"+,  &c.,=^V'-^+C'aj^+i>V'-*+,  Ac. 
Then  for  x  =  zero,  we  have  when  we  make  6'— ft=  zero,  or  Vz=h 

B=B\ 
Thus  we  may  go  on  and  prove  that  c=c'  and  C=  C ;  d^d!  and 
D=^D\  &Q^  which  proves  the  theorem. 

THEOBEH    II. 

(416.)  If  u4a^ + J?«*+Ca:'+i>aj'+,  Ac  =0  for  all  possible  values 
of  a;,  a  being  less  than  6,  6  less  than  e,  c  less  than  i,  Ac.,  eaoh  of  the 
coefficients  must  be  equal  to  zero. 

DEMONSTBATION. 

Dividing  by  «*,  we  have 

^+ J?a^+  Car*+Da:*-+,  Ac  =0. 
If  now  we  make  x  =  zero,  we  obtain 

Suppressing  -4=0,  and  dividing  by  «*^,  we  obtain 
5+  (7a:*-*+i>«"+,  Ac.  =0, 
in  which  if  « is  put  equal  to  zero  the  equation  reduces  to 

In  the  same  way,  we  can  get  (7=0,  i>=0,  Ac,  which  w&fc  i^hat 
was  to  be  proved. 

Let  us  now  apply  the  method  of  undetermined  coefficients  to  the 
expansion  of  series. 

PBOBLSM 

(416.)    1.  Expand  ^  into  a  series. 

SOLUTION. 

By  an  inspection  of  this  fraction  we  see  that  by  divittoa  tbe  first 
term  of  the  quotient  would  not  contain  x  but  the  second  term  would* 
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.ABsnme,  then, 


-^^A+Bx+  Ci;'+i>ir*+^aJ*+. 


Clearing  of  finctiofis,  we  have 

1=^+  £x-\-   Ox"-^  J)x*-{-  JSx*+ 

-2^-2J?iB'— 2(7a;*— 2i>a?*— 

+  A3^-^  J?«*+    C5r*+ 

Transposiiig,  the  equation  becomes 

l+2^a?+2J?«»  +  2(7«»+22>a;*+  .. . .  ==A+Bx+{A+0)a^+ 
(J?+i>)««+((7+^)aj*+ 

According  to  Theorem  1  (414),  the  corresponding  coefiSdents  in 
ih66e  series  must  be  equal. 

A=:l 


Bz=2A 
A+0=z2B 
B-\-D—2a 

0-\-JS=:2D 


*•,  whence 


B=2 


Substituting  these  values  in  the  assumed  series,  we  have 


1— 2a?+a:''" 

This  fraction  might  have  been  developed  into  a  series  with  more 
ftidlity  by  division. 

The  student  should  be  very  carefiil  in  assuming  the  series  of  unde« 
termined  coefficients.    This  may  be  illustrated  by  the  following 


2.  £ipand 


8i'-2«» 


PROBLEM 

into  a  series. 


SOLUTION. 

Bj  divisioit  we  see  that  the  first  term  of  the  expansion  must  be 

2       2 
=— -==-0?"',  therefore,  assume 

2 
—r-—-i—Aar''+Bar^+Cx''+Dx+I!x*+Fx'+&c. 

Clearing  of  fractions  and  transposing,  we  have 
2  +  2u4rc+2J?a:*+2(7a;«  +  2i>a:*  +  2^a;*  +  ,  «fec.  =:3^+3-5a?+3Gr«+ 
3i>«» + 8^*  +  3i^;i;* + Ac. 
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By  equating,  like  coefficients, 

r  SA=2      1  f  ^=1 

whence  -<    -^=H 

By  substitutiDg  these  values  in  the  assumed  series,  we  get 
2       _2        4       8      16a?     S2z*    64x* 


we  have 


2  2         2*      2*     2*a;  .  2V     2V       .         ,  .     ,         . 


Sa:*— 2«*     Saj*     3y^3 
the  terms  is  apparent 


assuming  it  equal  to  A+Bx+  Cj^-\-Ds^-\-  ico^  and  then  multiply- 

2  2 

ing  the  result  by  ^  for  the  development  of      ,^     ,. 


PROBLSM 

3.  Expand  (1  +x)i  into  a  series. 

SOLUTION. 

Assume  (l+a:)i=^+^a;+(7a;*+i>«*+^a;*+ 

Squaring 
l+a^+0«»+0«•+OJP*+«fec,  z=,A^-{^2AB3>\^2ACx'^+2ADx' ^2AEx*+. 

I^7^^-2BC^-\^2BDx^-i- . 
+  C7V-4.. 
Equating  like  coefficients 

^•=1  ^  r  J=l  . 

2^i>  +  2^C=0    p^^"°^  \   i>=y, 

<fec.                                                    <fec. 
Substituting  these  values  in  the  assumed  series,  we  get 
♦a+i=l  +  ia;-ia;«  +  ^V^«~yfyrc*+ 


we  have 
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But  we  liad  a  right  to  assume 

♦^i+^=-^-J?aj~  Cx^—Dx^-Ex'--^ 

Bj  B^uarng  we  should  obtain  the  same  equation  as  before,  and 
hence  the  samo  values  for  A^  B,  C7,  jD,  U^  <fec.,  which  being  substituted 
in  the  assumed  expression  would  give 

Vin=-l-ix+ix'-^^x''hjijx'^ 

From  these  two  results  we  see  that 

Vrrx=:tl±ixzpix'±j\x'TTh^*^ 

tihe  upper  row  of  signs  being  taken  for  one  result  and  the  lower  row 
for  the  other;  or  we  may  write  it  thus, 

i'l+^=±(l+ia?-K+TV^*-TM*+ ) 
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(417«)  The  method  of  undetermined  coefficients  may  be  em- 
ployed in  th^  deconposition  of  rational  fractions,  and  for  this  pin'po«e 
it  is  o&Bn  UAdd  in  the  Integral  Calculus. 

PROBLEM. 

Decompose  the  fraction  -; — — . 

SOLUTION. 

Since    .  ^    ,  ^^  =7 — ttt =\  let  us  assume  that 

6ar— 19.  ^    J-  ^ 


(a?— 3)(a;— 6)~"a:— 3     «— 6 

5a?— 19      _J(x— 5)-f^(a?-3) 
(a;— 3)(a;— 5)"*"      (a;— 3)(a:— 6) 
6a;— 19=^(a:— 5)+J?(ar-3) 
{5  A  +  3^)a;*  +  6ar=19a;*  +  (-4  +  B)x 
Fq  gating  like  coefficients  of  a?, 

We  have   i  S^+3^=l», 
(    A+  J?=5, 

5A  +  SBz=ld, 

SA  +  SB=15. 

2^=4, 

A=2, 

B=S. 

6a;-19     _    2  3 


«*— 8a:  +  16     ar— 3     a;— 5 
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Note. — ^The  values  of  A  and  B  might  have  boen  determine    m  a 
different  manner  from  the  equation 

6rc— 19=-4(ar— 5)+J?(a;— 3). 

Since  this  equation  is  true  for  all  values  of  «,  let  na  aft^iune  i^  \  h% 
8,  and  we  have        15— 19=— 2-4,  or  -4=2. 

If  x=&  we  have  26—19=     %B,  or  -B=8. 

SZAMPLXB. 
\ /p 

!•  Expand -,-  into  a  series. 

Am.  1— 2a;+«'+«*— 2a;*+af'+«*— 2«*-h  .  .  •  ,      » 


2%  £bq>and  — ^  into  a  series. 


.       a    ab       ab*  .     ah*  ^     ab*  ^ 

Am.  -— -jir+-v«" rar+  -j-«*— 

^     #.>        /•>  ^*  ^» 


8«  Expand  7 rr-  into  a  series. 

-4n*.  — +— +—  +—  +  --.+  ...... 

or     a*      a       or      a 

*    T^        3  a— fta? .  , 

4*  Expand mto  a  series. 

X  X*  s^ 

Am.  1— (6+c)-+c(ft+c)-j— cXft+c>-;+  .  .  .  4  . 

1— « 

5«  Expand  - — —r-  into  a  series. 

'^        1— 2x— 3ar 

-4w*.  l+«+6i'  +  13«*  +  41a^-tl21«*  +  C65»*+  .  .  . 

6«  Expand  -= into  ajseries. 

,      d    adx    a^d^  jji^ds^  ,a^dx^ 

7*  Expand  (a— oA""*  into  a  series. 

Am.  a-*+a-'a?+flr-V+a-^«'+«r*«*+.  .  .  /. 


8«  Expand into  a  series. 

^         a— a? 


9«  Expand  — --7-;  into  a  series. 


^jw.  a*+c'a?+ay+a^''-^c*. 


-4n^.  -— — jarH — jic* i«*  +  . 


«  •  •  • 


10*  Expand into  a  series. 

'^       a?+l  ^ 


Am.  a:— a:*+a;*—a;* +«*—«•  +  . 
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%  series. 

Ans.  — 1— 2jr— 2j:»— 2a:*— 2a;*— 


11«  Expand  --—  into  a  series. 


IS.  Expand  — into  a  series. 

-4n«.  l  +  2ar  +  3a:*  +  5a;*  +  8ar'  +  13aj'+.  . 

X 

l^.  Expand  — r  into  a  series. 

Ans,  x—x''+x*—x*-}-x''—. 

1  J,  Expand  aj(l— a;)" 'into  a  series. 

Ans.  ar+3a5'  +  6ar'  +  10a?*+ 

I5«  Expand  j^a^^x*  into  a  series. 

A  g*_  X*  _    X*  _    h^ 

16*  Expand  ^64  + 1  into  a  series. 

Ans.  8  +  — -— — T  +  — -..  . 
16      8*     2-8* 

17.  Expand  (a+fl:+a:*)i  into  a  series. 

Ans.  ai+-^+/-i-~-LU   . 
2a*     \2aJ     ^a^' 

18.  Expand  (a*— aa:+a:*)i  into  a  series. 

X      Ss^ 
Ans.  a-'--^'-—  .... 
2     8a 

19*  Expand  (oa;— a:')i  into  a  series. 

Ans.  a^x^— — -— — -.  •  .  . 
2a*     8a* 
SO.  Expand  a(a*  +  b*)-i  into  a  series. 

6*       2b*  _  Uh* 
^'**-  ^~8a«'^"95*    "81?-  • 


.  • 


21.  Lx'>and -,  into  a  series. 


3a?— « 


^'^^  3^"^9+2Y^+81*  + 


•tt    T^                    lOx-16  .          3,7 

S2.  Decompose  -= — - — — -.  Ans. -+ -. 

^       a?*— 4a?+3  ar— 1     a:— 8 

ZS.  Dvtjcmpose  -^ — ^    .  ..  Ans. -+ -. 

*^       ar'—7a;+ 10.  a;— 2    a?— 6 

.      ^                      4a;-60  .         11          7 

Si.  ne...ompose  ^^^.^^^g^-  ^n*.  SHJ-iHs- 

26* 
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6u*-22ar+18  ^  1.2,8 


J5.  Decompose  ^_e^^„^_g.        ^«.  ^^j + 


«• 


at— 2     «— 3 

26.  Decompose  —^ — -  Ans.  --. -t— ..    .  ,v— ^.  ,  .  ,v* 

^    ^^  *+2  .  1,32 

J7.  Decompose  ^^^      ^  ^n,. -^^j^+-^^^-j^--. 

*^'^^"P^(^+l)(x  +  2)(x  +  3) 

.  1       _    4  9 

2(a;+l)     «+2     2{jr+3)* 

•A       Vx  ^^+^  A  8  1,6 

29.  Decompose  ^^Pp^^-^.     ^n,.  -~-g^^:;^+-^^^-^. 

80.  Decompose  ^^:!:gy^^y 
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PROBLEM. 

(418.)  Expand  (a;+y)*  into  a  series,  n  being  a  ii?holo  Biutibor. 

SOLUTION. 

This  may  be  expanded  by  raising  a:+y  to  the  nth  powar. 

This  may  be  done  by  actual  multiplication,  or  by  tbs  hmomial 
theorem.  As  this  theorem  is  also  applicable  to  evolution,  it  will  be 
demonstrated  in  the  next  method. 


THB   METHOD    OP   EVOLUTION. 

(419t)  A  method  of  extracting  roots  has  already  been  giTon. 
But  since  the  law  of  the  binomial  theorem  holds  good  when  the  ex- 
ponent is  fractional,  we  have  a  more  expeditious  method  of  extracting 
the  roots  of  binomials. 

BINOMIAL    THEOBEM. 

n(n-l)(»-2)(n— 3)^_, 

-^— — '^         ^; — ■7—^i>^y+  &c.     X  and  y  bemg  any  quaiititi«\ 
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whether  real  or  imaginary,  and  n  heing  a  positive  or  negative  integer, 
or  a  positive  or  negative  fraction.  » 

DEMONSTRATION. 
This  demonstration  depends  upon  the  following 

LEMMA. 

1     =n«"~\  «  being  a  positive  integer  or  a  positive  fraction, 

a  negative  integer  or  a  negative  fnctiim.  The  notation  after  the 
parenthesis  denotes  that  the  first  member  of  the  equation  equals  the 
second  when  u  is  equal  to  z. 

We  may  divide  the  proof  of  this  lenmia  into  four  cases. 

CASE   I. 
When  n  is  a  positive  integer. 

PROOF. 

We  h&ve  seen  in  (112)  that  when  n  is  a  positive  integer  that 

z — u 
When  u=:z  each  of  the  terms  in  the  second  member  becomes  z*^\ 

1     = 

w^\  which  proves  the  lemma  true  in  the  first -case. 

CASE    II. 
When  n  is  a  poedtive  fraction.  ' 

PROOF. 

Supposing  «=f^,  p  and  q  being  positive  integers,  and  «=r*,  and 
te=v^,  we  have 

£       1  

Z9--U9  _jrP—v''      r—v 

z—u  ~' r^ -^  v^^ r^ —V 


r— 1 


Accoidmir  to  Case  I. =or'^\  and z=qr^^^  when  vzzr* 

Bui  since,  when  v=r,  u  must  equal  z,  we  have 


Z       £, 


r—v 


pr^^    p 
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J.  tiJ      ?- 1. 

But  rince  1^=*,  we  have  r=»*  and  K^=ar  i  =2*  SubstitalLiig 

)       ~ 

HR^"*    which  is  the  formula  given  in  the  lemma,  when  n=-,  and  henc« 

proves  the  lemma  to  hts  One  in  the  second  case. 

CASE    III. 
When  n  is  a  negative  integer. 

PROOT. 

Suppose  n=— III.    Then  unce  ar*— tt~*=— ar*«"*(a*— u*),  yn  ' 

have =— «"*tt~"l 1. 

«— tt  \  «— tt  / 

j      =jiwr^\  which 

1        = 

— jr*tr'*m«*~*=— fiMT"*"*,  which  is  the  formula  given  in  the  lemma 
when  n= — m,  and,  therefore,  proves  the  lenmia  to  be  true  in  the 
third  case. 

CASE    IV. 
When  n  is  a  negative  fraction. 

PRO  OF. 

The  proof  in  this  case  is  found  by  putting  ~  for  — m  in  tlie  lasti 

and  referring  to  Case  IL  instead  of  Case  I. 

Therefore,  the  truth  of  the  lemma  is  fully  established. 

We  are  now  ready  to  proceed  with  the  general  demonstration  of 
the  binomial  theorem.  We  are  required  to  ascertain  the  development 
of{x-\-y)\ 

Since,  («+y)"=«"(l  +-)  it  is  only  necessary  in  order  to  find  the 

development  of  (x+y)*  to  find  that  of  1 1  +-j  and  multiply  it  by  «■ 

For  couvenience  put  «==-,  and  we  then  have(l  +«)",  whose  develop- 
ment will  now  be  sought 
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Assume  (l+«)-=^+^^ +&•+/)«• +-£'«*+ in  whioli 

the  assumed  coefficients  A^  B,  0,  i>,  JSy  &o^  are  independent  of  z^  and 
depend  entirely  for  their  values  on  1  and  n.  Let  us  now  endeavor  to 
ascertain  the  values  of  these  coefficients  in  terms  of  1  and  n. 

To  find  the  value  of  ^  make  z=0  in  the  assumed  equation,  which 
we  have  a  right  to  do,  since  A  is  independent  of  z,  and  we  get 

Suhstituting  this  value  of  ^  in  the  assumed  equation,  we  have 

{l+zy=l+£z-\-Cz^+J[)z*+JSz*+ (A). 

Since  z  may  be  any  value  whatever  without  affecting  the  coefficients 
A,  Bj  Cj  &o^  let  us  make  z=u,  and  we  have 

(l+w)-=l+i?i*+(7M'+i>«'+-fi^tt*-f (B) 

Subtracting  (B)  from  (A),  we  get 

(l+«)--(l+tt)»:;=^(2-tt)+  (7(»'-t*')+i>(2'-V)  +  ^(2*-tt*)+  .... 

Dividing  the  first  member  of  this  equation  by  (1  +2?)— (1 4- w),  and 
the  second  by  its  equal  z—u,  we  obtain 

(1 +«)-(!+«)  \a— «/        \z—uf        Xz-ur       ^    ' 

Putting  l+2=r  and  1  +tt=v  (C7)  becomes 

=Ef='-<^M^H^)- (^) 

But  by  the  lemma  we  have 


A  r—v  /-^ 


nf^\ 


Lomma 


But  wbeu  t;=r,  we  also  have  u=.z^  and  by  the 

-  (^>-="- 

Equation  (2>)  will  become  by  substitution 

*»■  dtipl/ing  this  equation  by  r=l  +«,  we  get 

nr''=.^+2Cfe  +  3J9«"+4-£&'  + 

+&+2Cfc*  +  3i>0"+.  ..... 

Cince   l+«=r,  wo  have  n(l+«)*=J?-h(J?+2(7)«+(2(7+3Z>) 
«"+(3i>+4^K  +  .  ...  ^ 

Multiplying  (-4)  by  w,  we  get 
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Whence,  5+(5+2(7>+(204-3i)y  f  (3i>+4i0«'  + 

z^n+nBz+nCz'-^nDz*-^ 

Equating  the  coefficients  of  the  like  powers, 

B-n 
B+20=:nB, 
20+3D=nO, 


wehaye  < 


<bc 


,  whence 


n(n-l) 

^     n(n^l)(n-2) 
^-        2  T"' 


JT: 


n(n~l)(n--2)(n— S; 


3 


&C. 


Substitating  these  values  of  B,  Cj  2),  &c^  in  {A)^  and  restorirg  the 
Taloe  of  ^=^,  we  get 

V       «/  Of         2         «•  2.3a?*. 

n(n-l)(n~2)(n-3)    y* 
"*■       2.3.4        "i^"^-  •  • 

Therefore,  since  afl  1  +-j  =(«+y)*,  we  get  bj  moltiplTing  the  ex 
pre8sion£brll+-l  by«*, 

n(n-l)(n^2)(n-3)         , 

^       2.3.4      "^^^ 

which  is  the  formula  ^ven  in  the  theorem. 

For  the  purpose  of  reference,  we  append  the  following  formulas 
which  have  been  encountered  in  the  above  investigation.  Which 
formula  it  is  best  to  use  will  depend  on  the  nature  of  the  binomial  to 
be  expanded. 

(;,+y)-=^+«;»>-y+!?^W+"^"-^>;"-;i>.-V+  . .  (1). 
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EXAMPLES. 


1«  Expand  {a'-^xji  into  a  series. 


.  XX*,      Sx*  3'5x* 

Ans.  a+-~-—  +- 


2a      2'W      2-4-6a*     2-4'6-8a' 
2«  Expand  {a-\rx)\  into  a  series. 

A  J.      *         ^*     .      3i:"  3-6j;*  \ 

\       2a     2-4a"     2-4-Ga'     2-4-6'8a*  / 

3«  Expand  |/2 =(1  +  l)i  into  a  series. 

2     2-4     2-4-6       2-4-6'8 
4«  Expand  (a— &)i  into  a  series. 

•'^•''T~4a     4^     4¥r2a>      4-8-12-lOa* / 

5*  Expand  (a+y)~~*  into  a  series. 

A^     l_4y      lOy'  20/85/ 

a*     a*       a*  a^         a* 

6«  Expand  -^^ — r  into  a  series. 

Ans.  -+— T+— i+— :+— 5 

a     a*     a'     a      a 

7i  Expand  (a*+5')i  into  a  series, 

6«       6*        6- 

2a     8a'      16a* 
5 
8t  Expand  *  into  a  ieries, 

|/a"+«* 

a\       2a"      2V       2*a'      2V  / 

9t  Expand  (c*— 2r^  into  a  series. 

.         |/        3aj'      3a;*      6a;«  \ 

^^-  n'~2V-2V"-2V ) 

lOt  ^d  the  cube  root  of  ^ 


a'+b'' 


h'  ^2b'     145* 
3a'      9a*     81a* 


lit  Expand  |/5=  1^4  +  1  into  a  series. 

Ans,  2  +  — T— — ^H--r5-"rT; 
2       2       2      2 


12*  Expand  V6=:V8— 2  into  a  series. 


2-3     2*-3»      2*-3*      2'-3» 
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PROPOSITION 

(420U)  .!•  ^^  ^^  9f  ^^  coefficients  of  the  odd  terms  of  the  w^ 
jxmsion  of  (a  +  6)"t9  equai  to  the  sum  of  the  coefficients  of  the  even 
terms, 

PROPOSITION 

(421«)  2.  The  sum  of  the  coefficients  in  the  expansion  of(a+hY 
ts  equal  to  nth.  powor  of  2. 

PROPOSITION 

(422i)  3.  The  sum  of  the  coefficients  in  the  expansion  of  {a^h)* 
is  e^  lal  to  zero. 

(^  23«)  We  Ikive  seen  that  the  binomial  theorem  famishes  the 
ceaas  of  ezpandiDg  polynomials,  since  all  polynomials  may  become 
binomials  by  subsHtation.  But  a  more  direct  method  of  expanding 
polynomials  is  by  the 

MULTINOMIAL  THEOREM. 

(aj^ay-f  6y*+ft/« . .  :)*=2r'ynar-'ay-t-p^^!^ 

/n(n~l)(n^2)^,^,^^^^_^^^,^^^^^,\  ,^ 

\      2      .      3  / 

DEMONSTRATION. 

Assume  (*+o3f+fty"+cy' )T=:^+^y+ C^«+2>y'-f  ..(^). 

To  determine  A  make  y=0.    Whence 

Az=x'j^ 

Making  »=y,  we  got 

(a?+(MJ+fe*+(»» )T=^+J?«4-C2*+i>«"+ {By 

Subtracting  (B)  from  {A)  there  results 

(X'\'atf'\'by*-{'Cy' )T— (ar  +  a^  +  iz'+cz'  .  .  .F=^(y— «) 

+  a(y«-e»)  +  i>(y'-2')+  ...  (0). 
Putting      P'=(a?+ay  +  6/  +  cy' ....), 

whence    P'=  (ar + ay  +  6y' + cy' .  .  .  .)T, 
and         Q'=z{x+az+bz*  +  cz*  . . . .) 

whence       §'=(«+a8+6z*  +  <»' . . .  .)T. 

wegetP'-§'=5(y-2)+C(y'-2')+i)(y'-«')+  .... 

But        i''_§'=a(y_«)  +  6(y'_z')+c(y«_«')+ 


THB  METHOD  OP  EVOLUTION. 


Vflimze,  }>*  iUvlsion,  we  obtain 

-P'-C       «(y-2)+%'-«") +</-«•)+ 

DividiDg:  the  Muuerator  and  denominator  of  the  first  member  by 
i^—  Q  and  the  numerator  and  denominator  of  the  second  member  by 
y— «,  we  get 


P^'fP*-*Q  .  .  .  PQ'-'+Q"' 
■g+C7(y+g)+i>(y'+yg+g')+  . 


(^) 


Now,  if  we  make  y =2,  since  P  will  then  equal  §,  Eq.  (D)  becomes 

iP""  "aP'  ™  a  +  2hy  +  3cy'  +  4rfy'  +  .  .  .  . 
Substituting  ibe  Talues  of  P'  and  P%  we  get 

r(i-hqy-f^y'-Ky'  .  .  .  .  )T_^+2C^-f  8.Z)y'+4^y'+  .  .  .  > 
•  («H-ay-i-6y'+cy' .  .  .  .  )        a+  26y  +  3cy"  +  4rfy'  +  .  .  .  . 

dearing  of  firactions,  we  have 
-{x+my'{-i»f-\-cy'^dy^  .  .  .  y{a^2hy-\-dcy*-\-4dy*  +  5ey*  .  .  .  )  = 
(jf+oy  +  Vf^-Zf^/.  .  .  ){B^2Cy  +  SDy^  +  4i:y'+5Fy* .  .  .) 

B/  BcibsVtatiou  from  Eq.  (t.'),  re  get 
~(^+^y+ Ci^*  +  i>y»  +  -fiV* . . .  )(«  +  26y H-3cy«  +  4<fy'  +  5cy* . . .  )== 
{z+ay  +  by*-\-cy*+dy'  .  .  .  )(^4-2(7yH-3J9y'  +  4^y'  +  6^*  .  ,  .,). 

Performing  the  multiplfcation  indicated,  we  have 


-aA+a£ 

*     - 

pf+aC 

ry-w) 

^y'+«^ 

0 

y^G 

"^y'-Hiff 

+i'A 

H265 

+36  C 

+2bD 

+26^ 

-\^2bF 

-^2bG 

+3cA 

■teeJi 

+8cC 

+3ci> 

■¥ScB 

+SeF 

+idA 

+4rf5 

+4<fC7 

-^^dD 

+4df^ 

■i*tA 

+6c^ 

■¥5eC 

+5ei> 

+6/4 1 

+6/5 

+6/C7 

+1yA 

•fVy-B 

48A^ 

[Fonraid 
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^B»taB\y^b  B 

jf+eB 

t/'+dB 

y'+eB 

f^fB 

^^^B 

+2x0 

+iaC 

+2hO 

+2cC 

+idC 

+2$C 

+2/(7 

fSx2> 

+aaJ) 

+9bJ) 

48  cD 

+3(fi> 

+3«i> 

.     +4x£ 

+4<lE 

+\hE 

UeB 

-{4d£ 

■¥SxF 

+5aF 

+6W 

+5cif 

-texG 

^^O 

-^^9 

+7xH 

+7«ff 

+8x1 

Bquatmg  the  coefiSdento  of  the  like  powers  of  y,  we  have 

£x=^A 
t 

aB+2xO=aB 

i*^A 

r 

y'..- 


8  9  t  • 

•  «  •  •  4 

eB^2dCkScl)UhB^aF-¥iixG==^aF%^2bJS-+SeI>%4dC^beB% 

There  is  a  symmetry  about  these  equations  which  wovid  enable  us 
to  fonn  sucoesaiye  ones  without  resorting  to  the  equation  from  wLicL 
these  have  been  dcriyed. 

r  ' 

Putting  n=:-,  and  instead  of  A  writ   i>.  Talwr  Sf*  zztf, » mi  soli  ia^ 

the  above  equations,  we  have 
A=ar 


2.3  ^         ' 


n(n^l)(,^2)^ 


J!fcl>ro. 


a«6jr— ^^3!p?(2ac-f*-)a^ 


n(i«^l)(i«^2)(n^3) 
2.8.4 

It  may  be  seen  from  these  values  we  are  not  able  to  write  all  the 
terms  in  the  value  of  Fy  although  some  are  apparent  But,  by  using 
Ay  By  C  jD,  &q^  instead  of  their  values,  the  law  becomes  evident 

Thus,  we  may  obtain  the  following  general  formula : 


THB  XEXDOD  OF  KTOLUTIOir. 


4?1 


+    +    +    + 

+ 

+ 

H- 

+ 

+    +   •! 

IT 

>• -A.^^ 

>-^ 

O^K 

»H 

wH 

^1 

t 

fill 

JO        00         •*        o 

1 

1 

1 

1 

1      *^ 

+ 

1 

1 
1^ 

1 

CO 

1 

Jill 

1 

^ 

I 

C5 

to 

+ 

+ 

+ 

+ 

+ 

+ 

"^ 

If?? 

8 
•      1 

IS 

1 

? 

1 

? 
1 

i 

+ 

K,      w        »         «n 

1^ 

Cd 

lO 

HJ 

v-Zl^ 

till 

1 

5 

C5 

5 

4 

^ 

+ 

+ 

+ 

+ 

1* 

•f 

IT! 
Iff? 

'To 

1 

CO 

b 

+ 

? 

? 

1 

+ 
? 

? 
1 

1. 

00 

< 

< 
( 

% 

4- 

1  1  ^  ^ 

1 

1 

i 

f  f  ?  ? 

? 

1 

Of 

I 

* 
1 

4 

g    +     b    <5 

?  ?  i  i 
1    I    ?    f 

T 

i 

1 

J 

^       W     JO      J-t 

li  ?  ? 

T 

?    +    ^    ^ 

>S     f      +       " 

^  il 

S    to  ^k 

/ 

«  ^**-^ 

%  1 

«< 
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RmffAKr. — ^This  thearem  ^yplies^  of  ocrane^  to  bpth  inyolutioii  and  erdlGtioiL 
The  Btodent  ahoold  use  the  mullinoziiial  theorem  in  eolTing  the  fiiUorlng 

KXAMPLBS. 

1.  Expand  (l+z+«'+«'+«^  •  •  •)'  ^°^  *  series. 

Ans.  l  +  3j;+6a!*  +  10a:*  +  15a?*+ 

2f  Expand  {2x-\'33^+43^  ....)*  into  a  series. 

Ans.  &p*  +  86x*  +  102«»  +  231a!»+ 

8«  Expand  (!+«+«■ +«*+«*  .  .  .  .)Hnto  a  seriea. 

Ans.  l+|a?+|a^+^«*+T%«*+  .        ... 

4f  Expand  (l+i'+i^+t^*  •  •  -H  ^^^  ^  series. 


BBYEBSION  OF  SBBIES 


(424«)  The  reversion  of  a  series  is  finding  another  series  wliich  is 
equal  to  the  unknown  quantity  in  the  given  series. 

*PBOBLBM 

(425.)  1.  Bevert  the  series  ax+&E'+<»*+<i»' 

SOLUTION. 

Assume  that  «=-4y+^y*+  Oy'+Dy* ,  y  being  oqual  to 

ax+bi^'\'G^-hdx*  .... 
Snbaiituting  the  value  a;  in  the  equation 

y=:az+hx*+cz'-{-dx*  .  .  .  ., 
we  have 


y+0y"+0y"+0y*=a^y+a^  |y'+       aC 

bA^l    +2bAB 

cA' 


Equating  the  like  coefficients  of  y, 
we  have 


c-4'+25-4JB+aC7=0 
dA^^ZcA^B^hJS'^^hA  C+aJ)=iO 


.  whenee  , 


y'+       aD 
+  26^(7 


y*+ 


i)=- 


SC-Cok+aVI 


HWWfore,  «=-jy--jy«  + -J y* y« 


BBVKRSIOK  or  SBBIia. 
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PBOBLSH 

2.  Revert  J  =ofl?+&aj"+c«'+rfaj^  .... 

80LUTI0V. 

AB8uine«=-4y+^y'4-Cy+2>y*  •  •  •  • 
Substituting  x  for  its  value,  we  have 


K4.  Ov»+Oy»+ Oy'^rro^y  4-a-B 


eA' 


Equating  like  coefficients,  we  obtain 


aA-\  ^ 
cA^'\-ZhA*B^aC=0 


+ZhA'0 

+  beA*B 

dA' 

^ZhAB" 


^4 


/+.... 


,wllMlM    ■ 


JB=:  — 


C7= 


a" 


i>=- 


12&i-8aM<i^ 


PROBLEM 

8.  Revert  aa?+6«'+cj?'+rf«*  ....  ==py+2y*+ry'+«y*  •  • 

80LUTI0H. 

Assume  y=-4af+l?«"-fGi?'+2>a;*  .... 
SLbstAtnting  this  va^'^e  of  y,  we  have 


CM? +6*' +««*+<?«* ....  =pAx+pB 

gA' 


+     gB* 

•hZrA'B 
sA' 


Equating  the  like  coefficients  of  ar,  there  results 


pA=ia 

gA^+pB^b 

rA^+^gAB-k-pC^c 

al*+ 3r^«j5+ jB»  ^2qA  C^pD^d^ 


.wllMIM 


^ — p— ' 

C= p . 


Therefore,  y=?.+^:i:^,.+^^=^^±^^^"=^>*'+  • » 

P  P  P 


tt4  BivnaiOH  or 

PftOBLXM 

4.  Revert  |>+aa:+te+ca:'+ito* . . .  =3r. 

SQLVTIOir. 

Tmmpotangpj  we  have 

c&r+&r+efl^+<i^  .  .  .  =«y— 7?* 

Tbii  tenet  it  the  tame  at  the  om  m  the  fini  ptobieiB  ^lo^  tau 

|f— j»  ttandt  in  the  place  of  y.    neiefofe,  ita  leveision  nmat  be. 

1/        \      *  /        x«  .  26"— «?,        ., 
#=:-(y-.|^)— p{y-l>)-+-— 5-(y-2>) 

s? — (y--p) 

■XAMPLSa 

1.  ReTerty=«+«'+«'+**  .  .  . 

Ant.  «=ry— 3f^4-3f^— y*+ 

2t  Revert  y=«—fr«+K-K  .... 

^^.  «=y+4y*+iy"+*y* 

t.  Revert  y=«-fr*+K-.+a?'  .... 

Jns.  fl!=y+iy*+Ay'+M/ 

!•  Revert  y=:2;r+d2'+i«*+5:r''  .... 

Am.  «=iy-Ay'+r'Ay'-,WV/ 

f.  Revert  y=l+«+Jaj"+|«»+A«*  .  .  . 

^.  ^=y-i-|(y-.i)*+i(y-l)«-i?^  .  , 

••  Revert  y=«+2«"+4»"  .  .  •  . 

.4iw.  «=y— 2y*+4y* 

7i  Revert  y=«-fr»+K-i«*  +  K 


•  • 


^jM.  af-y+  g  ^2-3^2-8-4  "   2-3-4-6    *  * 

8.  B«^y=*-2^+-2^8^""2¥?5¥7  •  •  • 

J  .   y*  .  l'3y»  .    l-8-5^_L 

••  Revert  y=«+3a!*  +  6«»+»«*+9«» 

Ana.  a?=y— 3y*+18y»--5ay*  .  ,  ,  ,  .  , 

10«  Reverty==«+— +—+—+—  .... 

2s         o         4         O 

An,.  x=!,-^+^—JL     ,     . 


SUKHATION  OF  SERIKS.  il9 

SUMMATION  OP   SERIES. 
Hie  summation  of  a  Berks  depends  upon  its  nature. 

ARITHMETICAL   SERIES. 

(426«)  The  Rumriiatictt  of  a  finite  arithmetical  series,  whether  in- 
oreafflDg  or  decreau  ng,  w%  Lave  already  seen  is  embraced  in  the  for- 
mula ^==1 — n — 1^  ^  whicli  a  is  the  first  term,  I  the  last  term,  and 
n  the  number  of  terms. 

aEOlCETRIGAL   SERIES. 
The  somuiiitjon  of  a  finite  geometrical  series,  whether  increasdng  or 

ddorcaviogi  fa  embraoed  in  the  formula  S=——--  or  . 

t  »                                                          a 
When  tiie  series  is  infinite  and  decreasing,  the  formula  is  S=- • 

REGURRINa  SERIES. 

A  reewrring  series  is  one  in  which  a  certain  number  of  consecutiye 
terms,  taken  in  any  part  of  the  series,  has  a  fixed  relation  to  the  term 
which  immediately  follows. 

Thu^inthe  series  H-3af4-4a;*  +  7a:'  +  llar*  +  18«*  ....  the  sum 
of  the  coefiicients  of  ny  two  consecutiye  terms  is  equal  to  the  coefii'^ 
:'{nt  of  the  following  tjrm.  •* 

In  the  seriea  l+2af+8«*+4«*+6ar*  +  6a;*  ........  each  term 

after  the  secoad  is  equal  to  the  product  of  2a;  into  the  first  preceding 
toro  plus  tba  product  of  — «*  into  the  second  preceding  term. 

Thus  bx^^2x  X  W— a^  x  do;'.  The  coefficients  of  ^  and  ir*,  or 
2—1,  is  called  the  scale  of  relation. 

.  In  the  series  1-f  u?+6ar*  +  ll«'+28a;*  +  63a;» ,2— 1  +  3  is 

the  scale  of  relation.    Thus  68i8*=2a?  x  28i;*— a:*  x  11«"  +  3aj'  x  63?*. 

\  L27«)  The  fraction  ^ produces  the  series 


a     OCX     ac^3^     ac*x^ 

b     ¥~^^        ¥~ 

Li  which  each  term  after  the  first  is  equal  to  the  product  of  — ^  into 


€X  , 


4l6  SUMMATION  OF  SEBIB8. 

cx 
tbe  term  Uiat  precedes  it    In  this  series,  — t-  is  tie  Bcale  ofreUMcr% 

of  the  terms,  and  ^  is  the  9cdU  of  relatum$  oi  ^e  coefficients. 

(428.)  The  fraction    JV^       .  prr-'a      Qm  bene*,      * 


a    ih     ad\      ihd     ad"     iw\  . 


in  which  each  term,  commencug  at  th.  tbird^  is  eqnal  to  the  two 

e^      dx 

immediately  preceding  multiplied  respectively  bj , ^  which 

c        c 

is  the  scale  of  lektion  of  the  terms. 

(429.)  The  fraction  -r- .    , ,  , — :;,  will  produce  a  'series  in 

which  each  term  commencing  at  the  fourth  in  equal  to  the  three  pie* 

ceding  terms  multiplied  respectively  by  — ^;t-i  "^^^t  '^'d'*  ^^^'^  " 
therefore  the  9cdU  of  relation  of  the  terms. 

(430.)  The  fraction       <i^-hx+cx'  .  >  >P^       ^  ^roAuce  a 

series  in  which  each  term  commencing  at  the  (n+2)nd  will  be  equal 
to  the  n+ 1  preceding  terms  multiplied  respectiyely  by 
vaf+*       ux*  83^        rx 

"^   ^       ^'  •  •  •  .  .         -— -,  """T"' 

9  9  9         9 

which  is  the  scale  of  relation  of  the  terms. 

"When  3^=1  the  scale  of  relation  is  —  »af+\  — la*  . . .  —sac*,  — rx, 
which  are  the  terms  of  the  denominator  taken  in  reverse  order  and 
with  contrary  signs,  the  first  term  being  omitted. 

(43 1  •)  A  recurring  series  is  said  to  be  of  the  first  order  w^bsn 
each  term  commencing  with  the  second  depends  upon  the  one  that 
precedes  it. 

(432«)  A  recurring  series  is  said  to  be  of  the  second  ordf>r  when 
each  term  commencing  with  the  third  depends  on  the  two  preceding 
terms. 

In  like  manner  we  have  recurring  series  of  the  third  order^  fj^a^  u 
order^  Ac, 

PHOBLEM 

(433i)  1.  To  find  the  scale  of  relation  in  a  recurring  series  cf  i'z.* 
first  order. 
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SOLUTION. 

Let  Aj  B,  Cj  Dj  Ac,  ...  be  tlie  coefficients  of  a  recurring  series 

f  the  first  order.    • 

Now,  some  relation  exists  between  each  two  consecutive  terms. 

Le:  r  be  Hie  relation,  and  we  have  B-^rA ;  O^rB ;  l)=rOj  &o. 

B     0    B   ^ 
whence,    r=-2-=-g-=-Y7i  »c. 

PBOBLEK 
^134.)  2.  To  find  the  scale  of  relation  in  a  recurring  series  of  tlie 
ihcwid  order. 

SOLUTION. 
Let  A^  Bj  Cj  Bj  &c,<,  be  the  coefficients  of  die  series.    Whence  bj 
the  conditions  must  arise  the  following  equi^ons. 
C=mA-\-nB, 
B—mB+nCj 
<fec.,        d^c, 
10  which  m  and  n  are  unknown  quantities.    The  solution  of  these  two 
eqoations  must  give  their  values. 

BO—mAB^nB', 

AB=mAB+nAC, 

AB-BC=^{AC-B')n, 

AD-BO 

"""AC-B*' 

In  the  same  way  m  may  be  found,  whose  value  is  seen  in  the  equation 

C'-BB 

PBOBLEM 
(4  35*)  B.  To  find  the  scale  of  relation  in  a  recurring  series  of  the 
third  order. 

SOLUTION. 
Let  Aj  By  (7,  2),  E^  F^  <S?c.,  be  the  coefficients.    By  the  conditions, 
we  must  haw  D=^mA + nB + 9 C, 

E=mB-{-nC-{-qB^ 
F=zmC-\'nD-{-qE, 
&c.,  <Src. 

rhe  solution  of  these  equations  gives  the  values  of  m,  n,  and  9. 

27. 
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PBOBLSX 
(436.)  4.  To  find  wliether  the  law  of  the  aoriea  defendB  en  im, 
two^  three,  or  more  terms. 

SOLUTION 

See  whether  the  scale  of  relation  estabHshed  by  problem  Isi  agretfl 
with  the  g^Ten  series;  if  not,  tiy  problem  2d ;  and  if  that  does  d«  . 
agree,  try  problem  dd,  and  so  on  nntU  the  scale  is  fonnd.  Or  we 
assume  that  the  series  is  of  a  higher  oider  than  necessary,  in  which 
ease  one  or  men  of  the  Talues  found  by  lesolving  the  resaMiDg 
equations  will  be  found  to  be  aero,  and  the  remaining  one  will  fm 
the  true  scale  of  relation. 

PBOBLSX 
(437.)  5.  TofindthesamofaieouniBgaeciesftfifaetefcort^r. 

SOLUTIOK. 

It  is  evident  that  when  the  series  is  of  the  first  order  (that  is,  a 
geometrical  series),  the  sum  of  the  series  may  be  obtained  firam  thv 

formulas,  S= -,  S=-- ,  and  5=- . 

r— 1  1— r '  1— r 

The  first  formuk  must  be  used  when  the  series  is  increasing  and 

finite ;  the  second,  when  it  is  decreasing  and  finite ;  and  the  third, 

when  it  is  decreasing  and  infinite. 

PBOBLEH 

(438.)  6.  To  find  the  sum  of  an  infinite  recurring  series  of  the 
second  order. 

SOLUTIOK. 
Let  A+JB+  C+D  ....  be  a  series  of  the  second  order. 
Then  C=mAai^+nBx 


H^zmPx'+nQx 

Adding  these  equations  together,  and  putting  -4 + i?  +  C+  D  ,    • 
J?  . . .  .rzzSy  we  shall  have 
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(1 -iM?-mar«)/S=^+i?-«^a? 

~  l—nx—nui^ 

PKOBLSM 

(439.)  ?.  To  find  the  sum  of  an  infinite  recurring  series  of  the 
third  order. 

SOLUTION. 

Let  -44- jB+  C+I>j  <fec.  be  the  series. 

According  to  the  nature  of  a  recurring  series  of  the  third  order 
ihere  mufit  result  the  following  equations : 

D=:mAa^-\-n£x'+qCx 

I!=mBx*-\-nCx'-\-qDx 


AddijLg  these  equati<Mis,  and  putting  8=:A+B+  (7+i>+^  Ac, 
we  have    /S— ^— -B— C=wSa^+«(5— ^)«*+2'(/Sf— ^— -B)a: 

whence,  g^A+B+0-iA+S)g.-nA^ 

l—qx^nar—lnx* 

PBOBLEM 

(440»)  8.  To  find  ihe  sum  of  a  given  number  of  terms  of  a  re<> 
earring  series  of  the  second  order. 

SOLUTION. 

Let  A+B-^-  0+D ....  +B  be  a  finite  recurring  series  of  ih^ 
second  order.    We  have 

C=mAai^  -{-nBx 
D=zmBx'+n<J^ 


T=imWA-nSx, 
Let  us  find  the  sum  of  the  ^ec^rring  series  of  the  secoQd  orc^^ 

W+  F+  W,  *c.,  to  infinity. 
We  have,  according  to  Prob,  6, 
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Sappoang  A+B+  C^  &c^  to  be  an  infinite  series,  we  hare  already 

found  iU  sum  to  be 

A-hB'-nAx 

Subtracting  from  this  the  sum  of  U-h  F4-  TT,  &c.,  to  infinity,  and 
there  must  remain  the  sum  of  the  finite  series,  A+B}-C , ...  3*. 
Putting  this  sum  equal  to  8^  we  have 

A-^B—V--V--nAx-^nUx 
""  1— IMP — nw* 

NoTKw — ^In  the  same  way  we  might  obtain  the  sum  of  a  Smt^  re- 
enrring  series  of  higher  orders. 

PBOBLEM 
(441  •)  9.  To  find  the  general  term  of  a  recurring  series. 

BOLUTION. 

The  general  generating  fraction,  ^g_^rx+8x^' V'^vT^^'  "^^  ^ 
thus  represented : 

(a+te+er" psr){q+rx+sx* +v«»+')-* 

The  second  parenthesis  may  be  expanded  by  the  muititiomial 
theorem,  and  the  result  multiplied  by  the  quantity  in  the  first  pa- 
renthesis. Then,  if  we  take  in  this  product  the  part  which  c:*«)t«iinR  x- 
to  any  power  whatsoever,  we  shall  obtain  the  general  teixu  :^i  oie 
recurring  series. 

We  present  another  method. 

Take  the  generating  fraction, 

o-|-6a?+cr" .  .  .  joaf 
q+rx+sa^  .  .  .  v«"+* 
which  is  supposed  to  be  reduced  to  its  lowest  tertios. 

Dividing  both  numerator  and  denominator  by  v,  and  changing  tL^ 

order  of  their  terms,  we  have 

»  .  c  ^     b      a 

-7f -a;'  +  -a:  +  - 

V  V  V         V 

«^« i*'+r*+? 

V  V         V 

Separate  the  denominator  into  binomial  fiictors.  Then  the  fraction 
may  be  considered  as  made  up  of  fi^ctions  which  have  these  binomial 
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firactione  for  Ihair  de  loxninators.  Determine  these  partial  ^'actions 
according  to  Ifie  method  given  in  undetermined  coefficients,  and  then 
find  the  general  tern  of  development  of  each  of  these  partial  fractionsy 
and  the  vup  of  t^aese  general  terms  will  be  the  general  tenn  of  the 
recurring  series. 

NoTB. — ^In  the  decomposition  into  partial  fractions,  when  a  factor 
of  the  denominator  is  of  the  form  (^+a)(2; +()"*,  assume  the  fraction 
to  be  equal : 

ABO  JS_ 

x+a^{x+b)'''^{x+b)'^'  •••  x-hb 
Each  partial  fraction  may  be  put  under  the  form  P{p+x)'^  in 
which  f  b  some  positive  integral  number. 

The  expansion  of  this  by  the  binomial  theorem  gives  for  the  term 
which  contains  of  the  following 

-r(-r-l){-r~i)  . . ; .  (-r-(n-l)j,^__^   • 
1'2'3      . .  . .  » 
It  is  the  sum  of  the  terms  containing  o^  resulting  from  the  different 
partial  fractions,  that  composes  the  general  term  in  the  recurring 
series. 

(442«)  A  simpler  mode  of  finding  the  general  term  of  a  recurring 
aeries  will  be  found  in  the  following  discussion. 

We  have  already  seen  that  a  recurring  series  of  the  first  order  is 
a  geometrical  series,  and,  therefore,  its  general  term  is  easily  found. 
Let  us  suppose  that  a-\-ar-\-ar^-\-ar*'{'ar* ,  , ,,  a  geometrical 
series,  is  also  a  recurring  series  of  the  second  order. 

WhtA  tlHS  is  the  case,  we  must  then  have  the  following  equations : 
ar'=ma+war, 

ar* = mar* + nar\ 

r       I        • 

in  which  971,  n  is  the  scale  of  relation. 

By  division  each  of  the  above  equations  reduces  to 
r*=m4-wr, 

whence         r=-- . 

If  these  two  values  of  r  are  not  equal,  we  see  that  there  may  be 
two  geometrical  series  which  will  also  be  recurring  series  of  the  second 
order,  having  w,  n  for  their  scale  of  relation. 
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Let  the  two  valuefi  of  r  be  e,  and  6.  Then  sinoe  tha  fir^  temiA  of 
these  two  geometrical  reeurring  series  of  the  seoond  order,  maj  be 
anj  quantities  whatever,  letthevariaUesiraiidyret»reB6atthein.  We 
shall  then  hare 

x+arc+arc'+a:c' «c»-*, 

tf+!fh+^^+yb* y6-'. 

Each  of  these  series  is  lecorring  and  of  the  second  order,  and  the 
scale  of  relation  in  each  is  m^  n. 

By  adding  them,  we  have 
(x+y)  +  (ca:+&y)+(c*ar+6V)^(c*«+ry) {xc^'-hyi^') 

This  series  is  not  geometrical,  although  formed  bj  Una  aJditi'ia  of 
two  series  which  are  geometricaL  But  these  two  serNa  «m  alao  r&- 
curring  series  oi  the  second  ord^.  Have  we  a  right  thvu  to  conclude 
because  two  geometrical  series  added  together,  do  «oi  pioduoe  » 
geometrical  series,  that  these  two  geometrical  le^urring  s£«ies  have 
not  when  added  produced  a  recurring  series  t 

Let  us  examine.    If  the  series 

(«+y)+(c»+6y)+(c'«+6'y)  •  .  •  - 
IS  a  recurring  series  of  the  second  order,  whose  scale  of  relation  la 
ift,  we  must  have 

c««+6*y=i»(a?+y)+«(cjB+6y) 

Since  «+c«-S-c*«+c*«»Ac^  and  y+^+i'y+*V»  A«n  •*«  rocur 
ring  series  whose  scale  of  relation  is  m,  n^  we  have  the  following 
equations :  e*x=:mx + ncx 

By  addition  c^x-{-h^y^m{x-\'y)-\'n(px-{-by)  which  proves  that 

(«+y)+(««+*y)+(c*a:+6'y) ....  («e-*+y6-*) 

is  a  recurring  series  of  the  second  order,  whose  scale  of  relation  is  m,  n. 
Let  this  series  be  represented  by 

A'\-B+C^D T,  5r standing  for  the 

general  term.    The  following  equations  must  then  subsist : 

ex-^-hyzzzB^ 

JB'-^hA 

whence,  «= r-, 

e — 0 


We  also  have  T  isjc^-^+yft*^ 


B-cA 
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By  asflumiDg  a  geomstrjcnl  eeries  to  be  a  recurring  series  of  the 
third  order,  we  thouli^ad  r  by  solving  a  cubic  equation.  Then  pro- 
ceeding in  a  aimilar  manner,  we  should  find  that  a  recurring  series  of 
the  third  order  la  equal  lo  the  sum  of  three  geometrical  series,  haviag 
the  same  scale  of  relation,  whence  the  general  term  for  a  series  of  the 
third  order  might  be  obtained. 

SXAM  PLB8- 

1.  Ficdthesum  of  l+2JP+8x*  +  28i?"  +  100j;*  +  356a?»,&o. 

Ans,  Scale  2«*,  9x :  sum  - — — -,. 

2.  Find  the  sum  of  1  \'2x-^Sx'+ix*+5x\  &c. 

Ans,  Scale  — «*,  2x ;  sum  - — -,. 

S.  Fbdihesumef  l+8ar+4c*+'!r«»+llaj*+iar»+29««,  ^ 

Am,  Scale  x\  x:  sum v 

1— «— ar 

4.  Fmdthesumof  l+«+5a^  +  13^+41a;'  +  121a;*+d654;*fta 

1--X 

Ans.  Scale  Sx\  2x ;  sum  — — --;. 

5«  Rnd  thesum  of  1  +6a?+12«*4-48a^+120a;*,  &c, 

Ans.  Scale  6a?',  x:  sum  — — -=• 

'    '  1— «— 6jr 

6t  ilnd  the  sum  of  1  +Bx^fkX*+1x*+9:^-{'Ux\  dkc 

-4iM.  Scale  — «*,  2« ;  sum  — — =, 

7»  Rod  ike  sum  of  1  +  8«+2a^— a:*— ar*— 2«*+«',  Ac 

Ans,  Scale  — «*,  x ;  sum  — ;, 

8,  Find  ttie  sum  of  t'~t«*+-m*' — n^?  *<5- 

-4iM.  Scale  — =« :  sum  ^ ^ 

9t  FiiulfLo   .mof  B  +  5x+1x*  +  lBa^-\-23x*  +46ar',  <fec. 

^       «    1        «  .     «  «  3— a?— 6a?' 

^«*.  Scale  -2a?«,  x%  2x ;  smn  ^^^^^^^^^ 

IC,  Find  Oe  ram  of  l+a?+2«*+2ar"  +  8a:*+8aj»+4a^+4a:',  Ac 

Ans,  Scale  —a?*,  ar',  a:;  sum  — -z — y, 

'    '    '  1— ar— a!*+a:" 
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11.  Find  the  tttm  of  l+ix+e^^  +  lie*  (  28i:' +  6^«^  <fec 

Ans.  Scale  3x«,  -ai',  2rr  mioi  li^^^^^?^,. 

12.  Find  the  nth  term  of  1  +2:e+3j^'h4j'-f  54^,  (ko. 

13.  Find  the  nth  term  of  1  +  3«  4-  6«* + 7x' + Ojr^  *c. 

Ans.  {2h^l)jr^, 

14.  Fmd  the  nth  term  of  l+«+6a:'  +  13j:*+4U*  +  l«l;c*,<fec* 

^nt.  i(3JF)'^^+i(-x)-\ 

15.  Find  the  nth  term  of  l+af4-8a?'4-6x"4-ll«*+21«',  &a 

16*  Find  the  sum  of  n  tenns  of  1  +  2:r+3d^ 

l-2a?+«' 

17t  Rnd  the  sum  of  n  terms  of  l  +  3ar+5a:*4-7ap* 

j^   l+ar-(2n  -H>e"+(2n~l)ar^^ 
l-2i:+«« 

18.  Find  two  geometrical  recurring  series,  which  when  added  thili 
be  equal  to  the  series  l+ar+5«"+13a:*+41a:*  ,  .  , 

!i  +  lia:+4i«'+13iaj«  +  40ia:*  .  .  . 

19.  Find  two  geometrical  recurring  series  whose  sum  shall  be  equal 
tothe  series  l+aj  +  3a:"  +  6a:*  +  lla?*  •... 

Ans    ii  +  H^+2|x'+«J^*  +  10|a:*... 

U-i^+K-K+K  .  .  . 

20.  Find  three  ge<»netrical  recurring  series  whose  sum  shall  be  equal 
to  the  series  1  +«+2a;*  +  3a^  +  6a;*  +  lla?' 

Ans.    •ji  +  |«+ia:"  +  K+V«* 

(443.)  An  increasing  series  is  one  whose  succes  tve  terms  in- 
crease in  value. 

(444.)  A  decreasing  series  is  one  whose  succeasrre  tenns  daorease 
in  value. 

(445.)  A  converging  series  is  one  in  which  f'le  groalar  the  num- 
ber of  terms  taken,  Oie  nearer  will  their  sum  approaimutt)  the  tree 
sum  of  the  series. 
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PROBLEM. 
(446«)  To  find  the  de-n-ee  of  approximation  when  a  hmited  Aum- 
"ber  of  terms  are  taken  im  a  decreasing  converging  series  whose  terms 
are  alternately  positive  ana  negative. 

SOLUTION. 

Let  a— ^4-c— a-h -fm— n+^— gr-fr— rep- 

reae  t  a  decreasing  converging  series,  whose  odd  terms  are  positive, 
and  even  tenns  negative. 

Since  a  it  greater  than  5,  c  than  d,  m  than  n,  it  follows  ih»i,  a— 6, 
c—rf,  m-'fi,  2>-  '•j  Ac,  are  positive  quantities. 

CASE    I. 

When  the  number  of  terms  taken  is  even. 

Let  a— 6+c— <f+ m—n+p—q  be  the  series  to  n  ^rms, 

n  being  even. 

Since  r— «,  /— w,  and  the  other  rejected  couplets  are  each  positive, 
it  follows  that  the  above  series  to  the  n  terms,  when  n  is  even,  is  less 
than  the  true  sum  of  the  whole  series.    Hence,  we  have  the  following 

inequation,  a— 6+ (f—rf «»— n+^— g<S,  in  whichi  5rep- 

resents  the  true  sum  of  the  whole  series. 

'  Now  let  a— 6+c— <^ m—n+p—q+r  be  the  series  to 

n+1  terms,  n+1  being  an  odd  number. 

The  terms  after  r  are  ^s  +  t—u+v These  terms  may 

be  thus  represented,  —(«—<)—(«-— v)—  ....  The  quantities  in 
the  parenthesis  are  positive,  and  since  each  parenthesis  is  negative,  it 
follows  that  the  series  which  terminates  in  r  is  followed  by  a  series  of 
negative  quantities,  whence  the  following  inequation,  a—b-hc—d 
m— »+;?— y+r>& 

From  this,  we  see  that  the  quantity  necessary  to  be  added  to  the 
first  member  of  the  first  inequation  to  make  it  equal  to  S  must  be  less 
than  r, 

CASE    II. 
When  the  number  of  terms  taken  is  odd. 

Let  a—b+e—d m—n-\-p  be  the  series  to  n  terms,  n 

be-.ng  odd. 

iCeasoning,  as  in  the  kist  case,  we  have  the  following  inequations, 

a—b+t—d m-^n-^-py^S^ 

and    a— 5-fc— d m—n-hp— g'<^, 
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which  show  that  the  quantity  to  be  suUncted  from  ihe  fint  memb^ 
of  the  first  iaequatioii  to  make  it  equal  tc  S  mu9t  be  leas  than  q» 
The  solution  of  this  problem  establishes  the  following 

THEOREM. 
(447.)  The  error  committed  hy  takifi^g  n  terme  of  a  decrecur'ng 
conversing  series^  whoee  terms  are  alternately  positive  and  negative, 
for  the  eum  of  the  whole  series^  is  numerically  less  than  the  following 
term, 

]foTB.~-In  applying  this  theorem  to  certain  exaniplefl»  the  aenea 
should  be  considered  as  oommendug  at  the  secowf  term  of  the  eEi> 
pension. 


#  H   »   ■!   ^ 


THE   DIFFERENTIAL   METHOD. 

(448*)  The  differential  method  of  summing  a  series  is  h  meCliod 
of  finding  the  sum  oi  a  series  by  ascertaining  the  successive  differenoes 
of  its  terms. 

PBOBLSH. 
(449.)  1.  To  find  the  first  term  of  any  order  of  diffBrencos. 

SOLUTION. 

Let  a,  6,  e,  <f,  «,/  Arc,  be  a  series. 

Supposing  this  series  to  be  ascending,  we  have  a  new  series  by 
taking  the  first  term  from  the  second,  the  second  from  the  thirds  and 
soon.    This  series  is  called  theyEr9<or(i0f  4/ (ii^tfrviMet. 

In  like  manner  we  may  take  the  difimnces  of  the  successtve  tenca 
of  this  new  series,  and  thus  form  still  another  series,  which  is  callrd 
the  second  order  of  differences.  By  continuing  the  process^  we  shoul  * 
obtain  other  orders  of  differences.    Thus,  we  may  hsvre 

Ist  orderft— a,  c—d,  rf— c,  e— rf,/— « 

2d  order       c— 26+a,  d'^2€+b,  e— 2<f +c,/— 2«+rf 

3d  order  rf— 3c+36— a,  e— 3<f+3c— 6,/— 3f+3rf— c  .... 

4th  order  0— 4(f+6c— 46+a,/— 4e-|-6i£-4c  +  6 

Sthorder  /-6«+10ef--10c+5*-«    .......      .  , 

^  Ac.,  ^ 
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By  iiispecting  the  coefficients  of  the  terms  in  the  successive  order 
^f  dii^rences,  we  see  that  in  the  first  order  they  are  the  same  as  the 
oo^ffii>ients  of  the  expansion  of  {x—yY  9  ^^  ^^  second  order,  the  same 
iJB  the  coefficients  of  the  expansion  of  {x—yf ;  in  the  third  order,  as 
ihose  in  the  expansion  of  («— y)* ;  and  in  the  nth  order,  the  coeffi- 
cients must  be  the  same  as  those  in  the  expansion  of  (a?— y)*.  The 
£i8t  in  each  of  the  above  order  of  differences  may  be  written  thus ; 

1st  order  -—(a —5). 

2d  order  a— 26+c. 

8d  order  —  («— 36-f-8tf— rf). 

4th  order  a— 46-i-6c— 4d^+«. 

5th  order  —  (a— 66+lOc— 10i+6f— /). 
For  the  nth  order,  we  see  that  we  must  have  the  following  formula, 
in  wbidi  i>.  stands  for   the  nth   order  of  differences,  2>.=db 
,         .n{n  -1)      n(n-l)(n-2) .  ,  n(n-l)(n-2)(n-3)  . 

The  Ypper  sign  before  the  paientbesia  most  be  used  when  n  is  even, 
9nd  the  lower  one  when  n  is  odd. 

PBOBLEU 
(450.)  2.  To  find  the  nth  term  of  a  series. 

SOLUTION. 
By  Prob.  1.  (449)  we  have  the  following  equations^ 

i),=c— 26+0, 
2>3=rf— 3<?+86— o, 
i>4a=tf— 4rf+6«— 46-fa, 
2>,=/^5#+lM— 10c+5ft— 0, 
ise^  Ac 

Whence  may  be  obtained 

fc=a+A, 
c=a+22>,+2>„ 

«?=a+82>,+32>,+2>3, 

«=o+42>,  4-62), +42>3 +2>„ 

/=a+5D,  +  10i>3  + 102>3  4-  5D^  +2>„ 

(fee,  &c» 

We  see  that  in  the  (n  +  l)st  term  of  the  series  a,  5,  c,  cf,  «,  &c.,  the 
coefficients  of  a,  2>,,  D^,  2)3,  2>^,  <fec^  are  the  same  as  the  coeffi* 
dents  in  the  expansion  of  (x + y)".    Therefore,  the  (n  + 1  )st  term  of  the 
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Mries  a,  6,  e,  d,  Ac,  is  a^-nD,  +*J^^^D,  +*(»- lK»-2)2?,  + 

n(n— l)(n  —  2)(n— 3)  -,         .      ,  , .  ,  ,       .        , 

— ^-^ — — — - — ^^-T — -D^  +,  &c,  from  wmcn  we  see  that  tiie  nth  tenn 

.V       .  /       .^T^  .    («— l)(n-2)  ^     («  ~  l)(n  -  2)(n-  3)  ^ 

nMi8tbea+(n— l)2>i+-^ ^ ^2>,+^^ — c     ^ — '^i 

"  2     •     3 

(n-l)(ii-2X«-8)(n-4)  ^      ^        ,..  i.  .      i.x  •    ^  i. 

+  ^  -  y^   - — ^^— J — ^^ ^^4>  «<^  which  IS  obtained  by  wnucg 

^     •     o     •     4 

n— 1  for  «• 

PBOBLEK 
(451*)  8.  To  find  the  sum  of  n  terms  of  a  series. 

SOTiUTION. 

Let  a,  (,  Cj  d,  &c^  be  the  proposed  series,  of  which  we  seek  to  find 
the  sum  of  n  of  its  terms. 

Taking  the  series  0,  a,  a+ft,  a  +  b+c,a+h+c+d,  <kc^  we  see  that 
its  (n  +  l)8t  term  is*  equal  to  the  sum  of  n  terms  of  ih  8<srie8 
a,  5,  €j  dj  &c. 

Bepresenting  the  first  term  of  each  order  of  differences  in  the  series 
0,  a,  a+6,  0+6+C,  &c^  respectively  by  2>,,  2>,,  D^,  2>^,  <fec^  wh 
have  by  the  last  problem  for  the  (n+l)6t  term  of  the  series  v,  a. 
0  +  6,  a-hft+c,  ii+6+c+cf,  &c^  or  the  sum  of  n  terms  of  tlia  aerie^ 


? 


n(n^l)(n-2)(n-3) 

2.3.4      ^4+'*^- 


If  we  wish  to  refer  the  first  term  of  each  order  of  differences  to  the 
prc^osed  series  a,  6,  c,  d,  &c^  instead  of  to  the  assumed  series  0,  a, 
a+6,  0+6+C,  a+6+c+cf,  &c^  the  formula  becomes  (since  -D,,  i>,, 
2>3,  <fcc.,  of  the  assumed  series  are  respectively  equal  to  a,  Z>, ,  jZ>,,  Ac 

of  the  proposed  series)  S=na'{'-^ — ^2>,  +  V       ^^  ^ — ^2>.,+ 

n(n-l)(n-2)(n-3) 
2.3.4  '' 

BXAMPLKB. 

!•  What  is  the  first  term  of  the  fourth  order  of  differences  of  the 
series  1,  8,  27,  64,  125,  &c.?  jins.  0. 

2t  What  is  the  first  term  of  the  eighth  order  of  differ  .nces  of  cLe 
series  1,  3,  9,  27,  81,  Ac!  Ans.   26«, 
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8«  What  is  the  first  term  of  the  fiftii  order  of  differences  of  the 
series  1,  J,  J,  |,  t^,,  A.  ^»  ^^c. !  ^n*.  -  Jy. 

4.  What  is  the  first  term  of  the  sixth  order  of  differences  of  the 
series,  3,  6, 11, 17,  24,  36,  50,  Y2,  Ac!  Ans.  -14, 

5t  What  is  the  first  term  of  the  third  order  of  differences  of  the 
aeries  1,  2*,  8*,  4*,  &c.!  Ans.  60. 

6*  What  is  the  lOlh  term  of  the  series  1,  4,  8, 13, 19,  <bc.  ? 

Ans.  64. 

7t  What  is  the  15th  term  of  the  series  1',  2*,  8',  4*,  &c. ! 

Ans,  225. 
«    8»  What  is  the  2QAl  term  of  the  series  1,  3,  5,  7,  (fee.  ? 

Ans.  39. 

9«  What  18  the  nth  term  of  the  series  a,  a+d,  a+2i,  a + 3d^,  Ac.  ? 

.   Ans.  a+(n— 1)<^. 

lOt  What  is  the  nth  teim  of  the  series  1,  3,  6,  10,  15,  21,  <fec.  ? 

Ans.  ^^. 

11.  What  is  the  50th  term  of  the  series  1,  4,  8,  13,  <fec.  ? 

Ans.  1324. 

12,  What  is  the  sum  of  n  terms  of  the  series  1,  3,  5,  7,  9,  <fec.  ? 

Ans.  n\ 

13t  What  is  the  sum  of  n  terms  of  the  series  1',  2\  3',  4',  &c.  ? 

'     Ans   <^+^)(2^  +  ^) 
'1.2.3 

lit  What  is  the  sum  of  n  terms  of  the  series  1,  2,  3,  4,  5,  <fec.f 

Ans.  !^>. 

]5t  What  is  the  sum  of  n  terms  of  the  series  1",  2',  3",  4',  Ac.  ? 

Ans.  i(n*.f2»"4-n')- 
16*  What  is  the  sum  of  n  terms  of  the  series  1,  2\  S\  4\  Ac.  ? 

.        n\  n:^  ^  n*     n 

^-  y+T+T-80- 

17t  Whatisthe  snmof  n  termsof  the  series  1,8,19,34, 53,76,  Ac! 

Ans.  ^<^^±^!LzlL. 
1.2.3 

I 
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-  18.  Whai  k  Oie  sum  of  n  tenns  of  the  Miies  1,  3,  6, 10, 16,  &e.« 

n(i»+l)(ii+2) 
1.2.8* 
19*  What  is  tho  sum  of  n  terms  of  the  series  l(in  +  1),  2(m+3), 

3(«+3),  4(«+4),  Ac,!  -4ii«.   ^   ,    '^  w^ '- 


APPLICATION   OP   THE   DIPPBRBNTIAL    MB^.  ?C!) 

PSOBLKK. 
(45  2«)  To  find  the  nmnber  of  baJls  or  shells  m  a  trianguiar  .>w-^. 

SOLUTION. 

By  an  inspection  of  a  triangvlar  pile  of  ball%  or  shetls, 
we  see  that  the  first  tier,  commencing  at  the  top,  has  one 
ball;  tlie  second,  1+2;  the  third,  1  +  2+3;  the  4th, 
1+2+8+4;  and  the  nth,  1+2+3+4+5... +!». 
The  number  of  tiers  equals  the  number  of  balls,  or  shells, 
in  one  side  of  the  base. 

Then,  to  find  the  number  of  balls,  or  shells,  in  a  triangular  pile  of 
n  tiers,  we  must  find  the  sum  of  the  series  1,  3,  6, 10,  •  ...  to  a 
terms,  wliich  is 

n(n  +  l)(n  +  2) 

1.2.3 

PBOBLEM. 
(453.)  To  find  the  number  of  balls  or  shells  in  a  square  pile. 

SOLUTION. 

By  an  inspection  of  a  square  pile  of  balls, 
or  shells,  we  see  that  the  first  tier,  com- 
mencing at  the  top,  has  1' ;  the  second,  2' ; 
the  third,  8* ;  the  fourth,  4*;  and  the  nth, 
n'  balls,  or  shells. 

Hien,  to  find  the  number  of  balls,  or  shells,  in  a  square  pile  <^  n 
tiers,  we  must  find  the  sum  of  the  series  1%  2\  3',  4',  6*,  to  n  tenm, 
which  is  ^_n(n+l)(2n  +  l) 

1.2.3 


APPLICATION  OP  THE  DIFFEttENTIAL  METHOD.        481 

PROBLEM. 
(454*)  To  find  the  number  of  balls  or  shells,  in  an  oblong  pile. 

SOLUTION. 

By  an  inspection  of  an  oblong  pile  of  balls,  or  shells,  we  see  that  if 
«r, + 1  represents  the  number  in 
the  fint  tier,  commencing  at  the 
lop,  the  number  in  the  second  is 
?[m+2);  inthe3d,3(m  +  3); 
in  ^he  4th,  4(m  +  4) ;  and  in  the  A 
ntn.  ii(f»+n). 

Then,  to  find  the  number^of  balls,  or  shells,  in  an  oblong  pile  of  n 
tl3rB,  we  must  find  the  sum  of  I(m  + 1),  2(m  +  2),  3 (m  +  3),  • . . .  to  n 
idrmt,  which  is 

n(n  +  l)(l-h2w-h3m) 

1.2.3 
(455«)  These  three  formulas  may  be  written  as  follows : 
In  the  triangular  pile,  8=^.^^^^   ^(n-H  +  1) 

-     "    square       «      ^=i  .^^^±y  .  («+«  +  l) 

«    "    oblong      «     flf=^.^(^±i)  )(„+ro)+(«+m)+(m+l)}- 

Since -^—~ — -  represents  the  number  of  balls,  or  shells,  in  the 
2 

triangular  tace  oi  each  pile,  and  the  other  factor  the  number  in  the 

longest  base  line,  plus  the  number  in  the  Une  parallel  to  it,  plus  the 

Bumber  in  &q  top  tier,  we  have  the  following 

GENERAL     RULE. 

Multiply  one-third  the  number  in  the  triangular  face  by  the  num- 
iter  in  the  longest  base  line,  increased  by  the  number  in  the  opposite 
parallel  line  and  by  the  number  in  the  top  tier,  and  the  product  will 
be  the  whole  number  of  balls  in  the  pile, 

EXAMPLES. 

It  How  many  balls  in  a  triangular  pile  of  15  courses  f 

Ans.  680. 
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2«  A  complete  square  pile  of  shells  has  14  courses :  how  many 
shells  are  in  the  pile,  and  how  many  remain  after  the  removal  of  5 
courses  f  Ans,  1015  in  the  pile,  and  960  remain. 

8*  In  an  incomplete  oblong  pile  of  balls,  the  length  and  breadth  at 
^e  bottom  are  respectivelj  46  and  20,  and  the  length  and  breadth  at 
the  top  are  85  and  9.    How  many  does  it  contain  $       Ans.  7190. 

It  The  number  of  balls  in  an  incomplete  square  pile  is  equid  to  6 
times  the  number  removed,  imd  the  pumber  of  courses  left  is  equal  to 
the  number  of  couFBes  taken  away.  How  many  balls  were  in  the 
complete  pile  t  Am.  38o. 

5t  Let  h  and  k  denote  the  length  and  breadth  at  the  top  of  ai) 
oblong  truncated  pile,  and  n  the  number  of  balls  in  each  of  the  slant 
ing  edges.    How  many  in  this  truncated  pile  f 

Ans.  |^2»«  +  3n(A+it)+6Ail-3(A+it+«)+lJ.. 

6*  How  many  shot  in  a  triangular  pile  whose  bottom  row  contains 
8  shot!  .  Ans.  V^O. 

7«  How  many  shot  in  a  square  pile  whose  bottom  row  contains  <: 
shot?  Ans.  204. 

80  How  many  shot  in  an  oblong  pile  whose  length  and  breadth  at 
the  bottom  contains  respectively  16  and  1 !  Ans.  392. 

9*  How  many  shot  in  a  triangular  pile  whose  bottom  row  conta  .as 
>80shot!  Ans.  41960. 

10*  How  many  shot  in  a  square  pile  whose  bottom  row  contains  30 
shot!  Am.  9456. 

11a  How  many  shot  in  an  oblong  pile  whose  numlier  of  cowves  :s 
30,  and  top  row  31 !  .       Ans.  23  JOS. 

12*  How  many  shot  in  an  incomplete  oblong  pile  whose  h»i:gtk 
and  breadth  at  the  bottom  are  respectively  46  and  20,  and  at  the  %o^* 
30  and  4!  Ans.  8160. 


SPECIAL  series: 

THEOREM. 


(456*)  Any  fraction  0/ the  farm -j-^ — r  is  equal  to       0/  thg 
difsrenee  between  the  fractions  -  and  -^— 


« 


n         n-i-p 


SPECIAL  SEBIBS.  488 

DBK0N8TBATI0K. 

n    n-k-p       n{»+jp)       »(»+jp)'*  *n(»+jp)    ^»    »+jp/ 

Q.  E.  D. 

Oobollabt. — ^If  the  difference  between  -  and     ^     is  known,  the 

▼Blue  of  -7-^ — s  will  be  known,  whether  -  and  -^—  are  known  or 

«(»+jp)  n         n+jp 

not 

Henoe,  we  obtain  the  following 

FBIKOIFLB. 

In  any  eeries  of/ractiona  having  the  form  ,  x  the  eum  of  th$ 
series  is  eqiud  to  -th  of  the  difference  between  a  series  offraeticns  pf 
Uuform  -,  and  a  series  of  fractions  of  the  form  — ^. 

QUESTIOK. 

(457t)  What  is  the  som  of  the  series  Tm'^o:^^^'^  ..  •to  in- 
finity 1 

SOLUTION. 


Here 


g      -1 
»(»+JP)     1-2 

q    -1 


1^     -  1 


,•.  5^=1;  n=l ;  »4-jp=2,  orjp=l* 
.'.  jr=l;  n=2;  n4-jp=3,  or|i=l. 
.'.  3^=1;  »=3;  n+jp=4,  or|>=l,* 


n(n+jp)     8-4' 

From  which,  we  see  that  q  constantljr  equals  1  and  p  constantly 
equals  1,  and  n  saccessiTely  equals  1,  2,  8,  d?c 

Therefore,  -=-+-+-+7...  to  infinity. 
^  n     1     2     8     4  ^ 

«^;^=iTi-*"4t"^8Ti''''^^^^- 
?-- ^=1. 

n    »+jp 

"Whence,  -(-— — ^|,  or  -  of  1,  which  =1  is  the  sum  of  a  series  of 
p\n    n+p/       p 

fractions  of  the  form     .  ^.    . ,  or  of  the  series-- +jr-^+;;-i+  ...to 
n(»+jp)  1*2     2*8     8*4 

infinity. 

28 
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KoTB. — In  the  fidlowiog  examples  some  dlfflanltles  are  purpose]/  left  for  t^e 
■tadent  to  overcome.  But  it  is  beUeyed  that  the  ddU  that  he  has  acquired  by 
mastering  the  work  thus  fiur  will  enable  him  to  solye  them. 

QUBSTIONS. 

!•  What  is  the  sum  of  the  Berias —-+-—+---+ toiiifinity? 

I'o     2*4     3*6 


2«  "What  IB  the  sum  of  the  series  7:^"~r-i  +xi.—  . .  to  infinite  ? 

1*3     2*4     3*5 


8«  What  is  the  sum  of  ^®  ^^'^^  i:ii'^7:Q"^5rrQ"^i^rr7+  ••  •  to 
iofinityf  Jns.  1. 

!•  What  is  the  sum  of  the  Beries  — +—+—+— r+ to 

infinity!  Aiu.  |^. 

5«  What  is  the  sum  of  the  series ---+--+--r  + toinftnitjt 

1*3     3'o     0*7 

Ant.  I-. 

6«  What  is  the  sum  of  ntermsof  the  series  r-: +—-+-- +--T-   4- 

1*4     2*5     8-6     4-7 


8»+8     6n  +  12     9»  +  27 
7«  What  is  the  sum  of  n  tenns  of  the  series  T-;;+r-L+riv+>^ 

1*3     8*5      0*7 

An». 


2n  +  l 


2       3       4        5 

8«  What  is  the  sum  of  the  series  ^:^""irw"^^:o""oTi  +  •  •  •  to  La- 

3*5     5*7      Iv     V'li 

finityf  Ans.  ^. 

••  Whatisthesumoftheseriefll  +—+-+—+, &c.,  to  infinity! 

8      o     lU 


Ans.  2. 

, .  . I-    Arn^ 

3*8     6*12     0-16 


iO«  Whatisthesumof  the  series-^+—^+—-+,  &C,  to  infinity! 


Ans.  A 


BFSCIAL  8BBISS.  4S6 

11«  l?\niati8theBumof  n  terms  of  the  series -—+—--+--—+,  &C.? 

o*o     0*12     8*1  o 


^-  Muh} 


19,  What  ^s  the  sum  of  n  tenns  of  the  series  —  —  — =  +■=—  — —  +. 

♦*o  f  '-Aw.  iV=*="775 — "ST*  accordicg  as  n  is  odd  or  even. 

By  leasoniDg  as  in  (456),  we  obtain  the  following 

FBINOIFLB. 

(4580  ^«»y  ««^  offraeUans  have  the  farm  .  ^^.  ^  y 
the  nun  of  the  eeries  U  equal  to  — of  the  difirmce  between  a  series 
of  fractions  of  the  form  -j^ — s  and  a  series  of  fra/ctiens  of  ike  form 


(n +!>)(« +2py 


QITBSTIONS. 


12  8 

1«  Whatis  thesamof  the  series -—— ^+-^-7^:+7-r-7r+,&c^tOln• 
l•3•o      o'o'l     o'rv 

£nity.  •  Jns.  \.     * 

2*  What  is  the  sum  of  the  series  VT-^+:m7"^-r;r;:+H^  ,,  +, 

1-8-5     B'5'1      6-7-9     Y-Q'll     * 

^c,  to  infinity?  Ans.  /p. 

8.  mat  is  the  Bum  of  the  series  ^j-+-gA_ +_^^  +, 
^c^  to  infinity  f  Ans,  -^fy. 

A  K  ft 

4t  What  is  the  sran  of  the  series  T"x^'^irs^'^"S~r^+»*<Sto 

1'2'8      2*3'4      o'vo 
infinity?  *  Ans.  IJ. 

5»  What  is  the  sum  of  the  seriee 

a a+h , a+2b 

n{n  +p)(nT2p)       (n  +p){n + 2p)(n + 3p)     (»+ 2p){n + Sp){n + 4p)' 

Ac- to  infinity  f  Ans.   _  ,  .    ,    v. 
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Again,  by  reasoning  as  in  (456),  we  obtain  the  following 

FBINOIFLB. 

(459*)  If  any  derUs  qf/raetions  have  the  farm 

? 

n(n+p){n  +  2p)n+Zpy 

the  ium  of  ths  series  ie  equal  to  — of  the  difference  between  a  eeriee 
offractMne  of  the  form  ^^(^^^(^+20)*^^  ^  *^^^  <^fraetumeof 
^^^^   (»+l>)(n  +  2jp)(n+8p)" 

QUBSTIOKB* 

!•  What  is  the  sum  of  the  series  ,  ^^  .+^«,  ^  ^  +  ^  ^  i.^+»*o, 

l-2'8-4     2-3-4-6     8'4-6"6     *^ 

to  infinity  t  Ane.  ^. 

12  3 

2»  What  is  the  sum  of  tbeserie8-----^+ ----;-- +-^^ 

l'S'5'1     8-6-7-^    6-7-9'll      '      ^ 

to  infinity?  Ane*  y^. 

2  6  8 

8t  What  is  thesum  of  the  series  ^^^,^+^^  ■...,ir'^..-.»,i.^«.+f 

8-6*9-12     6-9-12-16     9*12*15*18     ' 

ftc^  to  infinity  f  Ans,  mn-^^ 

6'  7'  8' 

!•  What  is  the  sum  of  the  series  ,  ^  ^  .+  ^  ^  ,-=+  ^  ^  1.  ^+f 

1-2-3-4      2*3*4-6      8*4*6-6     * 

ieo^  to  infinity  f  Ane.  ^« 

Again  reasoning  as  in  (456),  we  obtain  the  following 

PBIKOIFLE. 

(460«)  In  any  series  of  fractions  of  the  form 

£ 


n(n'j'p){n'\-2p)  ....  {n+mp)^ 

the  sum  of  the  series  is  equal  to  the of  the  difference  hetvfeen  a 

q 

series  of  fractions  of  the  form    .    .    >^    .  ^  ^ 7—7 -r-r» 

•^  "^  "^        "^         n(n^p){n+2p) (»+(m— l)j>j 

and  a  series  of  fractions  of  the  form  -7 77 f ; .-. 

Again  reasoning  as  in  (456),  we  obtain  the  following 
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PBIKdIPLX. 

(461  •)  In  any  $mea  of  fraetum8  of  ihef(ynn 
a{a+h)  ....  {a+ph) 
n(»+6)  ....  {n+phy 

the  mm  of  the  series  is  equal  to — =-  of  the  difference  between  a 

eeriee  of  fraetione  of  the  form  -^ -(      '  *     ; — "V     ,x.-n  (^tnd  a 

sffiiee  cffractume  of  the  form  -f rf r^ \f ^-^ 

QUESTIONS. 

1     1*3      1*3*6 
!•  What  is  tie  sum  of  r  terms  of  the  series  o+7;-r+? 


2  '  2-4  '  2-4-6  ' 

l'3-6'7   .     .     «  .       1-3-5-7  .  .  .  .  (2r+l)     , 

5T6¥+'  *^-'  ^^-       .2-4-6...  :2r       -^' 

2  2-4      2-4-6 
2.  What  is  the  sum  of  r  terms  of  the  series  -+^-r+^~rT;+ 

3  0*0       o'o'l 

3^5^^^'**"-*  ^'**'  8-6-7-9 {2r+l) 

2         2-3        2-3-4  . 

8.  What  is  the  smn  of  the  series  r-r+TTT^  +  e  /»  >t  o  +»  *^»  *^* 

6*0        o  O'T      O'O-/  o 

infinity?  Ans,  ^. 

.^^  CE     a(ci  +  ft) 

4«  What  is  the  sum  of  r  tenns  of  the  senes  --\ — ;    .  . (  + 

n     n\n + o) 

n(n+ft)(»+26)     ' 

1       /           a{a  +  h){a+2h)  .  .  .  .  (a+rh)      \ 
^"^^  ^IT^ftr    «(n+6)(n+26) [n  +  (r— 1)6];' 

Kemabk. — ^If«=a+ 26,  whence  n+h=a+Sb  and  n  +  26=a+46, 
d?c^  and  »+(r— 2)&=a+r&,  the  fraction  in  the  parenthesis  becomes 

a+(14-r)6' 
which  vanishes  when  r  is  infinite,  and  we  therefore  have  for  the  sum 
of  the  series  to  infinity 

a 
n—a—b' 
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When  n^a-^b^  the  fraction  in  the  parentbeds  becomes  a,  and  tlie 
torn  of  the  aeriee  ^  _a(^""^)^q(^)^o»  "*  eipreasion  of  no  defi- 
nite signification  in  its  piesent  form. 

It  may  be  observed  that  this  is  obtained  without  reference  to  the 
valne  of  r ;  hence,  whether  r  is  infinite  or  finite^  the  resnll  is  the  same. 

(462*)  Some  series  may  be  yery  beautifiilly  summed  as  follows. 

QITBffTZON 

1.  What  is  the  sum  of  the  infinite  series  a:+»*+«"+«*+,  Ac.  f 

BOLUTIOir. 

Let    5=aj+»*+«"+»*+a?»+,Ac 
then    x8=  +g'+g'+ag*+g'+,  Ac 
.-.     (1— «)iSf=«. 

whence    5=- , 

1— a? 


QUEBTIOK 

2.  What  is  the  sum  of  the  infinite  series  «—«*+«"—«*+,  &c  ? 

80LXTTI0N. 

.  Let    5=«--«"+«*— »*+,  Ac 
then    —x8=:  — a^-f  g*— ag*-h,  Ac 
.-.    (l+a?)S=«.  . 


whence,    S=- . 

^  1+x 


QUSSTION 

8.  What  is  the  sum  of  the  infinite  series  X'^2s^+S;^+4:X*+^AQ,t 

SOLUTION. 

Let    5=«+2«"+8a?*+4«*+,  &c 
then     — 2a?5=  —20^— 4«*--6«*-,  Ac 
and    a^S=z  +  «»+2«*+,Ac 

.-.     {l-2x+x*)iS=x. 

^^^"^     ^=l3^- 
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QUESTION. 

iff  What  is  the  sum  of  the  infinite  series  a;+4«'  +  9^+ 16^^+,  &a 

SOLUTION. 

Let  5=ar  +  4a?*+   9a;*  +  16a?*  +  ,  &c. 

then    —3*5=  — a**— I2a:*-2V— ,  &o. 

and    Sx*8=:  +  3«*  +  12x*+,&c. 

and  -«*5=  —    «*-,  Ac. 


whence,  /ff=-A 7;. 


PBOMISOUOUS     QUESTLONS. 

1«  What  is  the  sum  of  the  infinite  series  1  +a;+a:*+^+»  Ac.  f 

Ant.  - — . 
1— « 

2.  What  is  the  sum  of  the  infinite  series  1  + 2a; + 3^ +4x*+5a(Hy 


S.  Whatisthesumoftheinfiniteseries —-+-—  +  ——+,  Ac.! 

Ans.  i. 

3  4*6 

4.  What  is  the  snni  of  the  infinite  series -7--  +  --——,  +  -^^ 

l'2-2     2-3-2"     3-4-2*    * 

Ans.  1. 

K  It 

5«  What  is  the  sum  of  the  infinite  series  ^  ^^^.+».  ^-  .-^.4- 

l-2"3*2"     2-3-4*2' 

7 


-+,  Act  ^7M.  ^. 


3'4-5-2 

6.  What  is  the  sum  of  the  infinite  series  —--  +  ———  +  tzt^tt  + 

8*18     10-21     12*24 

7t  What  is  the  sum  of  the  infinite  series  x+Ss^  +  6x*+lOx*+ 

Ac.  f  J  ^ 

Ans, 


J. 1_ 

'  4-8     61{ 
-^'"•H*^(«  +  2Kn+3))- 


8t  What  is  the  sum  of  n  terms  of  the  series  tt^-'^-tt^+^t;;  " 

4*8     0*10     o'liJ 


-Hut  j^^  1/1-4-  ^  \  uppOT  sign  heing  used 

when  n  is  odd. 


CHAPTER  XII. 

PEBMUTATIOirS. 

(463*)  PiBMUTAnoN  is  the  placing  of  a  number  of  things  in 
different  orders.  Thns,  the  permutations  of  a  and  6  are  a6  and  ba. 

PBOBLSM. 

(464«)  To  find  the  number  of  permutations  of  which  n  letters 
are  susceptible. 

80LUTZ0K. 

It  is  evident  that  two  letters  are  susceptible  of  1  x  2=2  permuta- 
tions. Since  the  permutations  of  a  and  h  areab  and  &x,  it  is  plain 
that  if  another  letter,  c,  is  introduced^  it  may  occupy  three  different 
positions  in  each  of  these  permutations ;  thus,  ea5,  aeb^  abe^  c5a,  bca^ 
iae;  hence,  the  permutations  of  three  letters  are  equal  to  1  x  2  x  3=a6. 
[n  general,  then,  the  permutations  of  n  letters  are  equal  tolx2xdx4 
(»—!)»,  or  [»— {»—!)]  [»— (n— 2)] (»—!)». 

(465.)  Ab&akoements  are  results  obtained  by  placing  a  given 
number  of  things  in  different  orders,  each  result  containing  the  same 
number  of  things,  this  number  being  less  than  the  given  number. 

PROBLEM. 

(466t)  To  find  the  whole  number  of  arrangements  of  which  n 
letters  are  susceptible  when  taken  in  sets  of  m  letters  each. 

^BOLUTIOK. 

It  is  evident  that  n  letters  have  n  arrangements  when  taken  one  at 
a  time,  and  n(n^  1)  arrangements  when  taken  two  at  a  time,  since  each 
of  the  A  arrangements  forms  one  with  the  (n— 1)  temaining  letters. 
The  same  reasoning  gives  «(»— 1)(«— 2)  arrangements  of  n  letters 
taken  three  at  a  time.  Whence  for  all  the  arrangements  of  n  letters 
taken  m  at  a  time,  we  have  «(»— 1)(»— 2)(w— 3)  . . .  to  »»  tenns. 
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PBOBLEM. 

(467.)  To  find  the  number  of  permutation)^  of  which  n  letters 
are  susceptible  when  any  letter  is  repeated  t  times. 

SOLUTIOK. 

Four  letters  all  alike,  as  aaaoj  can  have  but  one  permutation.  If  we 
make  but  three  alike,  or  iutroduce  another  letter,  as  5,  it  is  plain  that 
each  of  the  four  letters  in  succession  may  be  changed  to  5,  thus  giving 
four  permutations  baac^  abaOy  aaha,  aaah,  in  which  three  letters  are  alike. 
If  we  make  but  two  alike,  or  introduce  another  letter,  as  c,  it  is  evident 
that  each  of  the  three  similar  letters  in  the  four  permutations  just 
given  may  become  c ;  thus  ^ving  twelve  permutations  of  four  let- 
ters when  two  are  alike.    This  reasoning  leads  to  the  following : 

n  letters,  n  being  alike,  give  1  permutation. 

n  letters,  n— 1  being  alike,  give  n  permutations.  # 

n  letters,  n— 2  being  alike,  give  n(n— 1)  permutations. 

n  letters,  n— 3  being  alike,  give  n(n— 1)(a— 2)  permutations. 

n  letters,  n—f»  being  alike,  give  n(n— !)(»— 2)  . . .  (n— (w— 1)) 
permutationa. 

If  we  put  n— n»=:^,  this  general  formula  becomes 
n(n-.l)(»-2)(n-3)  .  .  .  (<+l). 

It  may  be  seen  that  this  formula  is  equivalent  to 
1.2.3  ...  .  (n~2)(n-l)n 

l.ia.3.a..» 

If  in  »  letters  one  of  them  should  occur  t  times,  another^  times, 
another  q  times,  and  another  r  times,  the  formula  for  the  permutations 
of  these  n  letters  would  obviously  be 

1.2.3.4     .     .     .    (n-2)(?t-l)n 
1.2...e.l.2...jp.l.2...9.1.2...r 

Remabx. — ^The  formula  for  the  arrangements  of  n  letters,  taken  m 
at  a  time,  when  one  letter  occurs  t  times,  another  p  times,  another  q 
times,  and  another  r  times,  is 

n(w— -l)(7i — 2)  ...  to  m  terms 
_    1.2...  <. 1.2... ^.1.2...^. 1.2... r 

0  O  MBINATIONS. 

(468*)  Combinations  are  the  different  collections  that  may  be 
made  of  a  number  of  things,  so  that  no  two  collections  shall  contain 


44S  PEBKUTATIONS. 

the  same.    Thus,  a5c,  a5J,  oci,  and  &ci  ai«  the  combinations  <tf  o^  b^  e, 
.and  df  taken  three  at  a  time* 

FBOBLXM. 

(469t)  To  find  the  nmnber  of  oomlnnations  of  which  n  letters 
are  sosceptiUe  when  taken  in  sets  of  m  letters  each. 

SOLUTION. 

Let  C  represent  the  leqaired  number  of  combinations.  Since 
each  of  these  combinations  contains  m  letters,  it  may  be  written  in 
as  many  ways  as  m  letters  can  be  permuted,  or  1  •  2  .  3  . .  iti  ways. 
Hence  C  combinations  may  be  written  in  C(l  •  2  .  8  . . .  m)  ways. 
But  the  number  of  ways  in  which  0  combinations  of  m  letters  in  a 
set  may  be  written  is  evidently  equal  to  the  number  of  arrangements 
of  n  letters  taken  in  sets  of  m  letters  each.  Therefore  we  have 
0(1. 2. Z...  m)=n(»— l)(i»— 2)  • ...  to  m  terms; 
whence  ^_n(tt— !)(»— 2)  ....  to  w  terms^ 

""  1.2,3  .  ...m 

ScHouuM. — Since  it  can  be  easily  proved  that  the  number  of 
combinations  of  n  letters  taken  m  in  a  set,  is  equal  to  the  numb^sr 
when  n— n»  are  taken  in  a  aet^  we  have 

^__«(n-»l)(n— 2)  ...  to  (»— m)  terms. 
""  1.2.3...  (n— «) 

BXAMPLXS.. 

1.  Find  the  number  of  permutations  that  can  be  made  of  the  l9t- 
tere  in  each  of  the  following  words — lawyers^  JSdmiltoh, 

Am.  5040,  and  40320. 
2t  Find  the  number  of  permutations  that  can  be  made  of  the 
letters  in  each  of  the  words  Eastpart  and  parallel. 

Ans.  20160,  and  3360. 
S«  In  how  many  ways  can  the  seven  colors  of  the  rainbow,  or  the 
seven  musical  notes  be  made  to  succeed  one  another  f 

Ans.  5040. 
It  How  many  arrangements  can  be  made  of  the  letters  in  the 
word  iUchmond  taken  4  in  a  set?  Ans.  1680. 

5.  How  many  compounds  can  be  formed  of  65  elements,  each 
compound  containing  two  elements,  provided  each  element  had  an 
af3nity  for  all  the  others  f  Ans.  2080. 
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6,  How  manj  yoke  of  oxen  can  be  selected  from  20  oxen  ? 

Ans,  190. 

7*  How  manj  arrangements  can  be  made  of  n  letters  taken  m  at 
a  time,  provided  each  letter  may  be  repeated  f  Ans.  n"*. 

8.  How  many  combinations  can  be  made  of  n  letters  taken  m  at 

a  time,  provided  each  letter  may  be  repeated  f 

(n+(«i--l))(n-f- (»»— 2))  ....n      n(n +  I)(n4- 2)... to »i terms 

,An8,  ' • = ■  — 

1.2.3  . .  .m  1 .2.3  .  .  .  n» 

9*  How  many  combinations  can  be  made  from  the  collections 

Ay  By  C^ . ,  .  My  the  things  composing  these'  collections  being  all 

different^  by  taking  one  thing  from  each  ?    Ans,  AxBxC . . , .  Af, 

.  10.  A  general  who  had  served  a  king,  asked  as  a  reward  for  his 

services  a  &rthing  for  every  different  file  of  ten  men  each,  which  he 

could  make  with  a  body  of  100  men.  The  king  thinking  the  request 

very  moderate  granted  it.    What  did  the  reward  amount  to  f 

Ans.   £18031572350  Os.  2d. 

lit  What  is  the  sum  of  all  the  combinations  that  can  be  made 

of  n  things  taken  1,  2,  3,  <!^c.,  n,  at  a  timel 

Ans.  2»— 1. 

12«  What  is  the  value  of  n  when  the  total  number  of  combina- 
tions of  2n  things  is  129  times  the  total  number  of  combinations 
of  n  things?  Am,  n=7. 

13t  What  is  the  number  of  combinations  of  two  sets  of  things, 
m  and  »,  by  takings  out  of  one  set,  and  q  out  Of  the  other  ? 

1.2.     ,,p  •^1.2....    gr 

14i  What  number  m  must  be  in  each  combination  of  n  things  so 
that  the  number  of  combinations  will  be  the  greatest. 

Am,  m=|n  when  it  is  even  and  w»= J(nrpl)  when  n  is  odd. 

15t  How  many  different  words  of  5  letters  may  be  formed  from 
the  alphabet,  excluding  t»  and  y,  each  word  containing  2  vowels 
and  3  consonants,  if  the  sounds  of  the  consonants  would  flow  to« 
getherf  Am.  1162800. 


CHAPTER    XX. 

CALCULUS  OF  PBOBABILITIES. 

(47 O*)  Thx  Caloulub  of.  P&obabilities  shows  the  numbei 
of  chanoes  for  the  occoirence  of  any  number  of  events  under  given 
conditions. 

(47  !•)  A  9imple  probability  is  the  chance  for  the  happening 
of  a  single  independent  event. 

(47  3«)  A  compound  probability  is  the  chance  for  the  concur- 
rent happemng  of  two  or  more  events. 

(47  3»)  The  probability  of  the  occurrence  of  an  event  may  be 
expressed  by  a  fraction,  whose  denominator  represents  the  whole 
number  of  chances,  and  the  numerator  the  &vorable  chances. 
Hence,  if  m  be  the  number  of  favorable  chances,  and  n  the  unfatr 
vorable,  the  mathematical  probability  of  the  occurrence  of  the  event 

-,  and  the  mathematical  improbability, 


m+n  ^  •"  n+m 

PBOPOSITION     1. 

(47  4«)  Tke  sum  of  the  probabilities  of  several  events  is  eqwd 
to  the  probability  that  one  of  the^  events  will  occur. 

FB0P0SITI017     2. 

(475t)  The  compound  probahility  of  the  occurrence  of  several 
events  is  equal  to  the  product  of  the  several  probabilities. 

DEMONSTRATION. 

Suppose  there  are  8  packs  of  cards,  that  the  cards  in  5  of  the 
packs  are  red,  that  there  are  12  cards  in  each  of  these  5  packs,  and 
that  there  are  2  cards,  in  each  of  the  5  packs,  that  are  marked  A, 
Now  let  us  seek  the  probability  of  drawing  a  red  card  marked  A. 

The  probability  of  drawing  a  red  pack  is  6  out  of  8,  or  f  of'a 
certainty. 
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Snppoang  a  red  pack  to  be  drawn,  then  the  probabiKtj  of  draw* 
ing  a  card  marked  AiB  ^j  but  mnoe  the  probability  of  making  the 
fiecond  drawing  is  only  |,  the  actual  probability  of  drawing  a  red 
citad  marked  A  is  ^  of  A=^- 

The  same  reasoning  will  apply  to  a  greater  number  of  eyents.    If 

n  m 

the  probability — depends  on  the  probability —  we  have  for  the  com- 

}>ound  probability  the  formula,  Com,  Pr.= — .  Q.  K  D. 

Cor.    K  there  are  q  separate  probabilities  which  are  each  equal 

to  —  yre  have  Cam,  Pr, 
P 


=(?)• 


PBOFOSITION    3. 

(476t)  The  compound  probability  of  the  occurrence  of  several 
events  in  a  certain  order  is  equal  to  the  product  of  their  simple  pro- 
bcdnlities^  the  simple  probabilities  after  the  first  being  supposed  to 
depcTidfor  their  value  on  the  happening  of  all  the  preceding  events, 

DBM0K8TBATI0N. 

The  probability  of  a  person  having  two  white  balls  after  drawing 
twice  fix>m  a  cup  containing  7  white  balls  and  4  black  ones,  is  i^  of 
^,  because  supposing  the  first  event  to  happen,  there  are  but  10 
balls  left,  6  being  white. 

The  same  reasoning  gives  us,  for  the  compound  probability  of  tie 

occurrence  of  n  events,  —  being  the  first  probability,  the  general  for- 
mula, 
Com.  Pr,  =  -  X 7  X x . . ^ — —^  or  to  n  terms.    (A.) 

If  after  these  n  events  we  wish  r  other  events  to  follow,  we  have, 
putting  q  for  the  number  of  favorable  chances  for  the  happening  of 
the^— »  remaining  events,  for  their  compound  probability  the  for- 
mula ^ 

Com.  Pr.=:-^x     ^ ,    .  ,v  X     ^.    .  "\  x  ... .   ^  .  \      -Vv  ^^ 
p—n     p—{;n-\-l)    ^— {»4-2)  ^— (n+r— 1)' 

to  r  terms.    (B.) 

Hence  for  the  compounded  compound  probability  of  the  happening 
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of  the  n  eTents  followed  by  the  happening  of  the  r  events,  we  have 
thefonnola, 

p— (n  +  r— 1)/      ^    ' 
Cor.  1. — If  in  (A)  we  suppose  the  separate  probabilities  are  equal, 

—  I  which  agrees  with  the  corollary  to  Prop.  2. 

If  in  (C)  a  like  supposition  be  made,  we  have  Com.  Com.  Pr.  = 

—  j     which,  also,  agrees  with  the  same  corollary,  since  there  wonld 

be  n+r  8q>arate  equal  probabilities. 

Cob.  2. — If  in  (C)  no  particular  order  for  the  events  is  required, 
it  becomes 

Otw».Cbm.Pr.=(C7x  — X rx ) rTlxf-^— x — VtTv 

X  . . . —    f  \\    (D.)     in  which  the  peculiar  notation  used 

;?— (n  +  r— 1)A     ^    '  ^ 

denotes  the  number  of  combinations  of  n+^  events  taken  n  at  a 
time. 

Con.  3. — Should  the  number  of  possible  cases  renuiin  the  same, 
and  the  other  circumstances  be  as  in  (D.)  we  would  have 

Com.  Com.  Pr.^  ^irS^^     ^^^ 
CoR.  4. — ^In  all  cases  of  successive  trials,  where  the  number  of 
favorable  oases  (a)  and  un&vorable  (6)  for  each  event  remain9  the 
same,  the  chance  of  the  required  event  happening  n  times  in  succes* 

a* 
sion,  is  Com.  Pr»=: ^^,  and  the  chance  of  the  required  event 

happening  n—r  times,  and  failing  r  times,  in  a  ttpecijied  order,  is  ex- 

pressed  by  Com.  Com.  Pr.  z=i        ,v^x,    .  ,.,=.    .  ,.^.  But  th^ 

chance  of  the  required  event  happening  n— r  times  and  &Qii^  r 
times,  without  reference  to^  their  order  of  aiLccessum,  is  expressed  by 

Com.  Com.  Pr.  =-^ f   ^   ^       ' '^'  r—rr;,  «iw5»tie  Older 
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of  eyents  is  disregarded,  the  probability  is  increased  as  many  times  as 
n—r  events  can  be  combined  with  r  events,  that  is  as  many  tin>es  a£ 
there  are  combinations  of  n  events  taken  r  at  a  time.  This  illustrsr 
lion  will  serve  to  explain  Cor.  2,  and  if  we  ase  the  same  notation  for 
the  combinations^  the  last  expression  becomes 

Cam.  Com.  Pr.=C>  ? it.-    (F.) 

•    («+*) 

Cor.  5.— The  probability  that  the  required  event  will  happeu  at 

least  »—r  times  and  fidl  at  mast  r  times,  without  reference  to  their 

order  of  succession,  may  be  expressed  by 

»(n-l)  n(n-l)....  (n— (r-1)) 

1  .  2 1  .2  .  .  .r 

(a  +  ft)-  {^) 

for  the  conditions  will  be  satisfied  if  the  event  happen  n  times,  the 

a* 
probability  of  which  is  ^  or  if  it  happen  n— 1  times,  and  fail 

once,  of  which  the  probability  according  to  (F.)  is  ^-—^^  and  so  on 

till  if  it  happ^i  n^r  times  and  M  r  times,  and  this  expression  (G.) 
IS  the  sum  of  theSD  probabilities. 


QUEBTIOKB. 

1.  What  is  the  probability  of  drawing,  at  hazard,  a  white  ball 
from  a  vase  containing  7  white  balls  and  6  black  ones  f     Ans.  fy. 

2.  A  die  is  a  small  ivory  cube  which  has  on  its  lespective  sides 

tiie Mowing  spots:  [7]     [/j      [3     Q 

If  $100  depend  on  the  turning  up  of  a  particular  face  of  the  die^ 
what  is  the  chance  worth  ?  Ans.  $16.66|. 

3.  What  is  the  relative  probability  of  throwing  with  two  dice,  9 
rather  than  10  ?  Ans.  4  to  3,  or  4. 

4.  What  is  the  probability  of  throwing  with  two  dice,  8  at  the  first 
cast,  and  if  this  should  not  happen,  9  at  the  second  ?        Ans,  |f . 

6.  What  is  the  probability  that  a  person,  after  five  drawings  from 
an  urn  containing  30  white  'balls  and  60  black  ones,  will  have  three 
white  balls  and  two  black  ones  ?  Ans.  ^,WffV« 


•  •        •   • 

•  •        •  • 
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^  6.  What  is  the   probability  that  an  eyent  will  ha].peii  at  least 
three  times  ii|  6  tnals  F  Am,  t rri • 

7.  What  is  the  probability  of  throwing  an  ace  just  three  times  in 
7  casts  of  a  die,  or  in  1  cast  of  7  dice  f  Am.  /tVVW- 

8.  What  is  the  chance  that  every  &ce  of  a  die  will  torn  up  in  six 
successive  throws  f  Aim,  yf  t* 

9.  What  is  the  chance  that  every  &oe  of  a  die  will  turn  up  in 
six  successive  throws,  the  order  being  a.  looted  after  the  first  throw  ? 

Am.    ^wV^. 

10.  Two  persons  play  for  $32,  and  agree  that  he  who  first 
getu  three  games  shall  have  the  money.  After '^  had  won  two 
games  and  B  one,  they  concluded  to  quit  and  divide  the  money 
according  to  agreement.    How  much  did  each  get? 

Am.  Ay  $24,  and  B^  |8. 

11.  Suppose  A  had  won  two  games,  and  B  none,  how  much 
should  each  have  received  ?  Am.  A,  $28,  and  B^  $4. 

12.  Suppose  A  had  won  one  game,  and  B  none^  how  mvch  should 
each  have  received  ?  Am,  A^  |22,  and  B^  |10. 

13.  If  it  had  been  agreed  that  the  winner  shouM  be  the  one  that 
would  first  get  four  games,  and  they  had  stopped  after  A  had  won  2 
games,  and  B  none,  how  much  should  each  have  received  f 

Am,  Ay  $26,  and  B^  16. 

14.  In  the  French  lottery  there  are  90  numbers,  5  of  which  are 

drawn  at  a  time.    What  is  the  chance  that  two  and  only  two  of  ^ve 

specified  numbers  will  be  drawn?    Also  what  is  the  chance  that 

two,  at  leastj  of  five  numbers  will  be  drawn  ? 

5-7-83-85         ^     611913 
Ans, z — ,  and 


3d*43*87-89'  21974634* 

15.  If  we  draw  four  cards  out  of  a  whole  pack,  what  is  the  chance 
that  one  of  them  will  be  a  heart,  another  a  diamond,  the  third  a 
club,  and  the  fourth  a  spade  ?  Am,  A'sW- 

16.  If  an  urn  contains  26  balls,  of  which  5  are  white,  6  black, 
7  red,  and  8  blue :  what  is  the  chance  of  drawing,  when  10  are 
drawn  at  a  time,  2  white,  3  black  and  4  red  balls  ?    Am:  tHIsIt* 


CHAPTER    III. 
.      THE  THEORY  OF  LOGARITHMS 

(477.)  In  the  indeterminate  exponential  equation  (f^u^x  is 
called  the  logarithm  of  ti,  a  being  the  base  of  the  system. 

Rbmabk. — ^We  can  not  take  o=l,  for  then  u  would  be  1  for  every 
possible  value  of  x.  Hence,  1  can  not  be  made  the  base  of  a  system 
of  logarithms,  for  in  a  table  of  logarithms  we  desire  to  find  the  value 
of  X  for  any  assumed  value  of  u  to  such  a  value  of  a  as  will  cause  x 
to  vary  when  u  varies,  and  vice  versa. 

FROPOSITIOK     1. 

(478»)  In  every  system^  the  logarithm  of  the  hose  is  unity^  that 
is,  when  tt=a,  then  a?=l. 

PBOPO&ITION      2. 

(479,)  In  every  system^  the  logarithm  of  unity  is  zero^  that  is, 
when  «=1  then  ar=0.    See  (102.) 

CoR. — The  logarithm  is  positive  or  negative  according  as  the  num- 
ber is  greater  or  less  than  unity* 

FROPOSITIOK      3. 

(480.)  In  every  system,  the  logarithm  of  zero  is  an  infinitely 
great  quantity^  negative  or  positive^  according  as  the  base  is  greater, or 

less  than  unity,  since  when  a>l,  we  evidently  have  tf"*,  or  -ir=0, 
and  when  a<l,  we  have  a*=0. 

PROPOSITION     4. 

(48 1  •)  In  every  system,  the  logarithm  of  the  continued  product 
of  two  or  more  numbers  is  equal  to  ^  the  sum  of  the  logarithm  of  the 
numbers,  since  when  a*— m  and  a^=zz,  we  have  a''^^=:uz, 

29 
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PBOPOSITIOK     5. 

(482.)  In  every  system,  the  logaricKfn  of  the  quotient  o/  ivfo 

numbers  is  equal  to  the  difference  of  the  logarithms  of  the  numbers^ 

ti 
since  when  <!•=«  and  a^=zz  wo  have  a^'=-. 

Cob. — ^From  these  fwopositions  we  derive  as  a  corollary  that  the 
logarithm  of  the  j/*  power  of  a  number  is  p  times  the  logarithm  of 
the  number.    Also  the  logarithm  of  the  r^  root  of  a  number  is 

I  -  j    of  the  logarithm  of  the  number.  « 

RsMABx.— The  properties  indicated  in  the  last  two  propositioiw 
show  that  if  we  had  the  logarithms  of  nmnbers  arranged  in  a  tabloi 
so  thai  we  oould  readil j  find  the  logarithm  of  any  number,  and  also 
the  number  conetponding  to  any  given  logarithm,  that  the  operations 
of  mnltiplicatiop,  division,  involution,  and  evolution  might  be  mi»sh 
shortened.  The  common  table  of  logarithnui  has  10  for  the  base, 
since  this  base  is  best  suited  to  the  decimal  notation.  Jfapier^  the 
commonly  reputed  inventor  of  logarithms,  adopted  for  the  base 

2.7182818  . . .  =1 +T+TT5 +rr5Ti+ Mathematicians 

generally  use  f  to  represent  the  Napierian  base.  Napierian  logarithms 
are  of  great  use  in  Calculus.  The  c<Hnmon  logarithms  are  sometimes 
called  Briggs's  logarithms^  because  they  were  introduced  by  Briggs,  a 
contemporary  of  Najpier.  The  notatbn  1(^. «  denotes  the  logarithm 
of  tt  to  the  base  a,  and  log,,  u  the  logarithm  of  u  to  the  base  e,  or  the 
,  Napierian  logarithm  of  «.  Sometimes  h  is  used  instead  of  log,  and 
the  subscript  omitted.  Hyperbolic  logarithms  are  the  same  as  Na- 
pierian logarithms,  and  are  denoted  by  h.  h 

FBOBLBM     1» 
SOLUTION. 

u^'-l     a*'— 1 
From  u-=.(f  we  get  u'=a*'':  Whence  = ,  and 

y         y 
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bmpmial  theorem  gives  (u-1)  +^zh(u-iy+^~^}^~^\ii-lY 

+  ..=x  j  (a-l)+l^>(a-l)'+^l=iK.^33^(a-l).+  . .  \ 

Ab  this  is  tree  for  any  value  of  y,  by  putting  y=0,  we  get  for  the 
value  of  a?,  or  log«.tt, 

'*«'"  (a-l)-i(a-iy+i{a-l)'-... 

Cob.  1.— In  the  Napierian  logarithms,  the  base  which  is  oalled  $ 

is  assumed  of  such  a  value  that  (e— 1)— J(«— l)'4-^(f— 1)'—  ..  =;1, 

whence 

log..«=(u-l)~i(«-l)-+t(«-l)--  . . . 

Cob.  2.— Log,.(l+tt)=«--itt"4-itt»—  . . . 

Cob.  8. — ^Log,ui=(a— <1)— J(a— l)*+|(a— I)*—  ....  whence 

,  log..t<        1     , 

log,.v=r-2 — =- log..te. 

^og,.a    log,.a     ®* 

The  quantifyp — ,  by  which  the  Napierian  logarithm  of  a  number 

must  be  multiplied  to  get  the  logarithm  of  that  number  to  the  base 
a,  is  called  the  modulus  of  the  system  whose  base  is  a.  The  modulus 

of  the  common  or  dedmal  log.  is  . — — -,  and  is  represented  by  M. 

PBOBLEM    2. 

(48  4i)  Prove  the  exponential  theorem 

SOLUTION. 

Assuming  a'=l+Jj:+J5«*+0r"+ . . ,  and  a»'=l+^y+^y'+ 
Oy*+  . . . ,  we  get  {a^)7=  (l  +y{A+By'{'Cy'+  .  • .  ))  ^»  whence 
by  expanding  ve  obtain  a'=l+ar(.4+^y-|-Cy'+  '")+-^y^2 

which  becomes,  when  y=0,  a*=l  +-4a:+-*-— -f— — — -  +  . . , 

1'^      l'iS'3 

Py  expanding  a*  in  the  form  (l  +  (a— 1))"  we  get  fyr  the  coeffi- 
cient of  X  the  expressftn  (a— 1)— i(i— l)'+i(<» — 1)*—  ••  which 
must  he-rz'A;  hence  -4=log,a. 
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Cob.— When  a=tf  we  *^^  «'=l+Y+j-r2 +f:2^+ 
When  x=l  this  beoomes 


PBOBLXK     3. 

(486.)  Prove  that  log.  ^=2M(m+^+^+  ...J 

80LUTI0K. 

By  Cor.  2  and  8,  (483)  we  ha^ 

log.  (H.m)=J!f  (f»-— +— -  . . .  j 

and  log.  (1— w)=if  I  — m — - — — —  • . .  j,  whence  by  aabtraction 

Cob.  1.  When =-,  whence  f»= .  we  cet 

Cob.  2.  When  ; =H — ,  whence  m=--^ ,  we  get 

l—TO  tt'  2tt4-v        ^ 

log.(u+.)-log.«=2if(^^+l(^-^^)'+  . . .) 

1+m        u*  V* 

Cob.  3.  When  , =-z — „  whence  m  =  --= — ^  we  set  lofir. 

(«+.)=2log.«-log.(«-.)-2Jf((^)+i(^)V.  .  .) 

Coi.  4.  men  l±^=|!i=:!^+|!l)  we  get 

log.  (tt  +  2v)=2  log.  (tt+v)  +log.  (tt— 2w)— 2  log.  («— v)  -i  2ir 
/       2.»  1       2.'  V 

Uw'-3e«v*^3U'-3Mi;V  / 
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Cob,  6.  WJiea =,-i — J^w  ,    l»v/  »    ^.v  we  get 

logr.(tf+i^)=2log.  (tt  +  lT)— log.(ti  +  5)— log.(tt  +  3)+2log,ti 
— log.(t«— 8)— 1<^.  (m— 5)  +  2 1<^.  (t*-'^)— log.  (m— 8)-2if 

/ 7200 \ 

U*—98t**  + 2401m"— 7200"^* '  7 

PBOBLEM.  4. 

(486.)  To  convert  logarithms  from  one  system  to  another. 

BOLUTIOK. 

From  a'=:iVand  ^=i\r  we  get  a'=:0',whence  by  taking  the  loga- 
rithms of  both  members  in  any  system  we  have  d;log.a=ylog.e. 
If  the  logarithms  are  taken  to  the  base  a,  we  have  log.a=l,  and 

«=y  log.fl  or  log.  «= 7. 

Suppose  ir=10  and  a=10  then  ^=1,  and  ^=2.802585093,  this 
number  being  the  Napierian  logarithm  of  10  as  obtained  from  the 
formula  in  Cor.  1,  (485*).     Putting  ti=10  and  v=l,  whence, 

(9      1/9  \*     1/9  \* 
11"*"  sin/  "*"51it) 

1/  9  V     1/9  \* 
+ zl— I  +0(77)  +  •  •  •  .)= 2.302686093,  (since  M  is  here  equal 

to  1).  Hence  we  shall  have  loff-w  g=^^^^^^^^^^  =.434294482,  thus 
'  ®  •       2,302586098  ' 

showing  that  the  common  logarithm  of  the  base  e  is,  .434294482. 

Hie  Napierian  logarithm  of*  any  number  being  multiplied  by  the 

modulu9j  .434294482,  gives  the  common  logarithm  of  that  number. 

FBOBLEM. 5. 

(487*)  To  calculate  a  table  of  the  logarithms  of  numbers. 

BOLUTIOK. 

By  making,  in  Cor.  1,  (485),  «=2,  and  t^=l,  we  get 

log.2=2Jf/^+i.i,+ii  +  .  .,)=.3010300,  if  being  .434294482. 
\3     S  3      5  3  / 

Making  ti=3  and  v=2,  we  get 

log.3=-log.3  +  22/(i  +  34|T+|^.+  .  .  •  )=.4Y^1213. 
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Since  4=2*  we  have  log.  2\  or  log.  4=2  log.  2.  In  the  Bsme 
way  can  the  logarithmB  of  all  the  powers  and  roots  of  2  and  3  be 
obtained.    For  instance,  since  81=3^  the  log.  81=4  times  log.  3, 

and  log.  1^2 =-  log.  2.    67  addmg  log.  2  and  log.  3  we  baye  the  log.  6. 

Therefore,  from  the  logarithms  of  2  and  3  we  can  readily  obtain  the 
logarithms  of  any  number  that  is  equal  to  2^3'.    For  the  logarithm 

of  5  we  have  log.  — =log.  10— log.  2—1— log.  2.      From  log.  2, 
2 

log.  3,  and  log.  5,  we  can  easily  obtain  the  logarithms  of  all  num- 
bers represented  by  2'3'5^  It  is  evident  that  we  need  calculate 
directly  (mly  the'  prime  numbers.  To  calculate  log.  7  we  may  use 
Cor.  4  (485*)  making  tt=5  and  v=l,  whence  log.  7=2  log.  6  + 

log.8-2log.4+2J^^+l.i.43L)+  ... 

For  log.  11  we  have  by  making  tt=9  and  v=l. 

Iog.ll=2+log.7-2log.8  +  2Jf(^4Jp-+l.^.+  ..  .) 

These  examples  are  sufficient  to  show  the  mode  of  calculating 
logarithms,  and  the  cases  which  admit  of  shortened  processes. 

The  foUowing  formula  will  give  the  logarithm  of  a  number  of  seven 
places  correctly  to  seven  decimal  places. 

Log.  jr=2+log.u+|— +— j(log.  («  +  l)-log.  mV  ttbeing  the 

number  of  hundreds,  h  the  number  i>f  tens,  and  k  the  units.  The 
labor  is  shortened  by  the  construction  of  small  tables,  called  prcpor- 
twruU  parts  for  all  values  2>,  &,  and  k,  D  being  equal  to  log.  («-hl) 
—log.  tt.  For  instance,  i>=.0000099  when  the  number  of  hundreds 

is  43521,  and  for  A=l,  2,  3  . . .  respectively,  we  have—,  2—,  3— 

....  equal  to  .00000099,  .00000198,  .00000297,  .00000396,' 
.00000496,  .00000594,  .00000693,  .00000792,  and  .00000891.    For 

the  values  of  k—r^  h  being  taken  1, 2,  ....  we  should  have  the  units 

with  an  additional  cipher  before  the  significant  figures. 

Omitting  the  ciphers,  and  taking  the  nearest  value  of  A—  to  seven 
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1) 

decimal  places,  we  shall  have  for  all  the  valaes  of  h—^  h  being  taken 

1,  2, 3, . . ,  i>  being  99,  the  following;  10, 20, 80, 40, 50, 69, 69, 79, 89. 

flog.  4352100=6.6386989 

To  find  log.  4352164,  we  have  <  Increm.  of  60=  59 

increm.  of  .4=  4 

log.  4352 1 64  =  6.6387052 

For  the  mode  of  nidng  logarithms  and  obtaining  them  from  tablas. 
the  student  is  referred  to  works  containing  the  tables. 

The  advantages  of  common  logarithms  result  from  the  fact  that 
the  lo^rithms  of  such  numbers  as  16681,  1668.1,  166.81,  16.681, 
1.6681,  .16681,  .016681,  .0016681,  etc.,  have  the  same  decimal  part, 
the  difference  being  only  in  the  integral  part  called  the  characteristic. 
The  decimal  part  in  each  of  these  cases  is  .2222221  and  the  charac- 
teristic respectiyelj  4,  3,  2, 1,  0,  1,  2,  8,  etc.  The  notation  T,  2,  etc., 
denotes  —1,  —2,  etc.  The  extension  of  the  same  decimal  part  to 
the  case  of  numbers  purely  decimal  as  when  integral  or  part  decimal, 
is  effected  by  conndering  the  decimal  part  positive  preceded  by  a 
negative  characteristic  which  is  one  more  than  the  number  of  ciphers 
which  precede  the  first  significant  figure. 

KXAMPLES. 

1.  Given  2'.3'=2000,  and  3z=5x  to  find  x  and  z. 

j^  ^^3(3-Hog.2) ^^_5(3+log.2) 

3  log.  2 +5 log.  3'  3log.24-5log.  3'  -^ 

2  loflT.  2 

2.  Givena**— 2a*=8  tofindar.  Ans,  x=i  .   ^    . 

log.  a 

8.  Given  2"+2'=:12  to  find  x.  Ans,  x=:^^. 

log.  2 

4.  Given  af =:y*  and  «"=y'  to  find  x  and  y. 

Ans.  «=2},  and  y=3|. 

i    Given  10^**''*^>=1600  to  find  a?.  

Ans.  x=S  ±V2  +  4  log.  2. 

6.  Q:^  n  y=?^!^)l  to  find  «. 

.         _18log.24+log.  17-3  log.  71 
"*•  *""  3  log.  6.  . 


CHAPTER    XXII. 
INTEBEST. 


P  B  O  B  L  X  X  • 

(488»)  To  find  general  expressions  for  problems  in  interest  and 
annuities. 

BOLUTIOK. 

Fatting />  for  the  principal,  r  for  the  rate  per  cent  in  decimals  lor 
a  unit  of  time,  t  for  number  of  units  of  time,  i  for  the  interest^  A 
for  the  amount,  P  for  the  present  worth,  and  J)  for  the  discount,  we 
hare  the  following  equations : 

i=I>rt       (1.)  lA=p(l+r)'  (5.) 

A=p+prtH  For  compound*  =^7  <«-^ 

^-iT7t  ^*-^  \^-    {i+ry     ^^'f 

Put  a  for  the  amount  of  an  annuity  |>  which  continues  t  years,  at 
r  per  cent  per  annum,  compoimd  interest  Then  from  the  nature  of 
an  annuity,  we  have  the  following  formula : 

p+p{l+rY+p{l+ry  +  . .  .+;>(l+rp=a 
from  which,  since  the  left  hand  is  a  geometrical  progression,  we  have 

For  the  present  worth  of  an  annuity,  winch  is  to  commence  in  « 
years  and  then  continue  t  years,  we  have 

When  ^=00  we  have    P=—-^-—     (12.) 
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When  in  (11.)  n=0  we  have  p=K(\y)'""^3  (13.) 
When  in  (11')  <=oo  and  »=0  we  have  P^    (14.) 


FBOBLBM 


(489.)  To  find  the  amount  of  a  ^ven  principal,  at  a  given  rate 
per  cent  per  annum,  for  a  given  number  of  years,  the  interest  being 
compounded  every  instant 

SOLUTION. 

I* 
The  interest  on  one  dollar  for  an  instant  is  ^  ^  representing  the 

nximber  of  instants  in  a  year,  that  is  x  being  equal  to  00  •    We  have 
Ihen  the  following  formula : 

whence,  log^=log,j)+telog,.(  1  +-) ; 

or     log^^=log,.^+teg~i(^JV  iQ'-  etc) ; 

(•     r"      r"  \ 

^nce  ^=00  ,  all  the  terms  after  r  are  zero,  and  we  have 

log,.^=log^i?+<n 
Since  tr  is  equal  to  the  Napierian  logarithm  of  some  number  n^ 
w©  have  log..^=log«.|> + log,.»  / 
or     k)g^=log^|>»; 

or  A=:pny  n  being  the  number  whose  Napierian  logarithm  is 
tTy  or  what  is  the  same,  the  number  whose  common  logarithm  is 
Mtr. 

EsMABKS. — ^In  the  application  of  the  formulss  in  this  chapter  to 
numbers,  we  may  save  labor  by  using  logarithms. 

EXAMPLES. 

1.  Rnd  the  amount  of  1300  in  4  years,  ai  4:per  cent,  per  annum 
compound  interest. 
Ans.  Log.  ui=log.  800  +  4log.  1.04=2.6452646;  or-4=|360.96?6. 
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2t  How  mucli  money  must  be  plaoed  out  at  compound  intereat  to 
amount  to  $1000  in  20  yean,  the  interest  being  5  pet  cent.  ? 

Ans.  Log.p=log.  1000—20  log.  1.06=2.6'76214;  or/>=t376.89, 

8.  When  $518.30  amounts  to  $600  in  3  years,  at  compound  in- 
terest, what  is  the  ratejp0r  cent.  ?  Ans.  5. 

4*  What  will  20  cents  amount  to  in  200  years,  at  5  per  cent,  per 
aoDum,  <k>nqx>Bnd  interest  ?  Ans.  $3458.10. 

tf  •  How  long  will  it  require  a  gtyen  jMinGipal  to  doable  itself  at  3 
per  cent,  compound  interest  ?  Ans*  23.45  years. 

6t  What  is  the  value  of  an  annuity  of  $50  that  has  remained 
unpaid  for  six  years,  at  comix>und  interest^  at  6  per  cent.  ? 

Ans.  $348.56. 

7*  In  what  time  will  an  annuity  of  $100  amount  to  $5000,  at  4 
per  cent,  compound  interest  f  Ans^  28  years. 

8.  What  is  the  present  value  of  a  freehold  estate  whose  annual 
rent  is  p  dollars,  at  5  per  cent  eompound  interest  ? 

Ans.  20^,  since  ^=  oo. 

9*  What  is  the  present  value  of  a  peipettlfd  annuity  of  p  ddlafs, 
at  3  per  cent  compound  interest  ?  Ans.  33^. 

10.  What  is  the  value  of  an  estate  of  which  the  rent  is  $3000 
a  year,  money  being  worth  3  per  cent  compound  interest? 

Ans.  $100000. 
lit  A  debt  due  at  this  time  amounting  to  $1200,  is  to  be  dis-  * 
charged  in  seven  annual  and  equal  payments ;  what  is  the  Amount 
of  these  payments,  if  interest  be  computed  at  4  per  cent,  f 

Anr.  $199.931534  +  yearly. 
12.  What  is  the  amount  of  $100  in  1  year,  at  6  per  cent,  interest 
being  compounded  every  instant  ?  Ans.  $106.183654  4- 

13*  What  is  the  amount  of  $1500  in  2  years  and  6  months,  at  10 
per  cent,  interest  being  compounded  every  instant  t 

Ans.  $1925.94651 

11,  A  man  borrowed  p  dollars  agreeing  to  pay  interest  at  r  per 
cent  per  annum.  He  canceled  the  debt  by  making  n  payments  of  « 
dollars  each,  at  the  end  of  the  times  t,  2t,  St,  &c.  What  was  the 
value  of  each  payment,  by  the  United  States  Rule  ? 

(l+r/)*~l 


CHAFTEB  mil. 
COffTINVED   FBACTIONS. 

(490i)  An  expression  of  the  following  form  is  called  a  continued 
fraction;  in  vbich  a,,  a,,  etc.,  and  &,,  6,,  ete.,  are  positive,  or 
negatiye  integers. 

^a,  +  etc. 

(49 1  •)  The  fractions  ^,  -^,  -^,  eto^  are  called  the  integral  frao- 

turns  of  the  continued  fraction. 

a        a   4.^      a   4-^     b 
(492.)  Thefractions  ^,    -f^a,*    -r-^«2  +— ,  etc.,  are  called 

the  c^oproximatinff  or  converging  fractions^  or  simply  the  convergente, 

FBOBLBM    1. 

(493.)  To  conrert  a  common  fraction  into  a  continued  fraction. 

8OLITT10K. 

A 
Let  -^  represent  the  fraction  and  put  A=a^J)  -f-r,  and  B=h^D  ; 

.  _  r 

tnen  ^=^^f^^  -V'^'  Now  put  r=6,2>',  and  2>=a,2>'+r'/ 

(hen-J-=A^^'       Also  putting  r'=632>",i>'=a,2>"+rV'= 

8«2>"',  i>"=o«i)"'+r"',  r"'=6,2)",  and  D"'=a,D",  we  get 

These  results  will  make  the  oontinued  fraction  above. 
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FBOBLBM 


(494.)  To  find  the  oonvergents  from  the  integral  fractions. 

80LUTIOK. 

a      ^-^    a  a       h 
The  first  convergent  is  r^,  and  the  Beoond,-4 — ««=  '  ', — - 

Putting  -4j=:a„  £|  =6 j,  ^,=a,a^ +5,,  ahd  ^,=«jfti  we  get 

the  3rd  convergent  from  the  2d  by  placing  a^-i — 3.  for  a,  and  subsii- 

tuting^ii  A^j  B^^  and  £^  for  their  values.    The  4th  can  be  obtained 
from  the  drd  in  a  similar  manner.    These  results  give 

B^         a^b. 


A^_A^^a^-hA„^b^ 
A    B^.a^+JS^^b; 

From  these  expressions  we  deduce  the  fact  that  any  eonvergont 
after  the  2nd  may  be  obtained  from  its  integral  fraction  and  the  two 
preceding  convergents  in  a  very  simple  manner. 

FBOBLBM     3. 

(495.)  To  find  the  law  of  the  differences  of  consecutive  cod 
vergents. 

BOLUTIOK. 

By  actual  subtraction  and  substitution,  we  get 


^- 

^1 

±> 

A- 

KKK 

-», 

^r 

B,B, 
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Brsr'^  B,B, 


In  ihu  general  ezpreanon,  which  we  were  authorised  in  deducing 
from  what  we  had  ahready  proved  in  getting  two  or  three  of  the  first 
differencefl^  the  plus  fflgn  must  he  taken  when  n  is  e?en,  and  the 
minus  sign  when  n  is  odd. 

Cob.  1.  It  is  easj  to  see  that  the  differences  between  the  consecu- 
taye  convergents  continuallj  decrease. 

Cor.  2.  IVhen  a,,  a,,  a,,  Arc,  and  h^^  6,,  5,,  &o.,  are  all  posi- 
tiye,  the  conveigents  are  alternately  less  and  greater  than  the  true 
▼alue  of  the  continued  fraction. 

Cob.  8.  Since  each  of  the  consecutiTe  conyergents  approaches 

nearer  the  true  value  of  the  continued  fraction,  the  odd  ones  being 

A  A 

less,  and  the  even  ones  greater,  it  follows  that  -^^  is  the  Uaei^  and  -^ 

the  greatest  of  all  the  convergents. 

Raw  Any. — ^Loid  Brouncker  devised  the  following  continued  frac- 
tion, to  es^ress  the  ratio  of  the  circumscribed  square  to  the  area  of 
the  drde : 

^^2+,4c. 

When  5„  5^,  5,,  &c^  are  each  unity,  we  arrive  at  some  additional 
properties  which  are  found  to  be  of  great  use  in  auaLysis.  For  this 
reason  we  shall  confine  ourselves  in  the  remainder  of  this  chapter  to 
continued^  fractions  in  which  the  first  denominator  and  all  the  nu 
merators,  after  the  first,  are  each  unity. 

PROBLBM    4. 

(496»)  To  find  some  of  the  properties  of  continued  fractions  h* 
which  5j,  6,,  i,,  d^c,  are  each  unity. 


48i  COKTIKOSD  TRAXmOitm. 

BOLUTZOK. 

If  the  continued  fraction  is  as  follows : 

the  lemdto  linadj  obtained  become, 
A,_a, 

■4,_tt.«,+l  I    ^*    ^»        ^*^' 

■*»    ■5,«,+-»,  Also,  /  .        . 


^«     -^.S+^t 


■*«       ■*»  •8»*4 


liiese  expK88io»  lead  to  <he  feBowifl^  InqK^aat  eot^^ 

Cor.  1.  The  qoaEntities  a,,  a„  a,,  a^,  Arc,  are  Ihe  quotients  aris- 
ing in  finding  the  greatest  oommon  diyisor  of  the  terms  of  the  friio- 
tion  which  produces  the  continued  fracfioui  the  denominator  being 
taken  as  the  first  divisor. 

Cor.  2.  Each  convergent  is  in  its  lowest  terms,  because  the  differ- 
ence of  any  two  consecutive  oonvergents  is  a  fraction  with  unity  for 
its  numerator  and  ihe  proAuot  of  their  denonrinaton  for  a  deiiomi« 
nator.  Hence  in  finding  the  fraction  which  produces  a  given  .on- 
tinned  fraction  we  shaH  obtldn  ft  in  its  lowest  iBxtos. 

Cor.  3.  Since  the  true  value  of  the  continued  fraction  is  between 

any  two  consecutive  convergents,  as  ^  and  W^,  it  follows  that  the 
error  in  taldng  either  for  the  true  value  is  less  than  -^-^ — ,  and  since 
-^•<-^ii+i>  we  have  -^-= — <"gi'  5  ^©^  ^r  ^  ^^  stponger  reason. 


OONTZNUBD  i^aghons.  408 

&Q  eniior  in  tiding  -^  for  the  trae  value  of  the  contixmed  fraction  ia 
less  ihaai  •^. 

Ooit»  4«  PuttiDg  -^  for  the  fraoMon  which  produoea  the  continued 

A     A  1 

6r^^Tmb§,^  -g— •g^<u^  —  whi^h  beooniea  iy  sahatijtutioD  of 

A    A^  1 

thevalue  of  j5^„  -g— ^<^  v^  ^ — -j"^ — -..  The  right  hand  mem- 
ber of  this  inequation  is  greatest  when  a^^  is  least,  whence  we  have 

A     A,  I 

'W~'^'^h/D  ±h — ^\  ^^^  ^  ^V^  or  gw^Mw  reason  according  as 

a^,  =7l,  or  more  than  one.    Putting  x  for  the  yalu4i  of  that  part  of 
the  continued  fraction  which  commences  with  a^^^we  have  a;<a^| 

+  lan4A^+^^i<^>^,  +  l)+^^i,orA+5^,.  Kin  ^ 

A  A 

__^iAM-i  1^  y^Q  p^|.  jp  jjjp  fl^p  we  have  the  true  vaU^e  of  the  ponr 

*"'  A     Aje+AL. 

tinned  fraction,  that  is,  -^=-n ^^ ;  hence  the  error  in  takmg 

Jf     />^+/^_| 

1         • 

—£i£^+£^  y     ^^  j5^+-B^i<-&,+^„+i,  this  error  is 

greater  than   p.p    >p — r-  •    From  these  results  we  see  that  the 

A        A  1 

eiror  connnitl^d  by  taking  ^  for  -—  is  less  then    ^  .p     'p — r,  or 

Cor,  5.  It  may  readily  be  shown  that  the  difference  between  any 
two  consecutive  convergents  is  such  that  there  can  be  no  other  frac- 
tion whatever  between  them,  unless  it  have  a  denominator  greatei 
than  the  denominators  of  either  of  the  convergents. 
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PROBLEM     6. 

(497  •)  To  find  all  the  approximating  fractions  between  tbe  first 
two  conreigents. 

80LUTZ0K. 

Of  all  the  oonyeigenta  the  fint  is  the  least  and  (lie  deeomd  the 
greatest 
AirangiBgy  then,  the  eonvergents  in  the  oider  of  magnitade  we 

have -g-',  ^, -^»    'B*'B'^*    ^^  subtraction    aaa 

sabstitntion,  we  get 


-,  Ac 


^$    ^s_    «« 


AIsO| 


B,    B,     B,Bi 


B,  B-B,B,* 
Now  if  a,y  a^y  a^ ,  a^,  Ac,  are  each  equal  to  unity,  we  can  prove 
that  it  is  impossible  for  any  other  fraction  to  exist  between  any  two 
convergents  of  the  above  series,  provided  that  fraction  has  a  denom- 
inator less  than  the  denominators  of  the  convergents.  But  if  a„ 
a^,  a^ ,  Ao^  are  greater  than  unity,  W6  can  insert  between  these  con- 
vergents as  many  intermediate  fractions  as  there  are  units  in  a,— 1, 

a^ — 1,  a^ — ly  ^  To  find  the  intermediate  fraoticns  between  r~ ,  and 

A  A 

•^,  we  must  substitute,  succesnvely,  in  the  value  of  •—,  1,  2,  8, .  • 

A  A 

a,— 1,  for  a,  ;  and  to  find  those  between  -^  and  ^  we  must  sub- 

A 

stitnte,  successive^f,  1,  2,  3,  • . .  a^  — 1,  for  a^  in  the  value  of  -^j 

and  so  on.    The  series  then  becomes, 

A,    A^+A,    2A^+A,     3A^+A,  (a,-!)^^^,    -£, 

B,'  B,+B,'  2B,+B,'   3B,+B,' (a,^l)B,+B,'  B^' 

A+^3   2^4+^3   3^4+^3  (a,-lM,4-^s   ^5   ♦**♦% 

J9,+53'  25, +5,'  85, +5,'  ••••  (a, -1)5, +5,-  5, 
-4,    ^+^4    2A,+A,    SA.-^A,  {a^^l)A,+A,    A^ 

5,'  5,+5/  25,+5/  35,+5,'----    («,-l)5, +5/  5/ 
^3+^^    2A^+A^    SA^+A^  (a,-l)^3+^a   A 

5,4-5/  253  +  5/  853+5/  ••;••  (a, -1)53 +  5/ 5/ 
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The  frftclionB  thus  inserted  are  called  intermediate  fractwM    Oom- 

mencing  at  •—  and  prooeding  towards  the  asterisks,  we  have  a  series 

of  fraetions  less  than  a,  (a  being  the  quantity  that  produces  the  oon- 
tinned  fraction)  and  approaching  nearer  and  nearer  to  « ;    but, 

oommencing&t  -^  and  proceeding  towards  the  asterisks,  we  have  a 

series  of  fractions  greater  than  a,  and  approaching  nearer  and  nearer 
to  a.  If  a  be  irrational  or  transcendental  the  continued  fraction  will 
never  stop,  and  there  will  be  an  infinite  number  of  the  principal 
fractions,  and  much  more  will  there  be  an  infinite  nimiber'of  fractions 
in  eadi  of  the  above-mentioned  series.    K  a  be  rational,  one  of  the 

conyergents,  as  -^,  will  be  equal  to  a ;  hence  -^  will  terminate  either 

the  increasing  or  decreasing  series. 

The  difference  of  any  two  consecutive  fractions  in  the  above  com- 

A       A 
plete  series  from  -^  to  -^,  is  equal  to  unity  divided  by  the  product  of 

their  denominators ;  and  hence  it  is  easy  to  prove  that  it  is  impossi- 
ble for  any  fraction,  —,  to  fall  between  any  two  consecutive  fractions 

if  its  denominator,  »,  fall  between  those  of  the  fractions,  or  is  less 
than  the  greater  denominator.    We  also  notice  that  the  differenise 

A       A  A 

between  any  of  the  fractions  from  -^  to  -5-',  inclusive,  and  -^ ,  is 

equal  to  unity  divided  by  the  product  of  their  denominators, 

A        A  A 

This  is  also  true  of  any  fractions  from  -^  to  -^  and  -^  ;  and  so 

on.  > 

A 
The  quotient  corresponding  to  -^  is  a,,  that  is,  A^=:a^  a,  +1 

=-4,02  +  1,  and  B^=a^.    If  for  a,  we  substitute,  successively,  1, 

2,  8,  &o^  to  a^— 1  in — 5— ? ,  we  shall  have  in  reverse  order 

AKn^,  ....  !dxi^\  ?d^l,  A+\  ,iich  We  the 

same  properties  as  the  intermediate  fractions.    These  appended  to 

30 
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the  above  complete  senea  give ^,   -^-^ ~^ . . .  • 

SA^+l     2^^+l     ^^+1 
«      '         «      •        1     ' 

We  have  seen  that  if  a  he  rational  that  the  convergent  ^,  will 

equal  a  and  terminate  one  of  the  two  aeries  which  makes  the  com- 

series.    If  n  is  odd  -^  wiQ  terminate  in  the  asten^  the  im- 
-»• 

creasing  ames  commencing  with  —-^  and  if  ereo,  the  decreasing 

A  ,    A         A 

series  -~  •    Let  as  soppoae  n  is  odd  then  the  series  -o'  •  •  •  .-b"' •  •  •  • 

•^  terminates;  but  we  maj  consider  the  series  to  continue  to 
*'» 

infinity.    It  is  done  thus.    The  last  even  eonvergent  is  -= — ^^  and 

the  next  even  conveigent,  if  there  were  one,  wouM  be  ^^i  which 

would  be  no  oAer  dun  —^    Tliia  la  establidied  as  fdlows-: 
•^. 

A  1 

Sinoe  «,  or -~=ra^ +—  ,  1 
JS^  a, +— 


and  the  continued  fracti#n  must  stop  at  — ,  it  is  plain  that 


0  and,  therefore,  «,+lr^a>.    Because    :^==:|!?2±L±4^,and 
a^,  =00  we  have  -=±l=_-=--~!LJ. 

As  oo  ^.  is  an  infiuite  quantity  it  can  not  be  increased  by  the 
addition  to  it  of  a  finite  quantity,  -4^, ;  nor  is  oo  j9,  increased  by 

B^^ :  hence,  ~±l  = -_-^=    •     To  find  the  intermediate  fractions 
^•+1     °oB^    B^ 
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between  -^^=^  and  -^^,  or  ^  we  have  only  to  substitute,  suo- 

A  n  I     A 

ceasivelj,  from  1  to  oo  for  c^,  in     "  '^^        *"'.    These  intarme- 

diate  fractions  although  approaching  constantly  nearer  and  nearer  to 

A 
O)  or  to  -^ ,  yet  their  denominators  are  all  greater  than  B^  and  in 

this  respect  they  differ  from  the  intermediate  fractions  between  -^ 

and  -g-%  -^  and  ^', . .  .-g^  and  ^,  Ac. 

PBOBLEK    6. 

^498«)  To  illustrate  oontinaed  fractions  by  numerical  examples. 

B  0 1,  u  T  X  o  N . 
first  let  us  change  — —  to  a  continued  fraction.    By  diYisi<Mii 

2067     ,      726      726        2       252      4      48      6      „ 
1341""   ^1341'  1341  ""Sfll'  863^5if  *  63"^7f 

2067     1+14^ 

=*-      3+—      "       r, 

1341     1       ^fi+Yx!. 

Here  6,c:l,  ^9  =2,  (3 3=4,  ^4  =6,  and  (f  s=7 ;  and  a,  ==1,  a^  =8, 

a,;=5y  a^  =7,  and  a^  =8 ;  whence  the  conyergents 

^,_1  ^,_5  -4,_29  ^^_233      ^,_2067 

B,^V  ^^3'  5; "19'  5;^161'  ^"^  5;^1341" 

^     ^     ^ 
In  practice  we  can,  from  the  nature  of  the  values  ^%  ^,  -^^  eto^ 

-»,  -»,  -^j 

eaoly  deduce  them  from  the  numerators  and  denominator's.    Thus, 

12  4        6  7 

13  5         7  8 

1     5     29         233      2067 

1     3     19         151      1341 

13     ^     1     ,  :.  ,,  ,  2  3  5   13 

y=2 +-    1     J  and  the  convergents  are  -,  p  -,  —. 
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IS  1     t  3—8  —13 

—=8+     -  .  1  and  the  conrergents  are  r-»  — i^i  — -T* 
5—3+-  1  —3    — D 

6  1     ,  ,  ,  ^01126 

13=0  +  2+1    1        «^<i  the  conrergents  are  J, -,-,-,-. 

5  1  ,  ,  0  1^2     —6 
— =0+-    1     J  and  the  convergents  are  -,  ~,  -,  ^jj. 

^^3 

6  1  ,   ,  0  1-3—5 
—=0+-        1     J  and  the  conrergents  are  j,  -,  _g,  _— . 

-3+- 

*^™  — TTTT  ^e  can  get  the  quotients  0,  —2,  3,  4, 6,  —6,  —2 ; 
-1461  0       1       3       13         68  .—396  868 

whence  the  convergente  p --,  — ,  — 2' IITI?' --6^^ 
Flrom  — -i  we  can  getiheqaotients  2,  —1,  —3,  —9,  —2,  —2  and  6, 
887  ^2—15  -4«  91  -240  —1103    „ 

;^  We       "^"^^^  r  ^'  i'  ^37'  78-  ^193'  ^887-  ^*°** 
110?  1         1    or  =2+-^     -1 

''^-»+-5+     1     1  ^     '-^     2H.-1. 

13  "'""^ 

The  quotients  for  -—  are  1, 1, 1, 1,  and  2,  and  the  convergents 

1     Q     Q     fC  1 Q         8 

T)  T>  o»  o'  ^^^  ~^*    ^^  quotient  2  shows  that  there  is  an  intenne- 

1123^82^  Q 

diate  between  -  and  —  •    This  fraction  is  -  and  would  be  among  the 
3  8  6  ^Q 

principal  fractions  if  we  had  made  the  quotients  in  — -  as  follows : 


8 

5)8(1 
6 

8)6(1 
8 

2)3(1 
2 

1)2(1 
1 
1)1(1 

making  eveiy  quotient  1. 
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The  quotients  of  —z  ue  1,  2,  8,  4,  and  5,  and  the  convergents  are 
T»  5'  "7^  qn»  ^'^^  TkY*  ^®  quotients  3  and  6  show  that  there  are 
between  ~  and  -^  two  intermediate  finctions^  and  four  between  -^ 

<^  tzt;  t  and  the  quotient  4  shows  there  are  three  between  -  and  ---. 
167'  ^  2         30 

Inserting  these  intermediates  we  have 

•«-|       •  •      -^3       •  •  •  •  -A-        ^^  •  •  •    ^2 

14710    63     96      139     1&2226    43      33      28133 
r    3'    6*    »'  8?    67'     97'     127'  167'   30*    28'     16'    9'   2 
The  difference  between  any  two  oons^utive  fractions  in  this  series 
is  equal  to  unity  divided  by  the  product  of  their  denominators. 
This  series  can  be  obtained  in  another  way,  making  all  the  interme- 
diate fractions  to  be  principal-  fractions.    We  can  make  the  quotient 

Of  g^  asMowi:  1, 1,  0, 1, 1,  0,  1,  0, 1, 1,  0, 1,  0, 1,  0, 1, 1,  0, 1, 

Of  1,  0,  ly  1.    The  corresponding  oonveigents  are 

121848    7    8     10    18     1023103310486343 

1'  1'  1'  2'  tf  2'    6'    2'     7 '   "9 '     7 '  16'    7 '  23'    7 '  80'  87'  80' 

96    43    139    43    182     226 

67'  30'    97'   80'   127'    167* 

in  this  series  the  fractions  that  are  repeated  are  the  principal  frac- 

A        226 
tigns  in  tiie  other  series^  except  that  -^  or  —r  is  not  repeated.   The 

JSg        167 

other  fractions  are  the  intermediate  ones,  though  not  in  the  same 

2  JL        A  A     A        A 

order,  except  -  whichin  the  series  •^.*.-^....-^',  ^...^.is 

the  one  peculiar  intermediate  after  -^  as  indicated  by  the  second 

quotient  2. 
We  may  also  convert  algebraic  formula  into  continued  fractious : 


'  +8+1. 

X 
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The  following  notatiou  has  been  used  to  indieajle  oontmaed  ftao- 
— — J  =l+(«— 1, 1,  3,  ar). 

(^^y=l+(2*-l,  1,  2,  3a:-l,  1,  11^  x). 

Hie  ratio  of  the  circnmference  of  a  circle  to  its  diameter,  usualij 
represented  by  the  Greek  letter  tt,  has  been  found  to  be  3  followed 
bj  decimals,  A  few  years  ago,  Mr.  W.  Shanks,  of  Houghton-le-Spring, 
found  607  of  these  decimals,  and  Dr.  Rutherford,  who  had  previously 
carried  the  approximation  to  208  places^  verified  441  of  them. 
Taking  7r=:3.14159,  26535,  89793,  23846,  26433,  83279,  50288, 
as  given  by  Lndolph  and  reducing  to  a  continued  fraction  by  in- 
creasing the  last  figure  by  unity,  we  have  7r=r8  +  (7,  15,  1,  292,  1^ 

1,  1,  2,  1,  8,  1,  14,  2,  1, 1,  2,  2,  2,  2,  1,  84,  2,  1,  1, 15,  3,  13,  1,  4, 

2,  6,  6, 1).  The  quotients  agree  thns  far  when  liie  last  figure  is  not 
increased    We  have  then  the  foHowiqg  approTim»ting  valuca^  of 

3    22    333    356    103998    . 

'^l    1'    7'  106'  113'    38102'     ^ 

It  is  evident  that  there  are  numerous  iotermediate  fractions  in  ibis 

series,  since  most  of  the  quotients  are  greater  4haa  unity.    Aschi- 

22  355 

medes  took  ^=-^,  and  Metius,  7r=  -— .    The  figvu;es  in  the  last  can 
7  118 

be  easily  remembered  by  writing  th^n  in  a  line ;  thus,  113355,  ob- 
serving that  the  first  three  are  the  denominator,  and  the  others  the 
numerator,  and  that  each  <^  the  first  three  odd  numbers  are.repeated. 

865 

We  can  express  tt  in  a  continued  fraction  in  such  a  manner  that  --— 

113 

will  be  the  third  convergent  instead  <^  the  fourth,  b^  introducing 
negative  quotients.     It  is  evident  that 

1                              _             1 
""•-^  "^  -^+ J-  +,  etc.       -''*-'  """^ i-+,  etQ. 

Also,  that  we  may  remove  all  the  negative  signs  in  a  continued  frao^ 
tion  by  the  following  formula : — 
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Ifid  may  also  introdace  negative  terms  instead  of  positing  hj  tlie 
formula, 

We  caa  always  simplify  a  coatiBued  fraction,  and  reduce  it  to 
fewer  terms  whenever  there  are  denominalon  which  are  equal  to 
=bl.  It  is  evident  that  if  the  quotients  a^,  a,,  a,,  etc.,  are  taken 
nearest  the  true  quotient,  whether  greater,  or  less,  the  approximation 
is  more  rapid. 

Applying  these  considerations  to  the  quotients  in  the  value  of  7r, 
we  have 

^=^+]+l        1  =^4+i-      1 

— 3+,etc.  8+,etc. 

r«,.  «     1      ,         1-        .V  ^    8  22  355 

Takmg  7r=3  +^     1  we  have  the  convergents  -,  -^,  -— 

7+-  1    7    113 

If  we  take  365d.  5h.  48m.  49s.  for  the  length  of  the  solar  year, 
as  given  by  M.  de  Lacaille,  and  it  is  only  -j^  of  a  second  less  than 
that  given  by  Sir  John  Herschel,  we  get  the  following  quotients  and 
ocmvergents,  from  24h.,  and  5h.  48m.  49s., 

4,      7,       1,       3,         1,         16,  1,  1,  16. 

4   29  33   128   161   2704   2865   5569   86400 

r  y   8'   31'   89*   665'   694'  1349'  20929' 

the  last  fraction  being  the  one  proposed,  it  having  for  its  numerator 

*  the  number  of  seconds  in  24h.,  and  for  its  denominator  the  number  of 

seconds  in  6h.  48m.  498.     The  c^veigents  show  the  intercalation 

of  one  day  in  /mct  years,  as  in  the  Julian  Calendar,  is  the  simplest, 

but  that  7  in  29,  or  8  in  33  would  be  more  exact. 

Tbe  Gregorian  Odendar  interc^tes  97  days  in  400  years.  *  By 
inserting  the  intermediate  fractions  we  find  that  a  more  accurate  ap- 
proximation than  this  would  be  109  days  in  450  years. 

400 
The  convergent  —^  is  not  found  either  among  the  principal  conver- 

gents,  or  the  intermediate  fractions  belonging  to  ;  nor  is  it 

fcmad  either  in  the  principal  convergents  or  the  intermediate  frac- 
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tioDB  obtained  by  taking  the  length  of  the  year  as  given  by  Coper* 

nicufl,  yi2.,  365(L  6b.  40m.  208.,  which  waa  used  in  the  Gregorian 

reformation.     Among  the  intermediate  fractions  in  this  last  case  is 

371  400 

found  —rr  which  would  be  more  exact  than  •-?-•    Taking  Lacaille's 
00  07  ^ 

161 

length  of  the  year,  we  have  —  which  is  nearer  the  truth  than 

400 

of- 

PBOPOBITIOK     1. 

(499  •)  JSvery  periodic  continued  fraetion  is  one  <f  the  rooU  6/ 
an  equation  of  the  second  degree  with  rational  eoifficiente. 

DKMOirSTBATIOK. 

Let«=a,+—     1 

'\   1 


a^+etc 


Then  we  have  a;=a,  H — .    1 


For  the  quotient  of,  we  have  the  convergents  ^^=^    u^r^    ' 
which  is  evidently  equal  fox;  whence  we  have 

ScHOUUK. — We  may  have  a  periodic  continued  fraction  which  has 
at  first  irregular  terms.  For  instance,  if  we  have  the  contiLued  frac- 
tion indicated  by  x=ze^  +  (c,,  c,,  ...  c^a^^a^^  . .  a^a^^a^^  . .  a^ 

etc,)  and  put  j>  equal  to  the  periodic  part^  we  have  y=  ^"^      p    ' 

and  for  the  convergent  corresponding  to  y,  75^-,  or  x=j^ ^-^ ; 

Thence  by  eliminating  y  we  shall  get  an  equation  of  the  second  dflgiee. 
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PBOPOSITIOH     2. 

(500«)  The  ineommensurahle  roots  of  an  equation  of  the  eeeond 
degree  with  rational  eoiffidente  may  be  expreeeed  by  periodic  eon' 
tinned /raetions. 

DKMONBTBATIOK* 

Let  a'iPj'  +  5'«|— c'=  0,  (1)  in  which  a',  and  6',  and  c',  are  either 
positive  or  negative.    It  is  evident  that  the  roots  of  this  equation,  or 

the  values  of  ^|  mast  have  contrary  signs,  or  that  a'x^^±  Vx^^  ^ 

CI 

^=(a:,— r)(a?^  +r'),  rand  — r'  being  the  values  of  «,.    That  r  and 
r'  must  have  contrary  signs  is  evident  because  their  product  =— c'. 

Solving  eq,  (1)  we  get  a:,  = — — ; — ,  where  n—b'*-^  4a V.  Suppos- 
ed 

ing  that  «,=«,  +  -,  «i  being  the  integral  part  and  —  bdng  the 
decimal  part,  we  get  by  substitution,  after  changing  signs 

(c'-a  V-ft'<ki)^«"  -(2a'«,  +*')«.  -a'=fi     (2.) 
The  values  of  x^  must  be  of  contrary  signs,  since  their  substitution 

in  x=a^  H — ,  must  give  results  with  contrary  signs.    Putting  the 

eoSfScient  of  x^  which  must  evidently  be  positive,  equd  to  a"  and  of 
x^  equal  to  +5",  b"  being  either  positive  or  negative,  we  get  a"x^ 

+  y'a?,-a'=0.  (3.)  Whence  «,==^^^:^^~^,  where  n==6'«  + 4a V 
=6"+4aV.    • 
Applying  the  same  reasonmg  to  (8)  as  to  (1),  and  we  shall  have 

a'  «»,+6'  «,-c'    =0  /  b'  '+40'  c'  =n 

a"«»,+5"a?,-a'    =0  1  6"*  + 4a'  a"  =» 

a"V,+6"'«,--a"  =0  and   )  6"'*+4a"  a"'=fi 

a''«»4+ft'^«4-a'"=0  )  5'^*+4a'''a'^=n 


Hepcewehaveyi=a, +—     1      ^ 
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a,,  a,,  a,,  a^,  etc^  representing  reapeetifelj  the  integral  part  of  t2ie 
poaidye  values  of  x^^  x^^  x^y  x^^  ate 

We  muat  now  prove  that  this  continued  fraction  is  periodic 
This  must  be  so  provided  any  of  the  equations  is  identioal  with  any 
one  that  precedes  it  It  is  plain  that  a\  q!\  a"\  etc^  are  each  less 
than  ^n,  and  that  the  absolute  values  of  b'y  V\  6'",  etc^  are  each  less 
ihaMVn,  Putting  the  integral  part  of  ^n  equal  to  t,  and  ^Vn  equal 
to  i\  there  can  not  be  more  than  i  of  the  coefficients  a\  a!\  a"\ 
etc^  without  repetition,  nor  more  than  i'  of  the  coefficients  h\  b'\ 
6'",  etc,  (abstraction  being  made  of  the  sign).  Since  b\  5",  b"\  etc^ 
may  each  be  either  positive  or  negative,  we  may  say  tiiat  there  may. 
be  2i*  of  the  co^cients  b\  b**,  b"\  etc^  if  themgn  be  regaided.  Each 
of  the  •  possible  values  a\  a",  tf"',  etc,  may  be  combined  with  the 
2i'  possible  values,  b\  b'y  b"y  etc. ;  hence  we  can  not  have  more  than 
2u'  equaticAs  without  encountering  one  in  which  the  coefficients  of  the 
unknown  quantity  will  be  the  same  as  in  some  preceding  equation. 
K  the  absolute  terms  are  abo  equal,  then  ilie  equations  will  be 
identical. 

Let  ct^  and  b^^  be  the  co^ffiments  wMch  are  equal  to  the  coSffi- 
cients  in  some  preceding  equation,  p  and  q  r^presentang  accents  and 
not  exponents.  Suppose  d^z:=ary  and  6*^=6'*,  then  we  shall  have 
the  two  equations  aPa:*p+6'*irp— a^»=0,  and  o'^^^VH+6'^^p+e— 
a^-^^^  =0,  which  are  to  be  proved  identical.   It  is  now  only  necessary 

to  prove  that  a^-»  =<i'^+^> .  We  have  6^" + 4a''-^  a''=5'^ + 4aH^> 
€^  because  each  is  equid  to  »;  whence  o^*  =ciP+^V.  This  prov^* 
that  the  positive  value  of  x^  may  be  represented  by  a  periodic  con- 
tinued fraction.  The  negative  value  has  the  same  property,  for  the 
positive  value  of  r,  in  a'x^  ^Vx^  -^e'szO  is  jual  the  same  as  thf 
negative  value  of  a?,  in  a'x^  +b'x^  — c'=0. 

Take  now  the  equation  iRr*— &i:+c=0  in  which  the  vahies  of  x 
are  both  positive.    Taking  the  case  in  which  the  integral  parts  of  th« . 

roots  are  unequal  we  may  have  x=:r'\ — ,  r  being  4he  integral  part  of 

the  greatest  root^and  —  the  decimal  part  Since  the  last  root  of  op  ^  must 

evidently  be  negative,  by  substitution  we  shall  get  an  equation  of 
the  form  aV,4-6'a:,— c'=0,-  the  same  as  before  in  whidijr,paflf  be 
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represeirted  by  &  periodic  comtmued  fraotion.  The  leaat  ralae  of  m 
would  be  r ,  1 

which  maj  be  put  in  the  ofdinaiy  form  r—l+~        1 

"  a,+eto. 

If  a,  were  eqval  to  unity,  we  woitld  hare 

r-i  .   1  =r-l+ — ^     1 

In  the  case  in  which  the  integral  parts  of  the  roots  are  equal  we 

would  have  x=r+ — .    Since  C|  must  be  positiye  we  get  an  equation 

of  ihefonn  aV,  +Vx^  +€f^0.  If  the  roots  of  this  equation  still  have 
the  same  integral  pastB  we  proceed  ae  before,  and  unless  the  rootsaie 
equal  we  shall  anire  at  an  equation  in  which  the  absolute  term  is 
negative  and  whose  roots  can  be  expressed  in  periodic  continued 
fnetioBs. 

The  cases  of  equal  positive  or  negative  inoommensorable  roots  need 
not  be  considered,  for  they  can  only  occur  when  one  or  more  of  the^ 
coefficients  are  iiratiouaL  The  proposition  has  then  been  completely 
established. 

Scholium. — ^This  demonstration  indicates  a  mode  of  finding 
periodic  continued  fractions  equal  to  the  roots  of  such  an  equation 
as  3ap»-10«-4=0. 

f 3«*  —  10a?  — 4=0,\  /a?=:  3H . 

I  I  ""' 

i7«*i—  8a?,— 3=0,/  \a?i=l-J — . 

Here  we  have       /  )  •  whence  \  i 

4««,-  6a:,-7=0,(  ]^^^2+—. 

I  I 

3a?,— 10*^—4=0,  /  \  a?-=3  -{ . 

3  9  y  \  *i 

Then  ap=3  +  (l,  2,  3, 1,  2,  3, . . . .)  _ 

We  may  also  uae  the  following  mode.    Sinoe  as,  or — =8 

H — ,   we   get  «,  =  — = —  = = —  =  H — ;  whence  «, 


476                     OONTINUSD  FRAcnoira. 
—  =2H ;  whence  «3=- 


This  mode  also  fumiahes  an  easy  process  of  conyerting  a  m^omU 
al  surd  into  a  periodic  continued  fraction.    For  instance  \/19=:4 


.   1         .  \/19+3     ^1         ,  \/19  +  8     ^ 

+  — ;    whence  «,  =  — - — =3+—;    whence  ».  =  — - — =1 

-I — ;    whence  «,= —  =2  +  — ;    whence  «^=  — =8 

H —  ;  whence  af^=  — - —  =*i»  ^oad  therefore,  we  shall  have  >/l^ 
=4+(2,  1,  8,  1,  2,  8,  2,  1,  8,  1,  2,  8,....). 

PBOBLKM     9. 

(501»)  To  find  the  properties  of  the  periodic  continued  fraoCior 
which  is  equal  to  the  surd  V^ 

SOLUTION. 

We  have  the  following  equations  ;— 
«,  = l=a, -f—     in  which  d,=a,  and  r,  =n— iT, 


«.=  —-—=«.  +- —     **     rf.  =a^,r^,-J^,  andr,=--; . 

It  is  easy  to  prove  that  aU  the  values  r  j,  r,,  r„  . . .  r.  are  integers. 
Since  none  of  the  values  d^^d^^d^^  ...  d^  can  exceed  a,  it  follows 
that  the  extreme  limit  of  the  values  of  a,,  a^,  a,,  ...  a,,  is  2a.  It 
is  also  evident  that  the  extreme  limit  of  the  values  ^n  ^a»  ^^y  •  •  •  t*. 
is  2a.  If  any  one  of  the  quotients,  a^^a^^  ...  a.,  as  a,  equab  2a  we 
shall  have  c^,=a,  and  r,=  1,  and  hence 


/ 
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x^^=^— — :i^=-^- — 5., because (^^jrra^.-c^.;  whenoerf^i=a 

or  rfj,  and  because   r,»+,  = —  ;  whence  r^,=«— (r,=r,. 

From  this  we  see  ihiit  when  we  arrive  at  the  quotient  2a  the  quo- 
tients, a^•J  a^j  ...  a.  will  recur. 

Letting  a,  a,,  a^,  a,,  . . :  2a  denote  the  quotients  to  the  close  of 
the  first  period,  we  shall  always  have  the  quotients  between  a  and 
2a,  whether  read  backwards  or  forwards.    Thus,  O)  Oi,  a,,  a,,  ... 

The  terms  of  the  conrergents  corresponding  to  the  quotient  pre- 
ceding 2a  are  respectivelj  the  values  of  x  and  y  in  the  equation 
«*— ny*=  ±  1,  the  plus  sign  being  required  when  the  period  consists 
of  an  even  number  of  quotients,  and  the  minus  and  pltis  being  used 
alternately  when  the  period  has  an  odd  number  of  quotients.  For 
instance  when  n=2S  we  have  the  quotitots  5,  3,  2,  3, 10,  etc.,  and 

the -corresponding  convergents  -,  —-,  -^  -— -,  -oTiT*  ®*^*>  "®b^<»  "*  the 

equation  «•— 28y*=  +  l,  we  may  take  «=127,  and  y=24.  The 
corresponding  convergents  in  the  successive  periods  will  also  give 
suitable  values  ciz  and  y. 

PROBLXM    8. 

(502*)  Resolve  the  proper  fraction  -  into  a  series  of  fractions 
with  unity  for  their  numerators. 

SOLUTIOH. 

Proceed  as  follows : —       ^)«(7 

Prom  the  equations  derived  from  this  operation  we  have  -=:— * 

'n''^1?7?'^nn'//'  "*  «od  •<>   ou  till  the  quotients  terminate.    This 

process  gives 

769      ,     1         1  1  1 


IIU  3^8x24     8x16x139^3x14x139x667 


CHAPTER    XXIV. 
IHDETEBMIHATE    AKALTSIS. 

(503f)  IvDKTXRMnrATK  Analtbis  18  the  method  of  finding  the 
ndaee  of  the  unknown  qnantitiee  when  the  number  of  equations  is 
Mb  than  the  nomber  of  unknown  qunatitieB. 

PBOBtBM    1 . 

(504«)  To  find  the  poBitive  integral  yaluea  of  x  and  y  in  the 
equation  2«+3y=35, 

aotUTiOK. 

It  iB  evident  that  if  do  restrictionB  were  placed  t^on  the  Talues  of 
X  and  y  that  they  might  each  have  an  infinite  number  of  yalnes^  be- 
cause fi>r  evexy  aBsumed  vahie  of  the  one  there  would  be  a  corres- 
pondiog  value  of  the  other ;  thus  if  y  be  equal  V—l  we  get  x^^^(3E 
— df^— 1),  and  if  y  be  equal  to  |^  we  get  a;=l7,  and  so  on  for  all 
values  whatever.  But  we  see  that  the  positive  integral  values  of  x 
and  y  must  be  limited  in  number. 

Let  us  now  seek  an  expeditious  way  of  finding  these  values,  re- 
membering that  if  a  whole  number  be  in<»«a8ed  bj,  diminished  by, 
or  multiplied  by,  a  whole  number,  the  result  must  be  a  whde  num- 
ber.   We  shall  use  wh.  to  represent  a  whole  numbeir. 

„  ,  .  85— 2«     83—30:4-0:4-2 

From  the  equation  we  get  y=-^-- — = =11— « 

3  3 

0:4-2  «4-2 

H — — .    Since  y  and  11— op  are  each  whole  numbers,  — —  must 

0J4-2 
be  a  whole  number  which  representing  by  m,  we  have  — ^— =si7» ; 

9 

whence  o:=dm— 2  which  being  substituted  ui  the  value  of  y  gives 

y=ld— 2m.    By  observing  these  values  we  see  that  m  nmk  cot  be 

less  than  1,  nor  greater  than  6,  if  x  and  y  are  both  to  be  positive 

integers.    By  making  m  successively  1,  2,  3,  i,  6,  aud  6,  've  gft- 

«~1,  4,  7, 10,  13,  16;  and  y=ll,  9,  7,  5^3, 1. 


INDSTSBMINATS  ANALYSIS.  479 

PROBLBM     2. 

(505 •)  To  find  the  kast  corresponding  positire  integral  values  of 
r  and  y  in  the  equation  7:r— 9y=:29. 

SOLUTION. 

29+9y     .  ,      ,2y-fl        .         .      2y^^l       _ 
«= — z— ^ = 4 + y  H = — •    Assuming  -^ —  —  wK = m,  we  get 

2y=7m— 1,  or  y=3mH — - — .     Now  assuming  — - — =wA.=n, 

2  2 

we  get  m=:2n  +  l;  whence  «=9n  + 8,  and  y=7»4-3.    Making  n 

=0,  we  obtain  a;=:8,  uid  y=d,  for  the  least  positive  integral  values 

of  X  «nd  y.     We  also  see  that  as  n  may  be  taken  =1,  2,  3,  ^c,  to 

infinity  there  is  an  infinite  number  of  positive  integrid  values  of  s 

and  y  which  will  satisfy  this  equation. 

PBOBLBM     d. 

(506«)  find  the  corresponding  posttive  integral  values  of  z  and 
y  in  the  eq.  8a?  +  lly=49. 

SOLUTION. 

«:=6— 2y-{ — —  .    Since   —5-^  is  a  whole  number  it  will  be  a 
8  0 

whole  number  when  multij^ed  by  2 ;  thereforoi  — ---^=ii^A.=y 

H — J—.    From  =:m  we  get  y=4i?i— 1 ;  whence  a?= — . 

We  see  that  m=l  is  the  only  appropriate  value ;  whence  a? =2,  and 

y=:3.     We  may  avoid  the  fractional  form  in  the  expression  for 

the  value  of  ^  as  follows : 

49— lly     ^  1— 3y     „,.,.      1— 3y  ^ 

a?= — _/=6-y+— ^ii.    MulUplymg  -^  by  -3,  we  get 

Q     =y4-^--^— .    From  5---=»i,  we  get  y=8m  +  3  ;  whence  x 
00  8 

=2— llw.    Here  m  must  be  zero;  whence  a?=2,  and  y=3. 

Remabx. — ^When  we  multiply  the  expression  upon  which  we  are 

perating  by  a  number  which  is  not  prime  to  the  denominator,  one 

»f  the  final  expressions  for  x  and  y  will  be  in  a  fraetional  form. 

PBOBLSM    7. 

(507.)  Find  a  number  which  being  divided  by  3,  4,  and  6» 
shidl  leave  respectively  the  remainders  2,  3,  and  4. 
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80LUTZ0K. 

^ 2 

Letting  x=  the  number  and  we  have — ~~=:toA.=:ifi;  whence 

o 

«     .  «      li      *— 8       .      Sm— 1  ,  .  n  +  1 

9=3ffi+2.    Alao, —T— =WA.=: — - — =n;  whence  j»=n+ — —  • 
4  4  3 

«  +  l 
Patting  — -— =j!>,  we  get  n=r8p— 1 ;  »i=4f — 1 ;  and  x=l2p—  1 

But^=«A.=^=2,-l+^.    Since  f=  «*.?=«-*. 
o  o  o  o  o 

=?+?•  I^^'?=S'/  whence  p^Bq^  and  a:=605'— !•  If  y=l, 
«=59 ;  if  q=2j  «=11&,  and  so  on. 

PBOPOSITIOK     1. 

(508«)  If  a  and  b  represent  numben  prime  to  each  other ,  the 

retnaindere  found  6y  ditndmg  a,  2a|  8a (b— l)a  by  b  are  all 

different. 

DEMOKBTBATIOK. 

Let  VM  sappose  that  when  ma  and  na  which  represent  any  two  of 
the  above  nmnbera,  whether  consecutiTe  or  not,  are  divided  by  b  that 
the  remainder  in  each  case  is  r.    This  supposition  gives  ma=zqb'{-r^ 

and  «a=§6+r;  whence  §— S'=-^-t — •    Since  Q^-q  is  awhc^e 

number,  and  n^m  is  less  than  5,  and  a  and  b  are  prime  to  each  other, 
this  equation  can  not  subsist ;  and  hence  we  see  that  the  proposition 
must  be  true,  since  a  contrary  supposition  leads  to  an  absurdity. 

PBOPOSITIOK     2. 

(509.)  The  equation  ax— by=±l  is  alwaye  possible  in  tohok 
numbers  when  a  and  b  are  prime  to  each  other. 

DBMOKSTBATIOK. 

We  learn  from  the  last  proposition  that  there  must  be  some  mul- 
tiple (^  a  aa  «a,  or  a«  which  being  divided  by  b  leaves  the  remainder 

1.  Let  y  be  the  quotient, /md  we  have  — r — =y  which  is  only  an- 
other form  of  the  equation  cur— 6y=l  which  is  therefore,  always 
possible  when  a  and  b  are  prime  to  each  other. 
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The  equation'or— 6y=— 1  multiplied  by— 1,  gives  6y--(M?=l 
which  form  we  have  jost  proved  is  possible  in  whole  numbers  when  b 
and  a  are  prime  to  each  other,  x  being  the  quotient  when  5y— 1  is 
divided  by  a.  .      , 

Cob. — ^When  a  and  b  are  not  prime  they  have  a  common  divisor 
dj  greater  than  unity,  and  hence,  ax^hy=±l  is  not  possible  in 
whole  numbers  for  dividing  by  d  we  have  a  whole  number  equal  to 
a  fraction. 

PBOPOSITIOK    3. 

(filO«)  The  equoHan  ax— by=±o  will  admit  of  an  infinile 
number  of  positive  integer  solutions  when  a  and  b  are  prima  to  each 
other, 

DEMOHSTBATIOK. 

Since  ax'^by'=i±l  is  always  possible  in  whole  numbers  when  a 
and  b  are  prime  to  each  other,  oca?'— 6cy'— ±c  must  be  likewise  poa- 
sible.  Putting  x=ai/f  and  y=€y'  we  have  ax—by  =  ±e  always  pos- 
dble  in  whole  numbers.  Let^  and  g  represent  whole  numbers  which 
being  substituted  for  x  and  y  in  this  equation  satisfy  it.    Then  from 

ax—by^zap^bq^  w%  get  ^ — ^^^  which  is  satisfied  by  making 

— ^=- .  Now  -  ¥»  by  hypotheas  in  its  lowest  terms  but  — -  is  not 
y-gr    a  a       ^    ^^  y-q 

necessarily  so.    Let  m  be  the  greatest  common  divisor  of  x—p  and 

y— a,  then  — ^=6,  and  - — -^a  ;  whence  af=»+m6,  and  y=g 
'     ^'  i»         '  w 

+  ma.  In  these  values  of  x  and  y,  m  maybe  taken  equal  to  0, 1,  2, 
3,  Ac,  to  infinity  hence  x  and  y,  in  ax—by=:  ±c,  may  have  ^n  in- 
finite number  of  positive  integral  values. 

PBOPOSITION     4. 

(51 1.)  The  equation  cm?  +  6y  =  c  is  impossible  in  positive  in- 
egers  when  c  is  less  than  a  +  ft,  is  equal  a5,  or  is  equal  ah --(ax'  +  by'). 

DEMONSTRATION. 

When  X  and  y  are  each  equal  to  1,  c  has  its  least  possible  value, 
namely  a +5.  Therefore  aa;+5y=c<a  + 6  is  impossible  in  positive 
integers. 

The  equation  az-^-hy^^ab  cannot  exist  uiiless  y  is  divisible  by  a, 

31 
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since  a  and  b  are  prinoe  to  each  other.  Putting  y  =  na,  we  get 
a?  =  (1  —  n)6.  Hence  x  must  be  equal  to  0  or  a  negative  integer. 
These  values  of  ^rare  excluded.  Hence  ax-{-by  =z  ab  is  impossible 
in  positive  integers. 

The  equation  aX'\-by=ab— (ax'  +  by')  becomes  a{x + a?')  +  b(y + y') 
r=  ah  Since  a  and  b  are  prime  to  each  other,  this  equation  cannot 
be  possible,  unless  (y+y')  is  a  multiple  of  a.  Putting  {y-\'y')  =  no, 
we  get  (ar+ar')=(l— n)5.  Hence  (ar+ar')=0,  or  a  negative  integer. 
Is  each  case  a:  will  be  negative,  because  if  «  +  a?'=0,  we  have  a:=  —a:', 
«*  beiog  by  hypothesis  a  positive  integer.  Also,  if  x  +  a:'=— JT  a 
negative  integer,  we  have  a:  =  —  («'  +  N).  Hence  or  +  6y  = 
ab^{ax' -^-by')  is  impossible  in  positive  integers.) 

FBOBLXM   8. 

(512«)  To  find  the  number  of  solutions  that  ax-\-by=^c  will 
admit  of  in  positive  integers. 

80LUTI0K. 

Since  oa?'— 5y''=l  is  always  possible  in  positive  integers,  cwar' 
—5cy'=:c is  also  possible  in  poutive  integers;  hence  a^-\-by=:.acx' 
^bey\  Becaose  ca;'>«,  we  assume  that  cx'=.x+mh.  We  may 
also  assume  cy':=^-'y-\-  ma,  since  these  values  substituted  give  ax+by. 
In  these  assumptions  m  may  be  any  number  that  will  ibake  a;  and  y 
positive  integers.  If  no  such  number  can  be  found  then  the  equa- 
tion is  impossible  in  positive  integers.  On  the  other  hand  there  wiU 
be  as  many  solutions  in  positive  integers  as  there  are  suitable  values 
of  wi.    Since  x=cx'—inby  and  y=ma—€y'  we  must  take  m  less 

than  -=•-  and  greater  than  — .  It  can  easily  be  shown  that  no  frac- 
tional value  of  m  will  answer,  but  that  m  must  be  some  positive 
integer,  which  integer  must  be  between  -=-  and  —  and  therefore,  the 

ex  cv 

number  of  integers  between  —  and  ~  is  the  number  of  solutions  of 

which  axi-by=c  is  susceptible  in  positive  integers. 

PRO  BLEM     9. 

(513.)  Find  the  number  of  solutions  of  which  9i;  +  13y=2000 
will  admit  in  positive  integers. 
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BOLUTIOK. 

From  9«'— 13y'=l,  we  get  «'=  IStw—IO  and  y'=9»i— 7 ;  whence 
x'=S^  and  y'=2  which  are  the  least  possible  positive  integral  yalues 

of  «'  and  /.    Therefore  -=-=: — — =461/j,  and  —  =  - 


b  13  ^='  a  9- 

=444^y  and  consequently  there  are  461—444=17  solutions  in  posi- 
tive integers. 

EXAMPLES. 

1.     5x+  9y=40.  Ans.  No  solution  in  positive  integers. 

3«     6x-{-  9y=37.  ^n«.  One  solution  in  positive  integers. 

3.  11^+  5y=254.      An8,  Four  solutions  in  positive  integers. 

4«  I7a?4-13y=6000.        Ans.  27  solutions  in  positive  integers. 

f  •  Id  how  many  different  ways  may  £1000  be  paid  in  guineas 
and  crowns,  the  guinea  being  21s.  and  the  crown  5s.?     Ans,  190. 

(.  In  how  many  different  ways  can  £140  be  paid  in  guineas  and 
three  shilling  pieces  9  Ans.  At  is  impossible. 

PROBLEM     10. 

(5 1 4»)  find  all  the  corresponding  positive  integral  values  of  x^  y 
and  2  in  the  equation,  3;r+5y  +  72;=100. 

SOLUTION. 

It  is  evident  that  z  can  not  be  greater  than  13.  For  z=l^x  and 
y  may  have  six  different  corresponding  yalues ;  also  for  z=2yX  and 
y  may  have  six  different  values  ]  z=B^  five  values ;  2;=4,  four  values ; 
z=5j  four  values ;  2=6,  four  values ;  «=7,  three  values ;  2=8,  three 
values;  «=9,  two  values;  2=10,  one  value;  2=11,  two  values; 
2=12,  one  value. 

PROBLEM     11. 

(515^)  To  find  the  number  of  solutions  of  which  ax-i-by+cz=zd 
is  susceptible  in  positive  integers  when  at  least  two  of  the  coefficients 
are  prime  to  each  other. 

so  LUTIOK. 

J t 

it  is  plain  that  z  can  not  be  greater  than .    Making  2=1, 

c 

2,  3,  &c.,  we  shall  have  <iz  +  hf/=d—e,  ax-\-bt/=d—2c^  <fec.    The 
number  of  solutions  m  positive  integers  of  which  these  equations  are 
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snsoeptiUe,  is  equal  respoctivelj  to  the  number  of  integen  between^ 

(^' ^d  (:^,  (^' »d  ^-^.  Ac,  *' ana  y' beix^ 

obtained  from  cLx'^by'=l.    The  sum  of  these  solutions  will  gire  the 
whole  number  of  solutions, 

Rbmabk. — ^It  is  evident  that  the'first  terms  in  the  above  exprassions 
constitute  an  arithmetical  series,  as  also  the  last  terms. 

PROBLEM    12. 

(516»)  Find  the  number  of  solutions  of , which  Sxi-ly+llg 
3224  is  susceptible  in  positive  integers. 

SOIrUTION. 

Herein  can  not  be  greater  than  19.  We  haive  six  ablations  lor 
0=1,  or  2;  five  for  «=:3,  4  or  i5 ;  fofurfores^e,^  or  8;  tfaaee  ibr 
«=:0, 10, 11  or  12 ;  two  Ibr  i;=:13  or  15 ;  and  <»e  for  aszli^  IQ,  17 
or  18.  These  al^  added  make  59.  In  this  example  we  have  bx'-^^ly* 
-=1 ;  whence  «'=3  and  y'=2. 

We  can  also  obtain  the  result  by  finding  the  difference  between 
the  sum  of  the  arithmetical  series  formed  by  the  first  terms,  and  the 
sum  of  a  like  series  by  the  second  tenns,  and  making  the  necessary 
corrections.  These  series  will  be  as  Mows,  each  containing  19  terms, 
and  commencing  with  the  terms  for  j;=:19. 

815     S-26     8-87  8-213     ^^^. 

-7-+-r+— — =928f 

5-15     2-26     2-37  2-213     ^^^ 

-r-+-6-+^ —  =««Ai 

Each  of  these  sums  must  be  diminished  by  the  sum  of  the  frao- 
'ional  parts  that  occur  in  the  terms.    Thus,  -y-=6^.    In  this  way 

we  get  the  fractions  7r-h=  +  =  +  ;r+;:-f  =  +  =^  for  first  period  in  first 

series,  and  r+r+^+T^-f-r  for  the  first  period  in  the  second  series. 
o     5     o     5     o  * 

The  sum  of  the  fractions  In  the  first  period  =3 ;  this  period  will 

^        "t        ft        A,      'O 

occur  again  in  the  19  terms,  and  the  five  fractions  11+=  +  ^  +  ;;  +  ;; 

7     7     7     7     7 


r=2f,  maldng  the  sum  of  !dl8f.    The  sum  of  ihe  period  in  the 
seocmd  series  »  2,  and  it  occnrs  in  die  1&  terms  3  timeS)  leaving 

~+-:+-+^=lfi  makiDg  the  sum  of  all  the  fractions  Yf.    Hence 
5     5     5      o 

we  have  928f — 8f =920,  and  8661—^=8^^  ;  ^^^  difference  is  61 
Dvhich  must  be  diminished  by  2,  because^  whenever  r  occurs,  the  sub- 

tantAkm  fmHoatai  ona  adviionitoQ  manj.    ThiiS'&a'  e:=il4  we  have 

3*70 

for  the  number  of  solutions  the  number  of  integers  between  — ^ 

2*Y0 
and  — -,  or  30^  and  28  which  is  only  one,  but  subtracting  28  from 

30,  ba^ptiof&dj^  gives  two.    The  same  ocoum  whaitas=s7... 


EXAMPLES. 

U  2«-f3y4r&;^41.  ^Mk  2Isolutionai 

t,  l^rf7y-H0e£=:B37.  Jna  169  solutioBs. 

S.  I7a?+21y +300=3000.     .  Jn^.  406  soluloen^ 

4.  7a;+9y  +  232=9999.  A)m.  34365  solutions. 

5.  3ar  +  7y  + 112=86412.  Ans.  16168483  solutions. 
(•  In  how  many  ways  is  it  possible  to  pay  £1000  without  usmg 

any  other  coins  than  crowns,  guineas,  and  moidores  9    Ans,  7073  • 

ISom— A  orown = 6&,  a  guinea  =  21«^  tnd  a  moidore  =  27«. 
PROBLEM     13. 

(S 1 7 .7  Khd  the  number  of  positive  integral-  solutions,  of  which 
12;p+  15y + 202;=100001  is  susceptible. 

SOLUTIOK. 

Since  no  two  cog£5cients  are  prime  to  each  other  we  transform  the 

equation  and  get  4ar+  6y =33334 — 7^  H — — .  Since  -^  is  »  whole 

3  3 

number,  we  put  it  equal  to  t£;  whence  2=3t«+l.  The  given  equa^ 
tionnow  becomes  42 .+6y+ 20^=33327  which  has  1388611  solu- 
tions. 

PROBLEM     1 4. 

(6-18.)  Gmn  I  jj^;j;3j^2«=i^5  }****"** *^*^™'P*'°^'"« 
positive  integral  values  of  a;. 


486  IND]BTEB]aNA.TS  ANALYSIS. 

SOLUTIOK. 

Filiminrtion  giTM  y=26«— 258,  and  0=447— 44jr.  A.  simple 
inspectioii  shows  that  x  can  not  be  less  nor  greater  than  10 ;  hence 
a:=10,  y=2,  and  «=7. 

MI80ELLANXOU8     XXAMPLS8. 

1«  A  man  buys  horses  and  oxen  for  tl770,  and  pays  $31  for  each 
hone;  and  $21  for  each  ox.  How  many  horses  and  oxen  did  he 
bay  ff  Am.  9  and  71,  or  30  and  40,  or  51  and  0. 

2«  Divide  30  into  three  such  parts,  that  if  the  first  part  be  multi- 
plied by  7,  the  second  by  19,  and  the  third  by  38,  the  sum  of  the 
three  products  equab  745.  4m.  6, 11, 18. 

t*  Divide  142  into  two  such  parts  that  the  one  may  be  divisible 
by  9,  and  the  other  by  14.  Ans.  72,  and  70. 

4.  A  man  bought  124  head  of  catUe,  viz.,  pigs,  goats,  and  sheep, 
for  $400.  Each  pig  cost  |4|,  each  goat,  $3^,  and  eaoh  sheep,  |1}. 
How  many  were  there  of  each  kind  9 

Ans.  17,  99,  8 ;  or  40,  60,  24 ;  gr  63,  21,  40. 

f  •  Required  to  find  three  whole  numbers  such,  that  if  the  first  be 
multiplied  by  5,  the  second  by  13,  and  the  third  by  18,  the  sum  of 
the  products=997  ;  but  if  the  first  be  multiplied  by  11,  the  second 
by  20,  and  the  third  by  d7|  then  the  sum  of  the  prod uct8=:  1866. 

Ans.  16,  29,  30. 

(•  Thirty  persons,  men,  women,  and  children,  spent  jointly  $58. 
Each  man  spent  |3|,  each  woman,  |1|,  and  each  child  ^  of  a  dollar. 
How  many  were  there  of  each  9 

Ans.  10  men,  16  women,  and  4  children. 

7.  Required  to  find  two  whole  numbers,  whose  sum  and  product 
are  together=139. 

Am.  1  and  69 ;  3  and  34 ;  4  and  27 ;  6  and  19  ;  9  and  13. 

8f  A  countiy  woman  brings  a  number  of  eggs  to  market,  more 
than  100,  but  less  than  200.  She  is  undetermmed  whether  to  seU 
them  in  fifteens  or  by  the  dozen,  for  in  ihe  first  case  she  would  have 
4  eggs  remaining,  and  in  the  second  10.    How  many  eggs  has  she  f 

Jm.  154. 

9.  Into  wnat  two  fractions  whose  denominators  are  7  and  11  may 
*i?f  be  divided  ?      Am.  4  and  f  f  ;  or  Y  and  H ;  or  Y  ^^  iV- 
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10*  A  boy  plays  with  nats,  the  Dumber  of  which  is  less  than  400 
and  wishes  to  make  small  heaps  of  them.  If  he  pats  13  in  each  heap 
he  has  0  remaining ;  but  if  he  puts  17  in  each,  he  has  14  lemauung. 
How  many  nuts  are  there  f  Aim.  48,  w  269. 

fl«  A  general  being  asked  how  stnmg  his  regiment  was,  replied, 
^  My  regiment  is  not  2000  men  strong.  I  can,  however,  draw  it  up 
5,  6,  and  *I  deep,  without  haying  one  remaining ;  but  if  I  make  it  11 
and  13  deep,  in  the  first  case  I  should  have  9  men  remaining,  and  in 
the  second  case  8  too  few."    How  many  men  were  in  the  regiment  ? 

Am.  1890. 

12*  A  captain  wishes  to  march  out  his  company,  wbic^  is  between 
100  and  200  men  strong.  If  he  should  march  them  2,  4,  8  or  10 
men  deep,  he  would  have  1  remaining  each  time ;  but  if  he  should 
march  them  6  or  12  deep,  he  would  have  6  remaining  each  time. 
What  number  of  men  did  his  company  contain  f  Am.  161. 

13«  Into  what  two  parts  must  you  divide  the  numbers  4890,  so 
that  the  first  part  divided  by  37  may  leave  the  remainder  3,  and  the 
second  divided  by  54,  the  remainder  6  ? 

Am.  780  and  4110;  or  2778. and  2112 ;  or  4776  and  114. 

14«  Bequired  to  find  two  whole  numbers,  whose  product  exceeds 
twice  their  difference  by  100. 

Am.  10  and  10 ;  14  and  8 ;  22  and  6  ;  30  and  5 ;  46  and  4 ;  or 

94  and  3. 

15»  What  numbers  divided  by  3  leave  the  remainder  1,  and  divided 
by  5,  the  remainder  2  ? 
Am.  15  n+ 7  in  which  any  value  at  pleasure  may  be  assumed  for  n. 

16f  What  numbers  divided  by  6,  12  and  15,  leave  ihe  remainders 
1,  1,  101  Am.  All  numbers  of  the  form  60  »  +  25. 

17.  Find  three  fractions  with  the  denominators  3,  4,  and  5,  of 
which  the  sum  is  ^^.  Am.  |,  },  and  |. 

18.  If  I  have  9  half  guineas  and  six'  half  crowns  in  my  purse, 
how  may  I  pay  a  debt  of  £4  lis.  6d.  ? 

Am.  By  8  half  guineas,  and  3  half  crowns. 

19.  In  how  mauy  different  ways  is  it  possible  to  pay  £20  in  half 
guineas  and  half  crowns  ?  Am.  7. 

20t  What  numbers  divided  by  4,  6,  9,  16,  leave  the  remamder 
3,  3,  3,  12  ?  •  Am.  180  »  +  147. 
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21.  What  nomben  divided  by  5,  6,  7,  8,  leave  Hie  rexnaindeis  8, 
1,  0,  5,  respectively  ?  Arut.  840  n+ 193. 

22.  In  bow  many  ways  can  an  equivalent  for  tl3,  at  da.  each,  be 
given  in  EDgliedi  crowns  and  seven-shilling  pieces  ? 

Ans.  Only  one,  viz^  5  crowns,  and  2  seven-shilling  pieoe& 

25.  A  company  of  men  and  women  spend  llOOO.  The  men  pay 
each  $19,  and  each  woman  |13.  How  many  men  and  Women  are 
there? 

Ans.  2  and  74 ;  or  15  and  55 ;  or  28  and  36 ;  or  41  and  1*1. 

2I«  A  spectdator  having  between  $300  and  $400,  found  if  he 
bought  lamfN^  at  $2  a  piece,  sheep,  at  $3  a  piece,  or  calves,  at  $5  a 
pieoe,  he  woald  have  $1  remaining;  but  if  he  bought  hoga,  at  $7  a 
piece^  he  would  have  no  money  remaining.  How  much  money  had 
he  ?  Ana.  $301. 

2S«  A  butcher  bought  calves,  at  $7  a  piece,  and  found  he  had  $5 
remaining.  Should  he  have  bought  sheep,  at  $2,  $3,  $4,  $5,  or  $6  a 
piece,  he  would  have  no  money  remaining.  How  much  money  had 
he  ff  Ans.  $180. 

26.  A,  B,  and  Cs  fortunes  are  in  the  proportion  of  5,  7,  and  9. 
It  is  found  that  if  they  expend  their  fortunes  for  land,  giving  $11,  $13, 
and  $15  an  acre,  respectively,  they  will  have  remaining  $1,  $2,  and 
$3,  respectively.    What  is  the  least  sum  of  money  they  can  have  ? 

Am.  A,  $2685  ;B,  $3759 ;  andC,  $4833. 


CBAPTER    XX7. 
DIOFEANTINE    AKALTSIS. 

(519«)  DiOFHAKTBTS  AiFALTBiB  lA  that  pari  of  analysis  which 
relates  to  the  methods  of  finding  such  values  of  the  unknown  quan- 
tiij  as  will  render  irrational  expressions  rational. 

PBOBLBM    1» 

(520.)  Find  such  values  of  a;  as  will  render  VW,  VcFx^  and  Vc^ 
miiouL 

SOLUTION. 

Putting  Vax^p  we  get  s=^y  in  which  p  may  be  assumed  to  be 

any  rational  qomtity.  To  render  Va^x^  or  aiVx  rational,  it  is  evident 
th^  9  miiii_be  a  sqoaia  nwnber.  It  is  inqposfltble  to  rationalize 
|^ad;*y  or  xVa  exoqpt  when  a  is  a  perfect  square^ 

PBOBLSM     2. 


(521,)  Find  such  values  of  d?  as  w^l  rationaliae'yaa;+69  and 
Voji^ + &p»  in  which  a  and  h  may  either,  both,  or  neither  be  squares* 


SOLUTIOK. 

a 


Putting  Vax-\-h=^p^  we  get  «=;?-—»,  and  Va«*+6a:=2M?,  we  get 
h 


x=- 
p'—a 

PBOBLBM     3, 


(522»)  Find  such  values  of  «  as  will  rationalize  Va3^-\-hx-\-<^ 
♦^aVH-5arH-c,and  Va»*+6a:+c when  6'— 4ac  is  a  perfect  square; 
f'(Mr"H-6a:H-cwhen  it  equals  V(dx^ef'{'{fX'\'g){kx-\'k)\  VW+bv+c 
when  one  value  of  a;  is  known  ;  and  V'x'H- 1. 
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SOLUTIOK. 

Aflsame  the  first  equal  to  |»a;+e;  the  second,  to  aa;+l>;  the  third  equal 
to  0,  and  then  resolye  Ihe  equation,  thus  givingajr'+5d;+c=(/r+^) 

{hx-^k.)  Ilowa8sameVl/x-\'Sf){hX'^k)=p(fi^)\YfhGxi 

To  radonaliase  the  fourth,  assume  f^((la:+e)"+(/B+^)(Air+*)=(rf«  +  e) 


For  the  fifth  suppose  that  y/(ui^+bx-{-c=9  is  rational  when  rp=r. 

Assuming  d?=y+^i  we  get  \/ay*  +  (2ar+6)y+«*  which  rationalized 

2jM — 2ar-8-&        .                2p«—- ar— ft— rp*     »,       x.      i 
ffiyes  y=  -^-- = —  ;  whence  af=-^- ^ — —.    To  rational- 


l-j>- 


ized  %/«■+ 1,  assume  %/a;"  +  l=a:+»;  whence  x=  ^  ;  whence  it 
is  apparent  that  x  can  not  be  an  integer,  and  to  be  a  positiTe  firaetion 
p  must  be  a  proper  fraction.    Putting  p=- ,  we  get  «=— 


whence  V.^  +  l=-^jj^.    Since  1^  +  1=L___1;  we  get 

(n*— m*)'  +  (2«Mi)*=(il'4"m*)',  a  general  expression  for  the  sum  of 
two  squares  in  which  n  and  m  may  be  taken  at  pleasure.    We  would 


m 


obtain  the  same  result  bj  assuming  y/a^  + 1 =-  ^  +  !• 

Scholium. — ^To  have  fl^+y*=  a  square  we  only  need  to  take 
x^n^-^m^y  and  y=2*»n;  to  have  a^^y^=  a  square  we  only  need 
to  take  «=n" + m',  and  y =2f7m. 

P&OBLBM     4. 


(523.)  "Find  such  values  of  a;  as  will  rationalijse  y/ax^+hj^^ 


f'<Mj*+fta;*+ca?+<r,  and  Vcui^-\-h3^-\'ex-\-d  when  one  value  r  of 

X  is*known;    f^aV+6a;*+ca:*+«^«+c*,    \/aV  +  6i»"+ca^+rf«+c, 

f'aaj*+&r*4.caf*4.cto+«",    and    4^a5*T6«M^"T^+7  when    one 

value  r  of  a?  is  known ;   VaV  +  6?+cJ+3*,  l/aV  +  da;*+cfl?+5 

VaiP*+6«*H-ca?+df»,  and  Var*+6aj*+«?+rf  when  one  value  r  of  « 
is  known. 
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t 
•*  SOLUTION. 

Assuming  the  first  equal  to  px^  we  get  a!=^ ;  the  second  =--vk 

+d ;  whence  a?  =     .    «    ;  this  gives  only  one  value,  but  others 

may  be  obtained,  when  possible,  as  in  the  following  example  ;  when  b 
and  e  each  equal  0,  the  method  fails :  the  dd  becomes,  putting  xz=y  -f  r, 
Vay*  +  5'y' + c'y + «',  8  being  =:Var*'\-br*+cr  +  d  ;  whence  x  may  be 
detenpined  as  in   last  case;    the  fourth =a^  +m:r+«/    whence^ 

by  expanding  and  equating  the  terms  containing  a;*,  m=:--,  and 

4a(cuidobe)        .  -l         ...  .>  a 

<?=y  .  ^  a.  -^-v ,  since  e  may  be  positive  or  negative ;  after  ex- 
panding, we  might  take  d=2me  ;  whence  «= —        ^ — -^r--  ;  tiiese 

two  methods  give  four  solutions,  and  £ul  entirely  when  b  and  d  are  both 
0;  the  5th  =(Lc'+ma;+9i  ;  whence  6= 2am,  and  c=m*  +  2an,  and 

(4a«c-6')«--64aV        ^.  ,    ^ .,      ,        ^       j  j         v  ^i.  a 

*=:r-jk-r7— 57 — s r?rr  which  fails  when  b  and  d  are  both  0 ; 

8a'[8oV— 6(4o"c— 6')] 

the    6th=wMj*+»M?+c;    whence    d=:2ney  and    c=«'  +  2mtf,  and 

«= — ~r^-= — T-r-^— 5?Ti—  which  fails  when  b  and  rf  are  both  0 ;  the 
64ae'— (4ce— ii')* 

Yth  becomes,  assuming  a?=y+r,  f^ay*  4-6'y* + c'y*  -{-  (^'y + «"  which  is 
the  form  just  treated  of;   the  8th=aa:+<^y  whence  x=  ,l, 

5» 27(fa* 

the  9th=aa:+m  ;  whence  6=3a*m  and  x^^,-—-: — „. ^- , ;  the  10th 
'  ^        (3ca*— 6')9a* ' 

=wia;+a;  whence  c=3«ia,  and  x=^-^-^ — ^  ;  the  11th  be- 

^  (CM  ~"~C 

comes,  assuming  x^y-^-r^  Vay*-\-b'y^-\-c'y-\-i^  which  is  the  last 
case.  ' 

PROBLEM     5. 


(524.)  Rationalize  f^ay*  +  l,  or  what  is  equivalent,  solve  fte 
equation  a:" — ay' = 1 . 

80LUTI0V. 

Patting  a?=^+l ;  whence  y=    ^  ,.     Since  this  result  gives 
fractional  values,  let  us  seeil^  int^r  values  of  9f  ai^d  y.    l(7e  cbe^e 
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first  Ihat  a  can  not  be  negative  nor  a  square  number.  To  obt^  the 
least  integral  ralues  of  x  and  y,  extract  the  square  root  of  a  bj  con- 
tinued fractions,  and  take  the  numerator  of  the  convergent  corre- 
sponding to  the  quotient  preceding  2r,  r  being  the  integral  part  of  f^o, 
when  expressed  in  decimals. 

If  the  number  of  quotients  in  a  period  is  odd,  no  int^ral  yalue  of 
y  will  rationaliae  f^ay*  +  l«  See  (501  •)  which  will  also  indicate 
bow  Vay^^l  may  be  rationalised. 

RsvARK. — ^Lagrange  has  shown  that  9^ — ffy*=l  is  always  possible 
in  integers,  a  not  being  a  square,  and  that  a?*— ay'=  — 1  is  possible 
in  integers  only  when  the  number  of  quotients  in  the  period  of  Va 
is  odd.  He  has  also  shown  that  if  x^—ay^z^dch  is  possible  in  in- 
tegersi  a  being  positive  and  not  a  square,  and  h  pomtiye  and  less  than 

Va^  the  values  of  x  and  y  must  be  such  tiiat  -  may  be  one  of  the 

principal  fractions  oonvei^giog  to  the  value  of  Va. 

Bsmahk. — ^This  subject  is  so  extensive  that  we  must  refer  tiiose 
who  desire  to  pursue  it  further  to  Euler^s  Algebra  witii  Lagrange's 
additions. 

PROBLEM    6. 

(52&.)  Find  such  a  value  of  a;  as  will  rationalize-  each  of  the 
expressions  1/ajg+ 6  hxAVex-^-d^Va^ -{-hx BsnAVa^ +dx^Vaa? •\'hx-\'C 
and  VdaFTex^. 

SOLUTIOK. 

Putting  D  for  a  square  number  the  equations, 

are  called  double  equalities. 

Prom  ga;+6=y  and  ex-^-d^q^  we  get  caq*^cad-i'e^b=:c*p*=.  Q  ; 
whence  Vmq'+n,  {m  being  =zca,  and  n=c'ft— ccwi)  which  is  eamly 
Nationalized. 

In  the  second  example,  if  we  put  a;=-,we  get 

6y-fa=:n 
rfy4.c=D 
which  has  just  been  disposed  of.    Or  putting  00:*+ &i;=|)V,  We  get 
Wp*4-c5'— a5rf=n  ;  whence  f^mp'+w. 

In  the  third  case  resolve  the  equality  oa?*  +  d« + c=i:  D ,  and  substi- 
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tote  thtf  value  of  xia  d3^+ex+f=i  D  ;  whence  will  result  A  biquad- 
ratio  etpteMbuin  a  ftnrn  which  has  akeady  been  discussed. 

PROBLEM    7. 

(526*)  Besoire  the  triple  equality  ax+by=:0^  cx+dy=za^ 
«Ddex+fy=n. 

SOLUTIOK. 

Putting  ff  «*,  and  «'  for  the  right  hand  members,  and  finding  the 
values  of  x  and  y  from  the  first  two  equations,  we  get^  by  substitution 

and  putting  u=tr,  -^ — 11^  ""^ — r"=  ^  5  whence  z  may  be  found. 
We  have  x=—j — =--r,  and  y=-^ — i-<*. 

BZAHPLXS. 

!•  Find  three  square  numbers  whose  sum  shall  be  a  square. 

Ans.  1,.16  and  64. 
2*  find  four  numbers  such  that  if  their  sum  be  multiplied  by  any 
one  increased  by  unity,  the  products  shall  all  be  squares. 

Ans.  3,  8,  15  and  14?. 
St  Kind  three  square  numbers  whose  sum  shall  be  the  square  of 
4.  Ans.  Y>  -V"  a»<i  Y- 

It  Find  thiee  square  numbers  in  arithmetical  progreasioo. 

Ans.  1,  26  and  49. 
5t  Find  three  numbers  in  arithmetic^  progression  such  that  the 
sum  of  every  two  of  them  may  be  a  square; 

Ans.  482,  3802  and  6242. 
6.  Find  two  numbers  such  that  if  to  each,  as  also  to  their  sum,  1 
be  added,  the  three  sums  will  each  be  squares.       Ans.  15  and  48. 

7t  Divide  85,  which  is  the  sum  of  the  two  squares  81  and  4,  into 
two  other  squares.  Ans.  49  and  36. 

8.  Find  four  numbers  whose  sum  shall  be  a  square ;  also  if  their 
sum  be  multiplied  by  any  one  of  them  and  the  product  increased  by 
unity,  the  results  shaU  each  be  squares.  Ans.  3,  5,  |,  and  V^. 

9t  Find  three  cube  numbers,  whose  sum  shall  be  a  cube. 

Ans.  1",  6",  and  8*. 
10*  Find  the  least  nonquadrate  values  of  x  and  y  in  the  double 
equality  a;'+y*=  D,  and  ;c'+y'=  Q .     Ans.  ar=364,  and  y=2'73. 
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lit  Find  the  least  integnd  values  in  the  equation  a:*— 211^=.  +1. 
Am.  i;=:27835437d650,  y=  19162705353. 

IZt  Find  three  square  numbers  in  arithmetical  progression,  such 
that  if  from  each  its  root  be  subtracted,  the  three  remainders  shall  be 
squares. 
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-^^-  <  26ir»— 

L  ^^*  "^y  20177642715140781960429281969996251353230160  J 
Rbmabil — We  are  indebted  to  Professor  Daniel  Eirkwood,  of  the 
^Indiana  State  University,"  for  these  answers.  He  thinks  that  these 
results  are  the  least  possible  when  the  roots  of  ^,  25^*  and  49^  are  - 
taken  with  the  positive  sign.  A  writer  in  the  *^  Indiana  School 
Joumaly^  under  the  ^nom  de  plume^  Jacob  Staff,  gives  a:*=l 
/-161321\*     „,  ,     ^  /-151321V  .     ^^  ,     ,^/-15132lV 

which  indicate  that  the  roots  are  taken  negatively. 

This  problem  was  published  io  the  first  English  edition  of  Young's 
Algebra^  but  with  incorrect  answers.  It  has  since  been  suppressed. 
It  is  not  inserted  here  for  students,  but  more  as  a  matter  of  curiosity, 
and  for  those  who  may  desire  to  try  their  hands  at  it. 

Many  laborious  problems  in  DiophanHne  Analysis  may  be  found 
in  BonnycastU^s  Algebra^  to  which  we  refer  the  student  who  may  not 
be  satisfied  with  the  abbve. 


CHAPTER    XXVI. 
GENERAL  THEOST  OF  EaVATIONS. 

(527t)  A  ROOT  of  an  equation  is  a  quantity  which  when  sub* 
stituted  for  the  unknown  quantity  in  the  equation  satisfies  the  equa- 
tion. 

(587  •)  A  FUNCTION  of  a  quantity  is  an  expression  which  contains 
that  quantity.    Thus  «+&,  s^+hx^  &c.,  are  functions  of  jp;and  x-\'y^ 

-.  ^c,  are  functions  of  both  »  and  y.    The  symbol  f{x)  denotes  a 

function  of  x^  and  f(x^  y),  a  function  of  x  and  y. 

PBOPOBITION     1. 

(588.)  If  9L%sa  root  of  the  equation^ 

a^+-Aif->  +:5af- « Tx+  J7=0,  (E),  (hm  will  the  first  mem^ 

her  he  divisible  hy  x — a. 

Rbmabx. — For  the  sake  of  brevity  we  shall  generally  write/{a:)=0, 
or/(aj")=0  f<»  the  equation  (E) 

PROPOSITION     2. 

(589.).  If  the  first  member  of  ike  equation,  f  (x'')=:0,  is  divisi- 
ble hy  X— a,  then  is  SLa  root  of  the  equation, 

PROPOSITION     8. 

(530t)  Every  eqtiotion  containing  hut  one  unknown  quantity  has 
as  many  roots  as  ihere  are  units  in  the  hiyhsst  poufer  of  the  unknown 
quantity y  provided  that  none  qf  the  exponents  of  the  unknoum  quan- 
tity arefracHonal, 

BxMARK. — ^It  should  be  observed  that  in  tiiis  chapter  the  equations 
referred  to  in  the  propositions,  unless  otherwise  stated,  are  considered 
to  be  of  the  form  of  {E)  in  which  n,  n— 1,  »— -2,  Ac,  are  positive 
integers,  but  in  which  Aj  B,  (7,  &C.,  may  be  integral  or  fractional, 
positive  or  negative. 
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PROPOSITION     4. 

(53 It)  If  a  is  a  root  of  the  equation, /(a:") =0,  then  ig-^LJ  op 

f(a^^):=.0  an  equation  containing  the  n—1  remaining  roota. 

RsMARK. — ^In  dividing  /{af)  by  z-^a  it  is  best  to  use  Synthetic 
Division^  • 

■  XAMPLSS. 

1.  One  root  di  «^— 0j;*+11«— 6=0  is  1  ;  find  the  equation  con- 
taining the  other  two  roots.  Am.  o:*— 5j;+6:=0. 

2.  Two  roots  of  «*— 6d?*+24ap— 16=0  are  S  and  —2;  find  the 
other  roots.  Am.  x==3  ±V^ 

PBOPOBITIOK     5. 

(538«)  1.  In  any  equation  (£),  the  coiffident  of  the  eeeond  term 
is  the  sum  of  all  the  roots  of  the  equation  with  their  signs  changed. 

2.  The  coiffident  ff  the  third  term  ie  the  sum  of  the  products  €if 
every  two  roots  with  their  signs  changed. 

3.  The  coiffident  of  the  fourth  term  is  ike  sum  of  the  products  of 
every  three  roots  with  their  signs  ckcmgei^ 

4.  Ingenemlthe  eoiffideMiof  lAe  n^  term  is  the  sum  ^  the  pro- 
ducts of  every  n—1  roots  with  thdr  sigM  changed* 

5.  The  coiffident^  the  (n+l)*^  term,  thai  w,  the  term  emUmuung 
X*  which  is  the  last  or  absolute  term^  is  the  pr^uet  efaU  ike  roots 
with  thdr  dgM  changed. 

ScHouuM. — ^In  this  proposition  the  expression  **  with  thdr  signs 
changed  applies  to  the  roots  and  not  to  the  smn  or  prodocCa. 

ILLUBTBATIOK. 

It  is  evident  that  a  atid  6  are  the  roots  of  the  equation  («— a)(a;— 5) 
=0  which  becomes  rE*—  {a + h)x + a^=rO;  This  riiows  that  th^  prop- 
osition is  true  tbr  a  quadratic  equation.  In  Iik»  ma&Bflr  tt,  h  and  e^ 
are  the  roots  of  the  equation  («— «)(*— 5)(a?— c)=0,  or  «•— («+i& 
+c)a:*+(a6+ac  +  ftc)«— 0^=0;  and  o,  6,  c  and  4^  the  roofs  of 
(ar— a)(j?— ft)(r— c)(r— rf)=0,  or 

'\-acd+hcd)X'\'abed=i(^. 
"  Thus  we  see  that  whatever  may  be  the  number  of  ther  simfde 
binomial  fectors  (a?— a)(a:— 6) that  their  product  will  give  a 
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polynomial  in  which  the  coefficients  following  the  law  of  combina* 
tions  will  giye  snch  a  result  as  is  stated  in  the  proposition. 

~CoB.  1.  This  proposition  shows  us  how  to  form  an  evjuation  whose 
roots  shall  be  given.  Thus  a-"— (2  +  3— 4)«*+(2-3  +  2-— 4  +  8-— 4) 
ar— (2*3'— 4)=0,  or 

ar*— a!*— 14flP+24=0,  which  is  the  same  as  (a?— 2)(flP— 3)(«  +  4)=0, 
is  an  equation  whose  roots  are  2,  3,  and  —4. 

Cor.  2.  This  proposition  indicates  another  miode  of  solving  a 
qnadradc  equatioa.  Hus  in  «*— 5^+6=0  if  we  put  y  and  z  for 
the  rootJB  We  have  y»=6 

and  y-\-z^6 
whence  y— «^±1, 

Therefore,  y^d,  or  2 ;  and  ir^2,  or  8. 

BXAMPLSB, 

1,  Plnd  the  equation  whose  roots  are  \  and  |. 

Am.  6a:*— 7ar=— 2. 

2.  Find  the  equation  vdiose  roots  are  2+y^,  2— f'— l,and  —3. 

Ans.  a?"-«'-7«  +  16=0. 
St  Find  the  equation  whose  roots  are  4 + V3— Vd, 

i(8-V3  +  V9+|/-18-9V3--3V9y 

and  i^8-V3+V9-j/-18-^9V3---8V9V 

Jim;  «•— 12«»+67«=94, 

proposition    6. 
(533t)  If  theaiffnsof  the  evm  or  of  the  odd  terms  of  an  equation 
be  chanffedj  the  9ign»  of  the  roots  will  he  changed. 

DSMOKSTRATION. 

If  a  is  a  rck>t  of  (E)  then  we  are  to  prove  that  —a  is  i»root  of 
af— -4«^>+-Bar->--(7«"-3  +  ....di2!rqFC^=0.     (1.) 

and-«"+-4ar-»  ^BiT-^  +  C7a;"-»  — :j^Tx±.  U=0.    (2.) 

Equations  (1)  and  (2)  are  identical,  since  either  one  may  be  de- 
rived from  the  other  by  multiplying  it  by  —  1.  When  n  is  even,  —a 
substituted  for  x  in  (1)  gives  {E),  and  when  n  is  odd«  —a  substituted 
in  (2)  also  ^ves  E.  The  truth  of  this  proposition  is  a  direcst  conse- 
quence of  the  truth  of  reposition  5,  since  changing  all  die  roots  i}X 

32 
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an  equation  can  affect  only  the  eren  terms  of  an  eqaation,  or  thoee 
terms  that  contain  the  roots  in  combinalions  of  one  at  a  time,  three 
at  a  time,-fiye  at  a  time,  <fec. 

PROPOSITION     7. 

(534t)  If  the  coiffieienis  of  an  equoHon  are  all  whole  nurkbere 
and  the  coefficient  of  the  first  term  ie  unity^  aU  the  commensurable 
roots  are  tehoU  numbers. 

Cor.  If  among  the  commensnrable  roots  of  an  equation  th^re  is  a 
fractional  root,  and  the  coefficient  of  the  first  term  oS.  the  equation 
is  unity  then  all  the  other  codfficiMitB  can  not  be  unity..  Hence  an 
equation  of  the  form  oaf + &af~'  +  caf"«  +  . . .  +  to+ti=0,  in  which 
a^h^c^  ...  i  and  u  are  integral,  and  a  not  being  a  common  divisor, 
must  have  fractional  roots. 

PBOPOBITIOK     8. 

(535t)  If  an  equation  contains  no  imaginary  coefficients  and  has 
one  root  of  the  form  P+Qf^— 1,  P  and  Q  not  being  imaginary^  it 
has  another  root  of  the  form  P— Q  V^^, 

Cob.  1.  All  the  roots  of  an  equation  of  an  even  degree  with  no 
imaginary  coefficients,  may  be  imaginary,  but  if  they  are  not  all 
imaginary  an  even  number  of  them  must  be  real. 

Cor.  2.  The  product  of  every  pair  of  imaginary  roots  of  the  form 
P-\-  QV—\  and  P—  Q  V^  P  and  Q  being  restricted  as  above,  is 
P^+Q*  A  positive  quantity ;  therefore,  the  absolute  term  of  an  equa- 
tion whose  roots  are  all  imaginaiy  and  of  the  form  P+  QV—1  and 
P—  QV—-!,  must  be  positive. 

CoR.  3.  Every  equation  of  an  odd  degree  with  no  imaginary  co- 
efficients must  have  at  least  one  real  root,  and  this  root  must  have  a 
sign  contrary  to  that  of  the  absolute  term. 

Cor.  4.  Every  equation  of  an  even  degree  with  no  imaginary  co- 
efficients of  which  the  absolute  term  is  negative,  must  have  at  least 
two  real  roots,  one  positive  and  the  other  negative. 

PROPOSITION    9. 

(536.)  Ihery  equation  with  commensurable  coefficients  which 
has  one  root  of  the  form  F+VQ,  F  and  Q  being  commensurable,  has 
also  another  of  the  form  P— f^Q. 
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Remark. — Many  authors  say,  **  Surds  and  impossible  roots  enter 
equaHoM  by  pairs'  The  egnatJon,  «»— (V'2+f^^)«+i^=0, 
\A&  the  two  roots  V%  and  V—\  which  do  not  occur  in  pairs.  One 
author  says,  "  Irrational  and  imaginarjf  roots  always  occur  in  pairs 
where  the  coefficients  are  real."  The  assertion  even  with  this  qualifi- 
cation is  untrue,  for  all  the  coefficients. in  the  equation  «'— dV2.a;+4 
=0  are  real  and  yet  the  rootle  2V2  and  V2  are  not  pairs.  If  he  had 
even  said,  ^  where  all  the  coefficients  are  wlude  numbers^  it  would 
still  be  untrue  for  the  equation  «•— 12**+5'7«— 94=0  has  two  ima. 
ginary  roots  which  are  pairs,  but  a  surd  root  4  + V3— 1/9  which  is 
not  one  of  a  pair.    See  Ex.  8,  Ptop.  5. 

SZAMPLS8. 

1.  One  root  of  «*— 16«+4^0  is  2—1/3  ;  find  the  dtiier  roots. 

^iw.  2+V3  and  —  .. 

2.  Two  roots  of  «*— 4ar'— 7a?'+26a;=  14,  are  8+1^2  mm'. 
— 1— f/8 ;  find  the  other  rotOk 

Ans.  8-f^2"  and  -1  -{-V^. 

S.  One  root  of  a;*— 8«"+42af=40  is  ""    "^1^""^    ,  find  the  other 

roots.  Ans.  |(--8— 1/^^),  4,  and  —1. 

4^  Two  roots  «•— 10a!*+ 29«*— 10«*— 62«  +  60=0  are  6  and 
— 1/2  ;  find  the  other  roots.  Ans^  2, 8,  andy2. 

PBOPOSITIOK    10. 

(537«)  If  two  quantities  when  substituted  for  the  unknown 
quantify  in  any  equation  yive  results  which  have  contrary  signs^  one 
root  at  least  lies  between  these  quantities. 

Cob.  If  the  difference  between  the  quantities  substituted  is  ±  1, 
it  is  evident  that  the  one  which  is  numerically  less  than  the  other,  is 
the  integral  part  of  the  root 

■  SAMPLES. 

1.  find  the  integral  part  of  one  value  of  x  in  the  equation, 
«*  +  30«=:420.  Ans.  6. 

^  2.  Find  the  integral  part  of  two  values  of  x  in  the  equation; 
«.*— 8«"  +  14i»+4af=8.  Ans.  2,  and  5. 
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PBOPOSITlOir    11. 

(538.)  When  two  quantities  have  an  odd  number  of  different 
root*  of  oin  equation  between  them,  these  quantities  when  substituted 
in  the  first  member  of  the  equation  give  two  results  with  contrary 
signs ;  but  they  give  results  with  like  signs,  if  the  number  of  dif- 
ferent roots  between  them  is  zero,  or  an  even  number. 

PROPOsrrroir    12. 

(539*)  Conversely,  if  two  quantities  when  substituted  in  the 
first  member  of  an  equation  give  results  with  contrary,  signs  they 
comprise  between  them  an  odd  nuniber  of  different  roots  of  the  equa- 
turn,  but  if  they  give  results  with  like  signs,  they  do  not  comprise 
between  them  any  root,. or  they  comprise  an  even  number  (^different 
roots. 

BcHOUUM. — ^In  these  two  propodtioiis  the  word  ^  differenf^  has 
been  used  to  corer  the  case  of  equal  roots.  Thus  in  the  equation, 
(a:— 3)(«— 4)*(«— 6)*(«— 8)=Q,  there  is  an  odd  number  (9)  of  roots 
between  2  and  1,  but  an  even  number  (4)  of  different  roots. 


4  »■  »  >■  » 
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PBOBLEM. 

(540«)  To  transform  one  equation  into  another  of  whick  the 
roots  shall  be  greater  or  less  than  the  roots  of  the  given  equation  by 
a  given  quantity. 

BULE. 

Let/(«)=0  be  the  equation  which  is  to  be  transformed  into  an- 
other whose  roots  shall  be  0?+^,  or  x--r. 

Divide  f{j)  by  x  +  T,or  x~r,  and  the  quotient  thus  obtained  by 
the  sa$ne  divisor,  and  so  on  till  the  division  terminatesr;  then  wiU 
the  eotffiments  of  the  transform^  equation,  beginning  with  tXr  highest 
power  of  the  unknown,  be  the  coefficient  of  the  highest  power  of  ^ 
unknown  quantity  in  the  given  equation,  and  the  several  remainders 
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obtained  by  the  tueeeaive  divieions^  taken  in  a  ireveree  orcfor,  mil  -he 
the  other  coefficients^  ^  first  remainders  heing  the  last  or  absolute 
term  of  the  required  transformed  equation, 

RsicABX. — ^When  there  is  an  absent  tenn  its  place  mast  be  sup- 
plied by  a  dpber. 

nSMONBTBATIOK. 

It  is  evident  that  if  y+r  be  substituted  for  a;  in  the  equation, 
a«*+6«^*  +caf~«  + . . .  .fcr+«=0,  (1),  that  the  resulting  equation, 
ay^+Bj^^  +  Ctr~^  + . , . .  IV+  Cr=0,  (2),  is  one  whose  roots  are 
less  by  r.  Now  if  in  (2)  we  put  for  y  its  value  «— r,  the  resulting 
equation  must  be  identical  with  the  original  equation,  that  is,  a{x'-ry 
+B{x—rY-^  +  (7(«— r)— >  +  ,..T,(x—r)+  D'=a«"  +  6a*-'  +car-a 
+  . .  .tzi-u.  If  the  first  member  of  this  equation  be  divided  by 
ar~r,  the  remainder  will  be  CT,  consequentiy  if  the  second  member 
be  divided  by  x—r  the  remainder  must  also  be  CT.  In  the  same  way 
it  can  be  shown  that  if  the  quotient  be  divided  by  :r~r,  the  remain- 
der will  be  Tj  and  finally,  fhat  the  last  remainder  will  be  B, 

Hence  we  see  that  we  have  a  method  of  obtaining  equation  (2) 
from  (1)  without  substituting  y+«*  for  x.  This  will  be  found  to  be 
more  expeditious  than,  substitution,  since  the  work  may  be  shortened 
by  synthetic  division. 

Fi&0.BZ^HJC    1. 

(541.)  Transform  5a:*— 12j:"  +  3a:'  +  4«— 5=0  into  an  equation 
whose  roots  shall  be  less  by  2. 

SOLUTIOH. 

1st  method.  Substitutingy+2for-^wehave5(y+2)*— 12(y+2)' 
+  3(y+2)*+4(y+2)— 5=0  wluch  becomes  by  expanding  and  col- 
lecting terms  5y*  +  28y"+61y'  +  82y— 1=0. 

2d  mbthod.  Dividing  the  ^ven  equation  by  x—2  we  get  a  quo- 
tient Q  and  a  remainder —1 ;  also  Q=s:(a;r-2)Q, +32,  and  Q^ 
=(«-2)C,+51,  and  C,=(ar-2)C3  +  28.  Hence,  6y*  +  28y" 
+61y'  +  32y— 1=0  is  the  required  equation. 

All  this  dividing  may  be  consolidated  into  one  operation.    The 
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■•qoiied  aqoatioii  will  be  of  the  fbrm  5y+^y'+Cy+i>y4-J?=0. 
We  winh  to  find  J?,  C;  i>,  and  Ji7. 

6-12+   3+  4—5(2 
10-  4—  2+4 


2-   1 

2-1 

/.JF==-1 

10     10 
8     15 

30 
32 

.-.  2)  =  32 

10     86 
18     51 

/.  (7  =  51 

10 
28 

/.  ^  =  28 

PBOBLSII     2. 

IVansfarm  a;'— 2a:*+dx— 4=0  into  an  equation  whose  roots  ghall 
be  less  by  1*7. 

BOLUTIOK. 

The  resultwiU  be  y"+-5y"+  CV+2>=0  in  which  we  find  ^=3*1, 
(7=4-87,  and  i>=-283. 

1-    2+8      -4(1-7 

•.-.  i)=-233 

.-.  (7=4-87 

4-0/ 

1*7 

H  •••^='-^ 

Therefore  y'  +  3-ly*+4-,87y+'233=0. 

We  would  obtain  the  sam^  result  by  first  transforming  the  given 
equation  into  one  whose  roots  should  be  less  by  1,  and  the  equation 
thus  obtained  into  another  whose  roots. should  be  less  by  *7.     One 
cf  these  operations  may  be  continued  fix>m  the  other.    Thus : 
1^2    +8      -4(1-7 
1-1  2 

—  1        2      —2 


1-7- 

-  -51 

4-233 

--3 

2-49 

-233 

1-7 

2-38 

1-4 

4-87 

1 

0 

2-233 

.-.  i>=-233 

0 

2 

-238 

1 

1-19 

1-7 

3-19 

•k 

•7 

1-68 

21 

4-87 

• 

.-.  (7=4.87 

-7 

¥i 

.'.  5=3-1 

TRANSFORMATION  OF  EQUATIONS. 


508 


aia  a  a 

5^5  2  5 

Pj  II    Cb  p4  prf 

(b           Cb  <S>  <b 

®        »  ®  ® 

*S     "^  ^  *s 

I.  I  I.  I 

s    s  §  g 

i-  I  r  S- 


s- 


r 


3 
o 

s- 


^ 


g 


C'       ^ 


^  ^ 


0 

s- 


if  M 


CD 


S"      g 
a>        p:        ® 

09  M  ?+   » 


S3- 
2, 

f 
at 

I. 
S 

+  l^+.§'««^§' 
oa  j>.  j_  v,  r   ~  j_ 


1 

II 

CD 

II 

1 

p 

1 

1  + 

P£ 

K) 

00 

»-««|M 

^ 

II 

II 

S" 

II 

P 

p 

1? 

P 

604  TBANSFOBMATION  OF  SQUAXIONS. 

The  first  column  is  the  same  as  the  first  member  of  equation  {JB)^ 

It       i» 

which  represent  by  X,  and  the  coefficients  of  A,  — ^ ,  ——  &c.,  by  JT 

1*2   l*2*o> 

X*,  JT",  Ac,  respectively.    Then  we  have 

Hie  terms  of  JTmay  be  derived  from  the  terms  of  X  by  multiplying 
the  oodfficient  of  x  by  its  exponent^  and  diminishing  the  exponent  by 
1.  In  this  manner  from  of  we  get  na^^,  and  from  Aa^^  we  get 
-4(n— l)ar^>,  and  so  op.  In  like  manner  the  terms  of  X'  may  be 
obtained  firom  those  of  X^  the  terms  of  JT^'  from  X'j  and  so  on. 

The  polynomials  X^  X*,  X%  Ac,  are  called  the  derived  polt^ 
nomidUt  of  Xy  or  the  derived  functions  of  X 

PROBLKJf  < 

(543t)  Transform  a:*— 27x^36=0  into  an  equation  whose  roots 
shall  each  be  3  less. 

BOLUTIOF. 

In  this  example  equation  (D)  becomes  by  substitution 

orX^=««  +  9«'-.90=0.    - 

Rehabk. — ^For  additional  exercise  the  student  should  solve  in  this 
manner  the  examples  in  (541*) 

PROBLEM. 

(544«)  To  transtbrm  an  equation  into  another  which  shall  .want 
the  second  term. 

RULE. 

Divide  (he^eafefficient  of  the  second  term,  disregarding  the  sign,  by 
the  highest  es^ponent  of  the  unknown  quantity  and  call  the  quotient  q ; 
then  troMform  the  given  equation  into  another  whose  roots  shall  he 
greater  or  less  hy  q,  according  as  the  sign  of  .the  eecond  term. is  plus 
or. minus. 

EXAMPLES. 

It  Transtbrm  x^-i-ax'+bx  +  c^O  into  an  equation  which  shall 
want  the  second  term.        Ans.y""  -  (J«'— ft)y  +  ^a'— |a5 +c=0. 
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2.  'nnmaform  «*+15jr*  +  12fl^—20a;'+14d;— 253=0  into  an  equa- 
tion which  shall  want  the  aeoond  tenn. 

Ans.  y»-78y«+412y-767y+401=0. 

PROBLEM. 

(545.)  To  tranaform  an  equation  into  another  whose  roots  shall 
be  anj  proposed  multiple,  or  submultiple  of  the  roots  of  the  given 
equation. 

SOLUTION. 

If  in  0^.  {E)  we  put  —  for  x,  since  y=mx,  m  being  the  proposed 

multiple    or   submultiple,    the    resulting    equation,    y"  +  mA^^ 

+m'jBy*-« +  ...•*'**"* ^y  +  *'*"^=^>  ^^  ^  t^«  o^  required. 
Hence,  we  have  only  to  put  y  for  x  and  multiply  the  second  term  by 
m,  the  third  term  by  m\  the  fourth  by  m',  and  so  pn. 

Cob.  1. — ^If  the  coefficient  of  the  first  term  be  m,  we  can  effect 
the  transformation  by  omitting  m  in  the  first,  leaving  the  second 
term  unchanged,  multiplying  the  third  by  m,  the  fourth  by  m\  and 
soon. 

Cob.  2. — ^If  an  equation  has  fractional  coefficients  it  may  be  trans- 
formed into  another  having  integral  ones  by  obtaining  an  equation 
whose  roots  are  M  times  that  of  the  given  equation,  M  being  a  mul- 
tiple of  the  denominators. 

Cob.  3* — ^If  the  coefficients  of  the  given  equation  are  divisible  by 
1,  m,  m\  m',.  •  •  .m*"',  and  m"  respectively,  then  m  is  a  conmion 
measure  of  the  roots  of  the  equation. 

PBOBLEM^   1  . 

(546.)  Transform  «^*-^^  + i2*'""i60^""9000~^  ^^^  *"  ®^^ 
tion  with  integral  ooefficuents. 

SOLUTION. 

rr.  V  »  .1 .   .X  .  xi^  .  fi*»    ^»**    ^^^       J  13m* 

To  accomplish  this  it  is  necessary  that   — ,  — -,   -— ,  and  ^r^jrjr 

be  made  integral,  winch  can  be  done  by  making  m=9000,  the  least 
common  multiple  of  the  denominators.  But  m  may  be  taken  smaller 
since  it  is  only  necessary  that  m*  be  divisible  by  9000,  at  the  samo 


506  TBANSFOBHATIOX  Or  BQUATIONS. 

time  that  m*,  m*,  and  m  are  respectavely  diyi Bible  by  150, 12  and  6. 
JkZ  these  numbeiB  are  composed  of  the  prime  fiuston  2,  3  and  5,  ive 
find  that  m=2*8*5=:d0  will  answer  the  conditions  and  the  required 
equation  wiU  be  y*-26y"+376y'— 1260y--ll70=0. 

^  XXAMPLSS. 

!•  Transform  22*— 4:^*  + 7^—8=0  into  an  equation  whose  roota 
shall  be  three  times  as  large.  Ans.  2y'— 12y'+63y— 81=0. 

2«  Transform  4a;*— 3fl^— 12«'  +  5:e— 1=0  into  an  equation  whose 
roots  shall  be  four  times  as  large. 

Ans,  y*-3/-48y*+80y-64=0. 

S,  Traii8f<Nin«'+i^— i^+2=0  into  an  equation  with  int^ral 

oodfBcients.  Ans.  y'H-  4y*—36y  + 3456=0. 

13        21         32  43  1 

4.  Transfom  ^-.-^+-^-—z'-—z-—=0  into   an 

equation  with  integral  coefficients. 

JjM. /—65y*  + 189Qy'-30'720y»—928800y— 972000=0. 
<«  Transform  a:*— Yo;— 6  into  an  equation  whose  roots  shall  be 
twice  as  large.  Ans,  y*— 28aj— 48=0. 

PBOBLXM. 

(547*)  To  transform  an  equation  into  another  whose  roobi  ahaU 
be  the  reciprocals  of  the  roots  of  the  given  equation. 

so  LUTION. 

Substituting  in  (u^+AjT-^  +-ffar-«  + . . .  Tx+  Cr=0,  the  ralue 
of  X  derived  from  y=-,  we  get  CTy^+jy-i  + . .  .^y'+^y+a=0, 

X 

of  which  the  roots  are  the  reciprocals  of  the  given  equation. 

CoR.  1.  In  order  to  transform  an  .equation  into  another  whose 
roots  shall  be  greater  or  less  than  the  reciprocals  of  the  roots  of  the 
^ven  equation,  we  have  only  to  reverse  the  order  of  the  coefficients 
and  proceed  according  to  (540,) 

Cob.  2.  If  the  coefficients  of  the  given  equation  be  the  saipe  when 
taksn  in  a  reverse  order,  the  transformed  equation  will  evidently  be 
the  same  as  the  given  equation,  and,  therefore,  its  roote  must  be  of 


ihef>rmr,^r',l;  r^  i,  &o. 
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Cob.  3.  If  the  (Sodfficient8.of  an  equation  of  an  odd  degree  be  the 
same  when  taken  in  a  reverse  order  bat  with  contrary  ogns,  the  roots 
of  the  transformed  equation  will  le  the  Same  as  the  roots  of  the 
given  equation^  for  the  latter  with  all  its  signs  changed  is  identical 
with  the  former. 

This  will  also,  for  a  like  reason,  be  the  case  in  an  equation  of  an 
even  degree  when  the  middle  term  is  wanting. 

Equations  whose  coefficients  are  the  same  when  taken  in  a  reverse 
order,  are  called,  from  their  coefficients,  Becurring  Equations,  or, 
from  their  roots,  Reciprocal  Uquatums, 

Cob.  4.  K  the  sign  of  the  absolute  term  of  a  recurring  equation 
of  odd  degree  be  +,  one  of  the  roots  must  be  —J,  and  if  it  be  —,  one 
root  must  be  +1,  because  the  absolute  term  of  every  recurring 
equation  must  be  +1  or  —1,  and  the  product  of  the  other  roots 

r,  -,  r',  -y,  r',  -7,  <fec.,  is  +1,  and  when  the  absolute  term  is  +1  the 
r        r         r 

product  of  the  roots  is  —1,  and  vice  versa. 

Hence,  a  recurring  equation  of  an  odd  degree  can  be  depressed  to 
one  of  the  next  lower  degree  by  dividing  it  by  a?+ 1,  or  a?— 1,  accord- 
ing as  the  sign  of  the  absolute  term  is  +  or  —1. 

Cob.  5.  A  recurring  equation  of  an  even  degree  can  be  depressed 
to  an  equation  of  half  the  dimensions,  for  the  equation 
«*'+-4«'*-»  +^a;'»-»  +  . .  .:4«  + 1=0,  after  being  divided  by  oT  be- 

aj»+-+^(«*->  +-^rrr)+  •  •  .-2>[«+-)+ -£^,-2' being  the  mid- 
dle term  or  the  coefficient  of  «".     If  we  put  ar+-=y,  we  get 

X 

a^+^=y'— 2,  a^+-^=/— 3y,  «*  +  — — y*— 4y'  +  2,  <fec.,  which 
values  being  substituted  result  in  an  equation  of  the  n'*  degree. 

XZAICPLSS. 

!•  Transform  a:*— 7a?+7=0  into  an  equation  whose  roots  shall 
each  be  one  less  than  the  reciprocals  of  the  roots  of  the  given  equa- 
tion. Ana.  V  +  14y»  +  '/y  +  l=0. 

3.  Giveno?'— 6a:*+6a?*+6«*— 6«+l=0  to  find  all  the  values  of 

■X.  Am.  —1,  +1,  +1,  and  — - — . 


comes 
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8«  Find  the  eqoatioii  whose  roots  are  the  redpiocak  of  the  roots 
of  the  eqnatioii  «•— 8«»— 2«*+8a^  +  12«*  +  10a;— 8=0. 

Jja*8y*-10y*-12y*-3y'+2y'+8y«l=:0. 
4,  Giyen6«*— 4a?*+8a?"— 3«'  +  4«— 6=0tofind». 

An$.l^ ,  and . 

2  •  o 

5«  Given  «•  +  3x*— 1x*  +  6a?"— Ya;'  +  3a?+ 1 =0  to  find  ^1  the  v^ues 

64-1^21 

of  «.  Ant.  1, 1,  ±f^-l,  and 1^^— . 

C,  Given  «*=1  to  find  all  the  values  of  x.  

A       _L.,    -l±^-3        ,l±t^-3 
^n*.  ±1,  ^ ,  and — . 

7.  Given  «'+2«*— 6»*+2«'+ 1=0  to  find  all  the  values  of  g, 

Ans.  ±1,  ±l,and  ±J(/-2:f V^6). 

8.  Given  4«*— 24a?"+57«*— 73«*+67«'— 24a?+4=0  to  find  as. 

1  +  ^—8 
-4iM.  2,  t,  2,  t,  and  — . 

9.  Given  «•— 4a^  +  28«»— 84**+4«»+4a:+l=0  to  find  x. 


jln*.  1, 1,  — 2±f^3  and . 

2 

RsMABK. — ^This  equation  is  not  recurring,  but  an  artifice  will  bring 
it  to  a  recurring  equation  of  the  fourth  degree. 


^   H   »   ■!   » 


LDirrS  OF  THE  ROOTS  OF  EQUATIONS. 

(548*)  The  superior  limit  of  the  roots  of  an  equation  is  a  posi- 
tive quantity  greater  than  the  greatest  positive  root 

(649«)  The  inferior  limit  of  the  roots  of  an  equation  is  a  nega- 
tive quantity  greater  than  the  greatest  negative  root. 

Rbuabks. — ^This  definition  considers  -^7  a  greater  negative  quan- 
tity than  —6.  There  are  instances  as  in  inequations  where  —7  is 
considered  as  less  than  —6. 
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PROPOSITION     1. 

(5 So*)  In  any  equation  which  has  all  its  terms  positive  except 
the  second^  the  coefficient  of  this  term  taken  positively  is  a  supsbiob 
LIMIT  of  the  roots,  .  ^ 

PROPOlblTIOBT     2» 

(551.)  In  any  equation  the  greatest  negative  coefficieht  with  its 
sign  changed  and  increased  by  unity  is  a  bupebiob  umit  of  the 
roots, 

proposition    8. 

.  (552.)  In  any  equation  unity  added  to  that  root  of  the  greatest 
negative  coefficient  with  its  sign  changed,  whose  index^  is  equal  to  the 
difference  of  the  exponents  of  the  first  term,  and  the  first  negative 
term,  is  a  supbriob  limit. 

Cob. — ^To  obtain  an  infenOT  limit  of  ihe  roots  of  an  equation,  change 
the  signs  of  the  alternate  terms,  and  find  a  superior  limit  of  this  new 
equation. 

pboblbm  1. 

(553*)  Find  limits  of  the  roots  of  the  equation 
a:*+7«*—12«»— 49a?'— 62a?— 13=0. 

solxttiok. 

Here  we  eridei^r  ^^^^  ^  a  superior  limit,  aocording  to  the  last 
proposition,  1  +^^52  which  is  greater  than  a  and  less  than  9.  By  the 
corollary  we  get  for  an  inferior  limit  1  +62=69. 

▲  kotbeb   bolutiok. 

We  can  put  the  given  equation  under  the  form 

«(a!*— 12a:»-62)  +(7a;*-49«"— 13)=0. 

Putting  each  of  the  polynomials  in  the  parentheses  equal  to  zero, 
and  solving  the  equations,  we  get  from  the  first  the  greatest  positive 
value  of  X,  greater  than  3  and  less  than  4,  and  from  the  second, 
greater  than  y/*l  and  less  than  \/8.  It  is  evident  then  that  4  is  a 
superior  limit  of  the  given  equation.  For  the  inferior  limit  we  have 
to  find  the  superior  limit  of  a?"(a;'— 7a?— 12)  + (49a;'— 62a? +  13) =0. 

The  second  parentheses  contains  an  expression  which  is  evidently 
positive  for  a?=l,  or  any  quantity  greater  than  1,  and  from  the  first 
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Y  4-^97 
we  get  «= — — — <8j^,  hence  8^  is  aa  inferior  limit  of  the  given 
2 

equation. 

SoHOUUM. — ^This  hat  solution  gives  a  more  limited  range  for  the 

roots  than  the  firsts  yiz^  4  and  —8^  instead  of  9  and  —53.  Newton's 

method  will  give  the  8Uperi<»r  limit  a  litde  less,  vil,  3. 

PBOBLBX     2. 

Find  by  Newton's  method  the  saperior  limit  of  the  equation 
.    «»—7«'+5«"+66«— 104=0. 

SOLUTIOir. 

Drom  derived  functions  we  have 

X  =«*—7«»  +  5«'+66aj— 104=0 
JT  =4a!»-21«»+iar+56 

-^=6«*-21af+6 
1'2 

^=24«-42=6(4«-?). 

We  also  have  X^  =:X+Z'k+^k*+^-k*+  in. 

1*2         1*2*3 

Now  the  superior  limit  of  the  roots  of  the  transformed  equation 
JT,  must  be  the  same  as  that  of  the  roots  of  X,  provided  h  be  oon- 
sidered  as  an  infinitely  small  quantity  or  zero. 

We  now  wish  to  find  such  a  value  of  iv  as  will  render  X,  X, 

we  have  •— -—   positive.     For  a?=2,  we  have  ,  ^^  =4-6,  but  -— 
1*2*3    *^  '  1'2*3  '         1-2 

=—26;  also  for  0^=3,  —=—8;  hence  x  must  be  more  than  3. 

-37 

For^«=4,  wehave-— =  4-34;  X=+iand  X=+,  hence  4  is  a 
1*2 

superior  limit 

BxMARK. — ^In  the  following  answers  the  asterisk  indicates  resulti 
obtamed  by  the  second  solution. 
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BZAMPLSB. 

I»  find  superior  limits  of  tbe  roots  of  the  equation  x^^Sx'^lBx' 
— 6a;*  +  3a;»— 20a?*— 27a;"-6a;'+10=0.  Ans.  28,  8*  or  7. 

2«  Find  superior  limits  of  the  roots  of  the  equation  2x^+llx* 
'-10«»— 26«*  +  31«*  +  '72a:»-230ar-848^0.     Ans.  16,  or  3 Jy*. 

2«  Find  a  superior  limit  of  the  roots  of  the  equation  x*—53i^ 
.  37aj*— 3a;  +  89=0.  Ans.  6. 

4t  Find  the  limits  of  the  roots  of  the  equation  x^+*Ix*^l2x* 
-e4a:*+23a?+64=0.  Ans.  +8  and  —65.' 

5.  Find  a  superior  limit  of  the  roots:  of  the  equation  jp^+lla;' 
-•26a;— 6-7=0.  Ans.  6  or  3. 

8«  find  an  inferior  limit  of  the  roots  of  the  equation  3^^—  2a;* 
-lla?+4=0.  An8.S. 


^  '■  »  <t  » 
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PROBLEM. 

(554.)  To  find  by  trial  the  integral  roots  of  an  equation. 

BOLUTION. 

Let  u4aj*+^a?"+  (7a:'  +  Ta;+  Cr=0  be  the  equation  whose  integral 
roots  are  sought.  Let  a,  6,  c. . .  CT,  —  CT,  . .  — c,  —6,  —a  be  all  the 
integral  divisors  of  17".  Since  CT  is  the  product  of  all  the  roots  of 
the  given  equation,  if  it  has  any  integral  roots  they  must  be  among 
the  integral  divisors  of  U.  If  a  is  an  integral  root,  we  must  have 
.  ^*+^a»+Cb»  +  Ta+Cr=0. 
Since  CT  is  divisible  by  a  we  shall  have,  putting  ZT-r-a^  Q,  and 

T+Q=8,Aa*'hBa*  +  Ca-\-8=:0. 
Since  8  is  divisible  by  a  we  shall  have,  putting  8'i-a=  Q\  and 

(7+ e'=iS',  ^a'+^a  +  /S'=0. 
Since  8'  is  divisible  by  a  we  shall  have,  putting  8^-7-a=  Q',  and 

B+Q'=:S%Aa-{-S'=0. 
Since  8'  is  divisible  by  a  we  shall  have,  putting  8'-^a=:  Q'\ 
A+Q'^-O. 
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U 
Q 

L 

s 

Q' 
a 

sr 

0 

SoHOUUM. — ^This  method  of  finduig  loots  is  applicaUe  to  all  rootB| 
but  18  of  no  advantage  when  the  roots  are  not  integral. 

PBOBLBX     1. 

(566.)  Find  the  roots  of  «*-6«*— 16ar+21=0. 

SOLUTION. 

The  divisors  of  21  are  1,  8,  7,  21,  —21,  —7,  —3,  —1,  but  we 
naed  try  only  1,  3,  and  —1,  sinoe  by  Newton's  method  the  limits  of 
the  roots  are  +4  and  —2.  Itis  most  oonvenient  to  try  1  and  —1  by 
direct  substatntion  which  shows  that  1  is  a  root    To  try  3,  we  ha?e 

3 

7 

-16 

—9 

—3 

—6 

-0 


0 

— 1 

+  1 

0 
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which  proves  that  3  is  a  root.  It  should  be  observed  that  0  repre- 
sents the  coefficient  of  x^  which  is  wanting  in  the  given  equation* 
Since  1  and  3  are  roots  the  equation  is  divisible  by  («— l)(a?— 3),  or 
(a:'— 4ar+3).  Instead  of  dinding  a:*  +  Oa;*— 6a;'— 16ar+21  by  x" 
—4 J? +3,  we  can  ascertain  the  quotient  by  remembering  that  the 
second  term  with  its  sign  changed  is  the  sum  of  the  roots  and  the 
absolute  term  is  the  product  of  all  the  roots  with  their  signs  changed. 

21 
Hence  "we  have  +0— (— 4)=-f4  and  — =  7,  whence  the  quotien 

3 

must  be  «"+4ar+7.    The  roots  of  a^+4ir+7=0  are  — 2±f^'^^. 

PROBLEM     2 . 

2  4 
Rnd  the  roots  of  3;r*r-2a:*— 6ir  +  4=0,  or  a:"— -«'— 2a?+-=0. 

3  3 

SOLXTTION. 

Since  this  equation  evidently  has  one  or  more  fractional  roots  let . 
us  transform  it  into  one  which  can  not  have  a  rational  fraction  for  a 
commensurable  root.  To  do  this  put  y=3ir,  whence  we  obtain  y* 
— 2/— 18y  +  36=0.  The  integral  divisors  of  36  are  1,  2,  3,  4,  6, 
9,  12,  18,  36;  —36,  —18,  —12,  —9,  —6,  —4,  —3,  —2,  —1,  but 
as  Newton*s  method  gives  the  limits  +5  and  —6  we  need  try  only 
1,  2,  3,  4,  —4,  —3,  —2,  —1.  Direct  substitution  shows  that  neither 
1,  or  —1  are  roots. 

Divisors  2       3       4  —4     —3       —2 

Dividend 

Quotients 

Quotients 


-7. 

This  shows  that  2  is  the  only  integral  divisor  of  36  that  satisiiui 
the  equation.  We  might  in  this  case  have  discovered  that  2  is  a 
root  by  a  shorter  process,  since  by  factoring,  we  have  (y— 2)y*— 

33 


36 

18     12 
—18 

9 

-9 

-12 

-18 

0     -6 

-9 

-27 

-30 

-36 

0     -2 
-2 

.10 

18 

—2     —4 

8 

16 

—  1 

1 

" 

-8 
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18(y— 2)=0,  or  (y— 2)(/— 18)=0,  whence  we  see  tihat  y~3,  « 

-  2  - 

=  ±31^2.    Bat  mnoe  y=3a?,  we  have  «=-,  or  db|/2. 

XXAMPLX8. 

1,  «•— 6aj'+lU— 6=;0.  jIjm.  «=1,  2,  or  8. 

2.  «•— 8«'+6«+14=0.  Am.  «=— 1,  2,  or  7. 
8«  «•— 2j^— 4«+8=0.                              -4iM.  ir=2,  2,  or  —2. 

4.  ^•—18a:*  + 87a;— 110=0.  -4»w.  «=2,  6,  or  11. 

5,  «*  +  4«»— «»-.16«-12=0.       Am.  «=-.!,  —2,  —8,  or  2. 
•.  aJ*— 6jr"+6a?*  +  2a?— 10=0.       ^iw.  «=— 1,  5,  or  l±f^^. 

7.  «•— 14«"— 6a?+70=0.  Am.  «=14,  or  db|/6. 

8.  «*— 45«»— 40a;+84=0.  Am.  «=1,  —2,  -0,  or  r. 

»r  100«'+160«»+9a?-.9=0.  Am.  «=i  -^,  or-|. 

10.  2«'-8«*-.12«»+18«»-2ejf+3»=0. 

Am.  I  ±|/3=bi^22. 


^  «■  ♦  ti  ^ 
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PROPOSITI  OK. 

(556.)  A  polynomial  ofthBt^  degree  has  for  iia  first  derived 
polynomial  a  quantity  equal  to  the  sum  of  the  products  of  its  simple 
factors  taken  n — I  at  a  time  ;  or  to  the  sum  of  the  quotients  obtained 
by  dividing  the  given  polynomial  by  each  of  its  simple  factors. 

DBMONBTBATION. 

Let  X=«"+-4a;^>  +^af-«  +  . , .  Tx'\-  !?'=(«— a)(a;-6)(«—c). . 
(«— Z)=:0,  then  will  X'=znar'^  +(»-l)^'^«  +(n— 2)^a:^»  +  ... 
T=0,  be  its  derived  polynomial  which  is  to  be  proved  to  be  equal  to 
the  sum  of  the  products  of  (x— a),  («— -6),  (a?— o),. . . .  (a?— Z)  taken 
n— 1  at  a  time. 

We  have  already  seen  that  X'  is  the  coefficient  of  h^  when  x-^-h 
is  substituted  for  x  in  X,  Making  this  substitution  in  the  second  form 
of  X,  we  have  (a?+A— a)(a?+A— 6)(«+A— c). .  .(aj+A— /),  or  put- 
ting  «-a=^„  aj-ft=:^„   Ac   (A4-^,)  (A+i^J  (A+C,). .., 
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, .  (A + X , ).  Performing  the  multiplications  indicated  we  get  for  the  last 

term  A^  -5,  (7, , .  .X,,  or  the  product  of  the  factors  -4,,  B^,  0^,  &c., 

taken  n  at  a  time.     The  term  next  to  the  last  is  h  multiplied  by  the 

sum  of  the  factors  A^,  JB^^  (7,,  &o,y  taken  n— 1  at  a  time.    This 

proves  the  first  part  of  the  proposition. 

It  is  evident  that  each  of  the  products  whose  sum  constitutes  the 

coefficient  of  k  is  the  same  as  the  last  term  lacking  one  factor. 

Hence,  if  we  divide  A^  B^  C^.  ..L^  ^7  ^i  we  shall  obtain  one  oi 

these  products;  bj-B,  another,  and  so  on.  Since  ^,  B^  (7, . .  .Z,  t^X, 

XXX  X 

we  have,  for  the  coefficient  of  A,   -. — ^"•D"+7^  +  •••T'»  ^^refore 

X= H tH h  . . . . ;  which  proves  the  second  part 

of  ihe  proposition* 

PROBLEM. 

(557«)  To  find  whether  an  equation  has  equal  roots,  and  if  so, 
their  number. 

SOLUTION. 

Let    X=(«— a)-(a:-5y{a;— c)»(a;-rf)  . . .  {x—k)  =0,  then    has 
X=0,  m  roots  equal  to  a,  |>  roots  equal  to  J,  and  g  roots  equal  to  c. 
By  the  last  proposition  we  have  for  the  first  derived  polynomial 

— — H to  f»  terms,  + r+ r  ^P  terms,  + H 

X'-a    X'-a  ^     a:— 6  ^x—b      ^  x—e     x—e 

XX  XXX 

to  7  terms,  + :;... r,  whence  X^m ^p — T+S'r^T 

»  »      a?— d       x—V  x—a      x—b     'x—e 

X  X 


x—d"  'x^Je* 

Performing  the  divisions  indicated,  we  get 

27=f»   (a?-a)"^»(«-6)'     («-c)'     {x—d){x^e) {x-Je) 

+i>(a;— «)"•     (a;-6)^>(ar-c)'    (a?— (?){a?— c) («~Xr) 

^q\x—aY     {x-^iy     (ic-c)'-»  (ar-rf)(a?-c)  ....  {x—Je) 

+  {x—ay    (a;— 6)"    \x—cy    '  («— e) (a?-A?) 

+  (a?-a)'»     {x-by     {x-cy     (a;~rf)  [x-h) 


+   {X'-aY    {x—by    {x—ey    (a?— df)(a?— e) 

It  is  evident  from  this  that  X  is  divisible  by  (ar—a)"^»  (a?— &)»»-■ 
(af— c)^*,  siftce  ev^  term  of  the  secop.d  member  is  divisible  by  iU 
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It  18  also  apparent  tliat  X  is  diviaible  by  («— a)*-»(a?--5/~^ 
(a;--e)^>,  and  that  no  other  factors  are  eommon  to  Xand  JT,  and 
therefore  («— a)"^*(«— 5)^*(a?— c)*^»  is  their  greatest  common 
diTisor. 

Hence  the  number  of  eqoal  roots  may  be  ascertained  by  finding 
the  greatest  common  divisor  of  the  given  equation,  and  its  first 
derived  polynomial,  resolving  it  into  its  simple  factors,  and  increasing 
their  exponents  by  nnity.  A  divisor  of  the  form  («— 1)*(4?+2)*  in- 
dicates  five  roots  equal  to  1,  and  seven  equ^  to  —2. 

XXAMPLXS. 

1.  «•+«■— 16a;+20=:0.  Am.  «=2, 2,  or— 5, 

2,  «•—«•— 8a;+12=0.  Asm.  «=2,  2,  or  —8. 
J.  «•— 6«'  +  12aj-8=0.     '  -4n#.  «=2,  2,  or  2. 

4.  «*— 2«*— 7«'  +  20a?— 12=0.  Am.  «=:1,  2,  2,  or  —3. 

5.  «*+2«*-8«*— 4a?+i=0.  Am.  x—\  1,  —2,  or  -2. 
••  «*— 12«*  +  60«"— 84a?+49=0.    -4?w.fC=3=tV2,or8±K2. 

7.  «»+2«*— 11«*— 8«*  +  20«+16=0. 

Am.  «=—1,--1,  2,  2,  or  —4. 

8.  «'+4a?»-.14«"-l7«-6=0. 

-4iw. '«=— 1,  —1,  —1,  2,  or  —8. 

».  ««+8a;»-6«*— 6«»+0«*-f  8ap-4=0. 

Am.  af=l,  1, 1,  —1,  —1,  or  —4. 

I0«  «•— 10«*  +  87a?*— 60r»+86=0. 

An%.x-yfZ,  n,  -V8,  -V3,  -.V2,-f^2,f^,orK'2. 


^  f  »  1 1  ^ 


REAL    ROOTS. 

(558.)  A  YABiATiON  in  a  series  of  signs  is  a  change  from  +  to 
-r-,  or  from  —  to  +. 

(559.    A  PEBMANSKCB  in  a  series  of  signs  is  a  repetition  of  the 
same  sign.    Thus  +  -}-,  or  +  +  +  is  a  permanence.    In  the  series 

+ +  —  +  +  +  —  there  are  tsf^  variations  and  taro 

permanences. 
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PROBLS.M. 

(560«)  To  find  ihe  number  of  different  real  roots  in  an  equatiak 
that  has  no  imaginary  eoiffiqients. 

SOLUTION. 

The  solution  of  this  problem  is  derived  from  a  beautiful  theorem 
diaobvered  in  1829,  by  M.  Sturm,  a  French  mathematician.  Sturm 
uses  the  functions  X,  X,,  X,,. .  .Xm_i,.  .X,  which  are  thus  ob- 
tained. The  given  equation  is  X=0,  andX^  is  the  first  derived 
polynomial  or  derived  function  of  X.  Proceed  now  to  find  the 
greatest  common  divisor  of  X  and  X, ,  being  careful  not  to  intro- 
duce or  reject  any  negative  factor,  and  indicate  the  quotients  by  Q,, 
Qg^isc^axxd  the  corresponding  remainders  by  ^X^,  —  X3,  <fec., 
that  is  the  remainders  with  their  signs  changed  by  X,,  X^,  &c* 
Hence  the  following  equations : 

X     =c,    X,    -X, 

Xj^.  I  =  v»     Xjj     — XiH-i 
-^«^-i  =  C»»+a-^«+a  — -^M-3 

x^,=C.-i-3r^,-i; 

It  will  be  observed  that  the  sign  of  each  remainder  is  changed 
before  it  is  used  as  a  divisor.  If  X=0  has  not  equal  roots  the  last 
remainder  —X,  or  X,  must  be  a  numerical  quantity,  and  therefore 
independent  of  x.  In  the  demonstration  of  Sturm's  theorem  X=0 
is  supposed  not  to  have  equal  roots.  Two  important  principles  are 
deduced  from  the  above  equations: — 

Ist,  Ihffo  consecutive  functions  can  not  vanish  for  the  sams  value 
ofx. 

2d,  If  one  of  the  derived  functions  vanish  for  any  particular 
value  of  T^  the  two  adjacent  functions  have  contrary  signs  for  the 
game  value  of  x. 

If  the  first  principle  is  not  true,  it  is  easy  to  see  that  we  should 
have  Xf  =0,  which  can  only  be  true  when  X=0  has  equal  roots. 


B18  BEAL  BOOTS. 

the  case  which  we  ha?e  already  excluded.  If  jr.=0,  we  haye 
X«_|=— JT^,,  and,  therefore,  X^y  and  JT^,  have  contrary  signs. 
This  establishes  the  second  principle.  We  are  now  ready  to  state 
and  demonstrate 

stubm's   tbkobbm. 

**  a  and  P  being  two  numbers  of  any  magnitude  and  signs  what- 
ever, we  shall  substitute  the  less  of  the  two,  a,  in  the  place  of  x,  in 
all  the  functions 

ikm  we  shall  write,  in  order,  on  the  same  line,  the  sipn^  of  the  results ^ 
and  we  shall  count  the  numher  of  variations  which  occur  in  thih 
series  cf  signs;  we  shall  count  likewise  the  number  of  variations 
furnished  by  the  substitution  of  p  in  the  place  of  z,  and  as  ma'ny 
variations  as  there  will  be  less  in  this  second  series  of  signs  than  in 
the  first,  just  so  many  real  roots  comprised  between  a  and  0  will  the 
equation  jr=0  have. 

^If  the  second  series  present  as  many  variations  as  the  first,  the 
equation  proposed  will  not  have  any  roots  comprised  between  a  and  p, 

^  Moreover,  the  second  series  can  not  have  more  variations  than  the 
first" 

PBM0KBTB4TI0K. 

Let  all  the  real  roots  of  the  equations 

x=o,  -r,=o,-r,r=o,X3=o, ...  x^,=o 

be  comprised  between  —  c  and  -{-d.  Suppose  now  that  —  c  is  sub- 
stituted for  X  in  the  functions  X,Xy,  ....  X^^,  X^  and  the  num- 
ber of  yariations  of  signs  is  noted.  If  2  be  a  number  that  vanV 
continuously  from  —  c  to  +<f,  its  substitution  for  x  in  the  above 
equation  can  produce  no  change  of  signs  as  long  as  s?  is  less  than  any 
of  the  roots  of  these  equations.  When  z  equals  a  root  of  any  of  the 
equations  formed  from  the  derived  functions,  that  function  will  vanish 
when  z  is  substituted  for  x  ;  but  since,  according  (e  prindple  2d,  the 
adjacent  functions  must  in  this  case  have  contrary  signs,  the  nun>« 
ber  of  variations  is  not  changed,  because  Just  bef^  z  in  its  continu- 
ous increase  became  equal  to  a;  in  one  of  the  derived  functions,  the 
adjacent  functions  must  have  stood  +*— ,  or  ^*-f ,  and  the  fimo- 

tions  would  have  had  the  following  sign?,  +4-—,  H , 1-, 

or  — h  +,  which  giv^  bu,t  gjji/e  vftriation^  and  there  ia  also,  J9ai  ona 
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Taiiation  when  the  middle  sign  is  removed,  or  its  function  vanishes. 
Hence  we  see  that  when  z  in  its  continuous  increase  £rom  — c  to  +(/ 
passes  from  a  number  a  very  little  less  than  a  root  of  any  of  the 
derived  functions,  to  a  number  a  very  little  greater  the  number  of 
variations  in  signs  remains  the  same.  If  any  change  then  is  possible 
in  the  number  of  variatiens,  it  must  be  by  «  passing  from  a  number 
less  than  a  root  of  X=0,  to  a  number  greater,  since  X^  is  a  number, 
and  therefore  its  sign  can  not  change  for  any  value  of  z.  That  a 
change  in  the  number  of  variations  is  possible,  we  establish  as  fol** 
lows.  Let  r  be  a  root  of  X.=0 ;  also  let  z  pass  from  r— t  to  r-f  t,  i 
being  so  small  that  no  other  root  of  X=0  besides  r,  or  any  root  of 
any  of  the  derived  functions  can  be  equal  to  r— t,  or  r+t,  or  lie  be- 
tween them. 

It  is  evident  that  as  z  passes  continuously  from  r^i  to  r+t,  that 
no  change  can  take  place  in  the  signs  of  the  derived  functions,  but 
that  X  changes  either  from  —  to  +,  or  from  +  to  —  I  and  thus 
changes  the  number  of  variations.  Every  other  real  root  of  X=0 
will  also  produce  a  change  in  the  number  of  variations. 

Let  us  now  prove  that  every  time  that  z  passes  a  root  of  JT,  that 
a  Tflriation  is  lost  Substituting  r— t,  and  r  +  i  for  x  in  X,  we  get 
by  (D).  (642.) 


=ir_-x 


Xj,  X\  X"y  &c.,  being  the  successive  derived  polynomials  ot  X 
Since  X,=y=t,  we  have 

X,sr-<  =  — -^l(«rr)*+    &C. 

Now  i  can  always  be  taken  so  small  that  the  sign  of  the  second 
members  of  each  of  these  equations  will  be  the  same  as  that  of  its 
first  term.  By  hypothesis  X^^^^^^y  Xi(,c=r-oi  and  X^^^^^^  have  the 
same  sign.  Hence,  for  x=r-^i  the  signs  of  X  and  X^  are  contrary, 
but  for  x=zr  +  i,  they  are  alike,  that  is,  a  variation  is  lost  whenever 
z  passes  a  root  of  X.  ^ 

Since  Xhas  the  same  sign  for  all  values  of  z  between  any  two  of 
its  successive  roots  as  r  and  r\  and  X  and  X,  have  like  signs  just 
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after  z  passes  r,  but  unlike  signs  just  before  i;  reaches  /,  it  follows 
tbat  X,  roust  change  its  sign  before  z  reaches  r',  or  that  z  will  pass 
cne  root  of  Xj  =0,  or  an  odd  number  of  its  roots. 

When  X=0  has  equal  roots,  ^^=0,  and  -X^,  is  the  greatest 
common  diyisor  of  X  and  X^.  Dividing  X,  by  X^,,  we  get  T. 
Since  Tz=zO  has  not  equal  roots,  but  just  as  manj  different  real  roots 
•as  Jr=0  has,  we  can  proceed  with  T=0  just  as  we  did  with  jr=0 
when  it  had  no  equal  roots.  The  divisor  X^j  indicates  the  value 
and  multiplicity  of  the  equal  roots  of  X=0. 

Since  all  the  real  roots  of  an  equation  are  comprised  between  its 
inferior  and  superior  limit,  we  have  only  to  substitute  these  for  a  and 
P  and  the  difference  in  the  number  of  variations  will  show  the  num- 
ber of  different  real  roots.  In  practice,  however,  it  is  easier  to 
use  —  00  and  +  oo, because  then  only  the  first  terms  of  X,Xi,  X^ 
.  •  .X^i  need  be  used  to  obtain  the  sign  of  the  functions,  the  terms 
containing  an  even  power  of  x  will  be  +  lor  a^=— oo  ,  and  those 
containing  an  odd  power  — ,  iotx^  +oo  all  the  t^ms  will  have  the 
signs  of  their  coefficients. 

This  theorem  will  also  enable  us  to  obtain  the  situations  of  the 
roots. 

PBOBLBH      1. 

(561.)  Find  the  number  of  real  roots  of  :e'—44;*— 6:^+8=0. 

SOLUTION. 

X,=3«*— 8a?-« 
X2=l7i:-12 
X3=  +  1467. 

We  get' for  the  signs  of  X,  X,,  X^,  X3  when 

ar=— 00,  —  H +,3  variations. 

When  a:=+oo,  +  +  +  +,  0         « 

Hence  there  are  three  real  roots.  There  is  a  variation  between 
ar=0  and  «=!,  between  ar=4  and  ir=6,  and  between  ar=— 1  and 
^=-—2,  thus  showing  that  the  three  roots  are  between  0  and  1, 
4  and  6,-1  and  —2.  It  is  evident  that  we  can  approach  as  near 
these*  roots  as  we  please  by  successive  trials. 


In  this  example  we  have 
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PROBLEM     2. 

Find  the  number  of  real  roots  of  2a?*— llaj'+8jj— 16=0. 

SOLUTION. 

fX  =2a;*-lla:*+8a;-16 
Xj  =  2  (4a:*—  1 1«  +  4) 
jra  =  lla;'— 12a?  +  32. 
We  proceed  no  further  because  ^  is  positive  fpr  all  values  of  x 
whether  positive  or  negative.    X3=0  has  only  imaginary  roots.  • 

Making  «=  —  oo  ,  and  «=  +Q0  ,  we  find  there  are  two  real  roots ; 
also,  by  1»*ial,  that  ^dr  initial  figures  are  2  and  ^2. 

PBOBLEH    3. 

Find  the  number  of  real  roots  of  «•— 7a?*  +  13a?"  +  «*— 16a:+4=0. 

SOLUTION. 

In  this  example,  we  have 

X  =«•— 7a^+13«»+a:»— 16a?  +  4 
X,  =5«*— 28«*+3&4?'  +  2a:— 16 
X2  =  lla;*-48«*+51ar+2 
X8  =  3a;*^8a;+4 
X4=«— 2 

^5=0. 

«=  —  GO  gives  four  variations,  and  3?= +qo  ,  no  variation!* ;  henco 
there  are  four  different  real  roots ;  the  common  divisor  a:— 2  indicates 
that  there  are  two  equal  to  2,  therefore  there  are  in  all  five  roots. 


EXAMPLES. 


1.  ««  +  9a:=6. 

2.  »«=rl5aj-21. 
8.  a:*=4a;*  +  621. 
4..a;*=3a?*+4. 

5.  2a?*— 13aj'  +  10a:— 19=0. 
••  a:*-5a!»+8«-l=0. 


Am.  One  real  root. 
Ans,  Three  real  roots. 
Ans,  Two  real  roots. 
Ans,  Two  real  roots. 
Ana,  Two  real  roots. 
Ans,  One  real  root. 
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HORNER'S   METHOD    OF   RESOLVING    NUMERICAL 
EQUAHONa 

PROBLEM. 

(562.)  To  resolve  a  namerical  equation, 

BULE. 
1«  Mnd  the  number  ofj)ositive  and  negative  real  roots  by  Sturm's 
theorem^  and  the  initial  figuree  by  the  same  theorem  or  by  trial. 

2.  Tranrform  the  equation  into  another^  each  of  whose  roots  shall 
be  less  by  the  initial  figure.  If  a  negative  root  is  sought^  change  the 
signs  of  the  odd  terms  and  then  proceed  as  with  a  positive  root, 

8.  To  find  the  initial  figure  of  the  root  of  the  transformed  eguor 
tion^  divide  the  absolute  term  by  the  penultimate  coefficient  which  is 
called  the  trial  divisor. 

4.  Traw^orm  this  equation  into  another  each  of  whose  roots  shall 
be  lees  by  the  quotient  thus  obtained^  and  proceed  in  the  same  manner 
for  other  figures  of  the  required  root. 

Note  1.  The  oonectness  of  aoy  figure  found  by  the  trial  divisor 
will  be  manifest  in  the  next  transformation. 

Note  2.  Particular  attention  should  be  paid  to  the  local  value  of 
tJie  figures. 

DBMONSTBATIOK. 

The  demonstration  of  this  rule  is  based  upon  the  theory  of  trans- 
formatioD,  and  the  accuracy  of  the  rule  is  manifest  from  the  fact  that 
the  initial  figure  of  the  first  transformed  equation  is  the  second  figure 
of  the  root  and  the  initial  figures  of  the  successive  transformed  equa- 
tions give  the  succesave  figures  of  the  root 

REMAEK.<—ThiB  method,  which  is  due  to  W.  G.  Hobnbb^  Esq.,  of 
Bath,  England,  connected  with  his  method  of  synthetic  division  forms 
the  most  elegant  process  of  resolvitfg  numerical  equations  that  has 
ever  been  discovered.  It  is  generally  called  an  approximating  method ; 
but  it  is  not  strictly  so  for  if  the  root  is  integral  it  will  give  it  exactly 
or  if  it  can  be  expressed  by  a  terminating  decimal. 

Mr.  Hoai^R  published  his  method  in  the  year  1819. 
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PROBLBlf     1. 

(563*)  -Find  the  roots  of  the  equation,  «•— 7a?4-7=0. 


SOLUTION. 


By  Stunn's  theorem,  we  find  all  the  roots  are  real,  two  positive 
and  one  negative,  and  that  the  initial  figures  of  the  roots  are  1*3, 
1*6,  and  —3.    We  now  apply  Homei^s  method  as  follows : — 


1+0 

-7 

+  7(1.356896867 

1 
T 

1 
-6 

-6 
♦1 

1 

2 

-.903 

2 

-♦4 

♦.097 

1 

.99 

-.086626 

♦3.8 

-3.01 

♦.010376 

.3 

1.08 

—.009048984 

3.6 

-♦1.93 

♦.001326016 

.3 

.1976 

-.001184430 

♦3.96 

-1.7326 

.000141686 

.06 

.20 

-.000132923 

4.00 

-♦1.6326 

.000008663 

'   .06 

.024336 

—.000007382 

♦4.066 

-1.608164 

.000001281 

.006 

.024372 

-.000001181 

4.062 
.006 

-♦1.48379 
.00326 

2 
4 
8 
4 
8 
6 
2 
6 

.000000100 
—.000000089 

♦|4.0168 

-1.48063 
.00326 

.000000011 
—.000000010 

—  1.4772 
3 

.000000001 

-1.4769 
3 

-1.|4171616 

In  this  process,  we  have  omitted  the  letters  and  marked  the 
coefficients  of  the  transformed  equation  by  asterisks.  The  first 
transformed  equation  is  y"  +  3y'— 4y  +  l=0,  and  the  second  trans- 
formed  equation  is  2* +3.92*- 1.933 +  .097=0,  and  the  third 
tr*+4.06t;*-1.6325v  +  . 010376=0. 
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We  have  snortened  the  work  bj  annexing  decimal  figures  when 
found.     Thus  when  we  get  .3  and  wish  to  add  it  to  3.,  we  write  3.3 

Q 

instead  of        .3      ^®  might  ^Iso  have  omitted  the  decimal  points 
^*  and  ciphers. 

XoTK. — ^When  the  number  of  decimals  in  the  last  term  becomes 
equal  to  the  number  which  yon  desire  in  the  root,  it  is  not  necessary 
to  obtain  any  more  places  in  this  column.  Since  each  new  figure  in 
the  root  multiplied  into  the  column  next  to  the  last,  makes  one  more 
figure  in  the  last  column,  to  avoid  increasing  the  figures  in  the  last 
column,  we  may  cut  off  one  figure  in  the  column  that  precedes  it, 
two  in  the  column  preceding  that,  and  so  on,  increasing  by  one  as  we 
go  to  the  left.  When  all  the  figures  in  the  first  column  are  cut  off, 
we  obtain  the  other  figures  by  merely  continuing  the  division  by  the 
trial  divisor  to  as  many  places  as  the  root  still  lacks  of  what  we 
desired. 

We  obtain  the  other  positive  root  as  follows,  omitting  the  poiuts 
and  ciphers : 


+p 

-7 

+  7(1.692021471 

1 

1 

-6 

1 

-6 

1... 

1 

2 

-1104 

2 

-4.. 

-104... 

1 

216 

100809 

36 

-184 

-3191... 

6 

252 

8156888 

42 

68.. 

—34112 

6 

4401 

31774 

489 

11201 

—2338 

9 

4482 

1589 

498 

15683.. 

-749 

9 

10144 

635 

5072 

2 

5074 
2 

I50|76 


1578444 
10148 


1588519 
1 


-114 

111 

3 


l|5|B.8i7| 


For  the  negative  root  we  change  the  signs  of  the  odd  terms : 
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0 
3 

-7 
9 

-7(8.0489173396 
+  6 

3 
3 

2 

18 

— 1 

814464 

6 
3 

20.... 
3616 

'^  186536... 
166382692 

904 

4 

203616 
3632 

—  19163408 
18791228 

908 
4 

207248.. 
73024 

—362180 
208876 

9128 

8 

9136 
8 


20797824 
73088 


2087091 
m        823 


.|9I|44 


2087914 
823 


—163306 
146212 

—7093 
6266 


208873 


208874 


-827 
626 

—201 
188 


6 


-13 
12 

1 


2ro|8|8l7|5 

Hence,  the  three  roots  of  re*— 74?+ 7=0  are 
«= 1.366896867 ;ar=1.69202147l ;«=— 8.048917339  ...• 

PBOBLBM     2. 

Find  one  value  of  x  in,  the  equation,  aj'+2«*4-3a?= 18089030. 

8  0LUTZ0  1ir« 

By  trial,  we  find  x  is  greater  than  200,  and  less  than  300. 


1  +  2 
200 

+  3 
40400 

—13089030(236 
8080600 

202 
200 

40403 
80400 

♦—5008430 
4192890 

402 

200 

\                             ^602 

30 

♦120808 
18960 

139763 
19860 

♦—816540 

816640 

.   OOOOO 

632 
.  30 

♦169623 
3485 

662 
30 

163108 

♦692 
»              6 

697 

026  HOBNEB'B  xsrooix 

Rqcibk. — Tills  shows  that  Horner's  method  will  give  hn  exact  in- 
tegral root 

XXAlfPLXB. 

1.  Given  «*—700a;= 60829  to  find  af.  Am.  «=777. 

2.  Giren  x*— 5x=8366  to  find  x,  Ans.  a;=94« 
S«  Given  ^—12832;=:  16848  to  find  x,  Ans.  ar=1296. 
4«  Given8«*—4«*  +  2ar— 1000=0  to  find  «. 

Am.  a;=4.34244760. 
f .  Given  «*  +  2a^  +  3«*  +  4«*  +  6ar-^54321 =0  to  find  x. 

Am.  af=8.414464'76. 
6.  Given  ^— 21«=214591'7609S0  to  find  x.    Am.  jr^463251.  ~ 
7*  Given  «'  +  l'73«=:14'760638046  to  find  x.      Am.  jr=2453. 
8«  GivenV=6Y3373097l25  to  find  «,  that  is,  extract  the  cube 
root  <^  673373097125.  Am.  x—BlQb. 

9,  Given  «'+ll:r'—102ap+ 181=0  to  find  the  values  of  x. 
^iw.a?=3.21312775..,«=3.22952121..,and«=— 17.44264896.. 

10.  Given  op^+^+^  +  Sd?— 100=0  to  find  the  real  values  of  x. 
Am.  dr=2.802851^181582. . ., and  jr=— 3.4335778633659. . . 

11,  Given  «*+2«*+3«*+4«"+5«— 20=0  to  find  the  values  of  x. 

.4iw.  ar=1.125790... 
12*  Given«*+3«*4-2«'— 8«*— 2a:— 2=0  to  find  the  real  values 
of  X.  Am.  «=  1.059109003461882. . . 

IS,  Given  a?*— 12«*-|-12«— 3=0  to  find  the  real  values  of  x. 
Am.  ar=2.858083308163. . .,  iF=.6060183069l7. . ., 

a?=.443276939605. .  .,and  «=— 3.907378554685.. . 
ix+2  fy^=38  J 
14,  Given)  x  +  V2— 2=38  (.  to  find  the  values  of  x^  y,  and  s 
(5yi2l^ir^=38  ) 
Am.  jr=34.d53190.  .,y =5.3248046..,  and  2=15.2992184. . 
If*  Given  a;*— 3a=l  to  find  the  values  of  a:. 

Am.  a?=  1.879385242. . .,  ar= -1. 532088886. . .,  and 
ar= -.347296355... 
16,  Given  a;*— 27a:"  +  162a?*+356ar=1200  to  fimd  the  varaes  of  x 
^iM.a;=— 3,  aj=2.05607...,af=13.15306...,  and  a:=14.79085... 
17«  Given  a;'— 60;= 2  to  find  the  values  of  x. 

Am.  a?=2.6016791318...,  a?=—2.26JL  8022452. ..,  and 
a?=— .3398768866... 
18.  Given  a;«—7035a:«  + 15262754a;— 10000730880=0  to  find 
the  values  of  x.  Am.  a?=1234,  a?=2345,  and  a:=3456. 
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CARDAN'S  FORMULA  FOR  CUBICS. 

PBOBLBM. 

(564.)  To  find  Cardan's  formula  for  cubica. 

SOLUTION. 

Since  the  term  containing  «*  may  be  removed  from  any  cubic 
equation  it  follows  that  all  cubics  may  be  reduced  to  thb  form 
x*=Spx  +  2q(l)  in  which  p  and  q  may  be  positive  or  negative* 

Assuming  that  a;=y+~  and  substituting  this  value  in  (1)  we  get 
t^h<&r  clearing  of  fractions  and  transposing  terms, 


whence  y=y  q±y/q*—p* 


Therefore  x=iA/q±Vq*-'p*'\-l/qT\^q^—P*  which  is  the  for- 
mula  required. 

PROBLEM     1. 

(565.)    Given  aj'=6a?+40  to  find  one  value  of  a?. 

SOLUTION. 

Herejp=2  and  $'=20 ;  whence  ar=i/20+>/392  +  !/20--*^392. 

We  might  get  an  approximate  value  of  x  by  extracting  the  roots 
indicated, but  by  Tartalea's  Rule  (228.),  we  get 

«=2+V2  +  2-f^2=4. 

P  B  O  B^L  E  M     2  . 

Given  a?'— 12«*  +  36a:— 7=0  to  find  one  value  of  x, 

SOLUTION. 

Putting  y=«— 4  in  order  to  remove  the  second  term  we  get 
y*=12y--9,  in  which  jp=4  and  gr=— 4^;  whence  after  factoring  we 

liave  y=!/i(~36  +  4l/-175)t!/|(-36-4J/-l76>  which  be 
comes  by  (228.)or  (24?;)  y=U*S+V^)-\'l{S-y^=B 


£28  oardak's  vobhula  fob  cubigs.^ 

ScHouuM. — ^The  other  values  of  x  may  be  obtained  as  in  (53 1  •) 
Since  the  rules  for  extracting  the  cube  root  of  binomial  surds  are  not         | 
general,  we  are  not  always  certain  that  Cardan's^ormula  can  be  sim  [ 

plified.  It  is  evident,  however,  that  when  the  binomial  surd  whose 
cube  root  is  sought  is  not  ima^nary,  we  can  at  least  get  an  approxi- 
mate value  of  X  even  though  we  fail  to  find  the  cube  root  of  this  j 
binomial  surd.  But  when  this  surd  is  imaginary,  we  can  not  obtain 
an  approximate  value  of  Xy  and  hence  the  simplification  of  the  for- 
mula depends  upon  our  ability  to  find  the  cube  root  of  this  binomial 
BU  a.  This  is  generally  called  the  " Irreducible  Casey*  which  is  only 
encoimtered  when  all  the  roots  of  the  equation  are  real  and  unequal, 
while  the  Reducible  Case  is  encountered  when  two  of  the  roots  are 
iqiaginary  or  equal  We  must  ^not  conclude  that  the  formula  can 
never  be  simplified  in  the  so-called  ^  Irreducible  Caee^  for  this  can 
frequently  be  done,  as  in  the  second  problem  above,  by  Tartalea's  or 
Bombelli's  Rule,  or  'by  some  other  tentative  process.  For  the  solu- 
tion of  all  cases  of  cubic  equations  by  tables  of  anes,  tangents  and 
secants,  see  Taylar'i  Logarithms^  page  57 ;  Supplement  to  Hut- 
UmU  Math.  Diet.;  BonnycastU^s  Trig  ;  Wilson* s  Trig.;  Eulei^s 
Al.;  Peacock's  Al.^  Vol.  II.;  (Xrodde's  Lemons  D'Algebre,  page 
664,  and  Phil.  Trans.^  1687,  1707,  1738,  1780,  and  HutUnCs 
Math.j  Vol.  II.  Infinite  series  may  also  be  used  in  the  simplification 
of  the  irreducible  case. 

For  Evans's  New  Method  of  solving  the  irreducible  case,  see  the 
Key  to  this  work.  . 

EXAMPLKS. 

1,  Given  ir"=6aj+6  to  find  x.  Ans.  «=V2+V4. 

I.  Given  «*  +  6«"=32  to  find  x.  Ans.  «=2,  —4,  —4.     . 
S.  Given  27ir'=l737aj-|-1150  to  find  x.  Ans.  a?=8J. 

4.  Given  «•— 12«'  +  41ar=42  to  find  x.  Ans.  x=2,  3,  7. 

5.  Given  «•— 12«'+67ar=:94  to  find  x.  Ans.  a?=4+V3— V9. 
6*  Given  2a;'=15a;--681  to  find  x.  Ans.  «=— 7. 


FISIS. 


